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1. Introduction

Uncertainty is an attribute of information and to solve the complicated problems in economics, engineering and environment -
classical methods cannot be successfully used. A wide range of theories such as probability theory, fuzzy set theory, intuitionistic
fuzzy set theory, rough set theory, vague set theory and the interval mathematical approaches for modeling uncertainties have
emerged. Each of these theories has its inherent difficulties as pointed out by Molodtsov[6]. The reason for these difficulties is
possibly, the inadequacy of the parameterization tool of the theories. Molodtsov [6] initiated the concept of soft set as a new
mathematical tool for dealing with uncertainties that is free from the difficulties that have troubled the existing theoretical
approaches. This theory has proven useful in many fields such as decision making [1,2,4,9,12], data analysis [18] forecasting [15]
and simulation[5]. The concept and basic properties of soft set theory were presented in [6,7]. In the classical soft set theory, a
situation may be complex in the real world because of the fuzzy nature of the parameters with this point of view, the classical soft
sets have been extended to fuzzy soft sets [7,11], intuitionistic fuzzy soft sets [8] vague soft sets [16], interval-valued fuzzy soft
sets [17] and interval-valued intutionistic fuzzy soft sets [3].
2. Preliminaries

In this section some basic definitions of fuzzy soft set are presented. Throughout our

discussion, U refers to an intial universe, E the set of all parameters for U and P(U) the set of all fuzzy sets of U. (U,E) means the
universal set U and the parameter set E.
Definition 2.1 [6]
A pair (F, E) is called a soft set (over U) if and only if F is a mapping of E into the
set of all subsets of the set U.
Definition 2.2 [7]

A pair (F, A) is called a fuzzy soft set over U where F : A — P(U) is a mapping from Ainto P(U).
Definition 2.3 [7]
For two fuzzy soft sets (F, A) and (G, B) in a fuzzy soft class (U, E), we say that
(F, A) is a fuzzy soft subset of (G, B), if
()AcB
(i) Foralle € A, Fg)c Gle) and is written as (F, A) < (G, B).
Definition 2.4 [7]
Union of two fuzzy soft sets (F, A) and (G, B) in a soft class (U, E) is
a fuzzy soft set (H,C) whereC = AuBandVe € C,

F(e), ifecA-B

HEe )= G(e), if ceB-A
F(e)uG(e),if eecANB
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and is writtenas F, A U G, B)=H,C).
Definition 2.5 [7]
Intersection of two fuzzy soft sets (F, A) and (G, B) in a soft class (U, E) is a fuzzysoft set (H, C) where

C=AnBandVe €eC,H(e)=F(e) or G(g) (as both are same fuzzy set) and is written as (F, A) A G,B)=H,C).
Definition 2.6 [13]

Let AcE then the mapping F, : E — IS(U) defined by F,(e) = u°F, (a fuzzy subset of U), is called soft set

over (U,E), where y°F,= 0ifecE—A and U'F, # 0 if e c A. The set of all fuzzy soft set over (U,E) is denoted by FS

(U,E).
Definition 2.7 [13]
The fuzzy soft set Fo € FS(U, E) is called null fuzzy soft set and it is denoted by &) Fg ()= 0 for

every ecE.
Definition 2.8 [13] -

Let F. € FS(U,E) and F_(e) =1 foralle e E . Then Fe is called absolute fuzzy soft set. It is denoted by E.
Definition 2.9 [13]
. - e . .

Let F. Gy eFSU,E). If FA(e)QGB(e) forall e E, ie, ify F, cn Ggfor alleeE , e, Iif
yeFA(x)gyeGB(x)for al xeUand for alle E, thenF, is saidto be fuzzy soft subset of G, denoted
by F, € Gg.
Definition 2.10 [13]

Let FA,GB e FS(U,E). Then the union of FL and GB is also

fuzzy softset He defined by H.(e) = ,UeHc = /fFA u,ueGB for all e € E where

C=AUB. Herewewritt H. =F, OG,.
Definition 2.11 [13]

Let F,.G; e FS(U,E). Then the intersection of F —and G, |is also a fuzzy soft set
H.. defined byH_(e)=u°H. = u°F, N u°Ggfor all ecE where C=ANB. Here we write
H. =F, N\G,.

Definition 2.12
Let F,eFS U,E)- The complement of FL is denoted by FAC and is defined
By |:AC ‘E > |5(U) is a mapping given by FAC (e [Fe) €, VecekE.

3.Fuzzy Soft Connected Spaces
Definition 3.1

Let (U, E, 3) be a fuzzy soft topological space. Let F,,G, be nonempty disjoint fuzzy soft open subsets of U such
that F, OG, =U then F,,G, is said to constitute the separation for U.

Definition 3.2
If there is no separation for U then it is said to be fuzzy soft connected.
Example 3.3

Let U={abc} E = {eyexes} and A={ey,e,}, B={e,,es} where AC E, B E. Define I={¢, E} then 3 is the
fuzzy soft indiscrete topology on (U,E). Then (U, E, 3) is the fuzzy soft connected space under indiscrete topology.
Example 3.4
Let U = {hy,hy,hg}, E={eses65} I={p,U,F,, Fy} where F, and F; are two fuzzy soft sets over U defined as,
If A={e,,e,}, B={e,,es} then

F :{F(el):{(hl’o'S)’(hzlo'l)l(hS’o)}
* |F(&) ={(h,08),(h,,0),(h,,0.)}
) {F(e» —{(h,0.9), (h,,0.2),(,,0.3)}
* |FE)={(h,0.7).(,,08),(h;,0)}
Then (U, E,3) isa fuzzy soft topological space there exists no F,, F; € 3—{@} such that

F, N Fy :5 and F ,OF, =U . Inthiscase (U, E, ) is fuzzy soft connected.
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Proposition 3.5
Let (U, E, ) bea fuzzy soft topological space over U. Then the following are equivalent

(i) (U, E, ) is fuzzy soft connected
(ii) There existsno F,,Fz €3 —(Z such that F, N Fy =¢; and F ,OF, =U where

3 ={F, IF, e3]
(iii) There existno F,, Fy € FS(U,E)—@ suchthat (F, AFy) O (F, AF,)=¢@ and

F,OF = U where FS(U, E) is the set of all fuzzy soft subsets of U.
(iv) There existno F, € FS(U, E) —{50} suchthat F, e 3N .
Proof
(i) = (ii) Assume there exist F,,F, € 3 —@ suchthat F, N Fy =¢7 and F,OF; =U.
Then forall e e E, F,(e) "F4(€) :5 and F ,(e)OF;(e)=U .Thusforall ecE, F,'(e)=U — F,(e) =F;(e)and
F.'(€)=U —F,(e) =F,(e)which implies that F,'=F, €3 —5 and F'=F,e3J —5. Then there exist
Fa Fg ES—(Z such that F, " Fy =¢7 and F ,OF;, =U. However (U,E,3J)is fuzzy soft connected. This is a
contradiction.
(ii) = (iii) Assume there exist F,, Fy € FS(U,E)—¢ such that F, AF, OF, AF, =@ and F ,OF, =U . Obviously,
F,AF,=¢.
Also F,=F, AU =F, AF, OF,

-F,AF, OF,AF, =F,

which implies that F is a fuzzy soft closed set.By using the same methods, it can be shown that F, is also a fuzzy soft
closed set. Hence there exist F,,F, € 3 —5 such that F, N Fy :5 and F ,OF; =U . This is a contradiction. So (iii)
holds. _
(iii) = (iv) Assume there exists F, € 3NT —{¢,U}. If take F, =F,' then F,,F, e 3AT —@(& FS(U,E)-@).
Besides , we have F, ™ Fy, O (F, AFy)=F, " F, =¢ and F, OF, =U . This contradiction so (iv) holds.
(iv) = (i) Assume (U, E,3) is not fuzzy soft connected. Then there exist F,,F; € 3—5, such that F, A Fp = 5 and
F ,OF, =U . Itiseasytosee that F,'= F; and Fy'=F,. Thus F,,F; e SNT —{J,U}. This is a contradiction .
Definition 3.6

The difference F_ of two sets F,and Fy over U, denoted by F, —F;(or F,/F;) isdefinedas F, = F, — F; forall

eckE.
Definition 3.7

Let F, be a fuzzy soft set over U and U’ be a non-empty subset of U. Then the fuzzy soft subset of F, over U' denoted by
YF, is defined as " F, (€) =U'~F,(e) forall € € E . In other words ' F, =U'"F,.
Definition 3.8

Let (U, E, ) be a fuzzy soft topological space over U and U’ be a non-empty subset of U. Then ' I={'F, /F, € 3} is
said to be the fuzzy soft relative topology on U'and (U", E," 3) is called a fuzzy soft subspace of (U,E,3).Infact '3 isa

fuzzy soft topology on U".
Theorem 3.9

Let (U',E,”T) be a fuzzy soft subspace of a fuzzy soft topological space (U,E,J). 1f (U",E,’3) is a fuzzy soft
subspace of (U", EY 3) then (U, EY 3) is also a fuzzy soft subspace of (U, E,J).
Proof
'3I={U'~"F,/F, e3}
={U"~U'~(F,/F, € 3}
={U""F,/F, e 3}

~

N
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So (U", EY 3) is a fuzzy soft subspace of (U, E,3J).
Definition 3.10

Let (U, E,J) be a fuzzy soft topological space over U and U' be a non-empty subset of U. If (U"',E," J) is fuzzy soft

connected then U' is called a fuzzy soft connected subset of U.
Definition 3.11

Let (U',E,"3) be a fuzzy soft subspace of a fuzzy soft topological space (U,E,J). For a fuzzy soft set
F, € FS(U,E),F, and " F, will denoted the fuzzy soft closures of F, in (U,E,J) and (U', E,’ 3) respectively.
Theorem 3.12

Let (U, E, ) be a fuzzy soft topological space over U. If U' is a fuzzy soft connected sub set of U, then there exist no
F. F,e3—@suchthat F, "F, =¢ and F,OF, =U".
Proof

If there exist F,,F,€3—¢ such that F, "F;=¢ and F,OF, =U" then FA=U'5FAEYS—5 and

F,=UNFe' 3 —5 . However , U'is a fuzzy soft connected subset of U. This is a contradiction.
Corollary 3.13
Let (U,E,3) be a fuzzy soft topological space over U and U' be a fuzzy soft connected subset of U. If there exist

Fo FyeJsuchthat F, "Fy=¢ and U'SF, OF, then U'SF, or U'EF,.
Lemma 3.14
Let (U',E,Y 3) be a fuzzy soft subspace of a fuzzy soft topological space (U, E, 3) and F, be a fuzzy soft set over U,

then F, is fuzzy soft closed in U' if and only if F, =U'"F; for some fuzzy soft closed set Fy in U.
Definition 3.15
Let (U, E,3) be a fuzzy soft topological space over U and F, be a fuzzy soft set over U. Then the fuzzy soft closure of

F, . denoted by IfA is the intersection of all fuzzy soft closed super sets of F, .

F, is the smallest fuzzy soft closed set over U which contains F, .
Proposition 3.16
Let F,,Fg and F_ be three fuzzy soft sets over a common universe U. Then

i) FA Q(FB 8 Fc) = (FA O FB)F\(FA O Fc)

i)(F,NF)OF. =(F,UFR.)N(F, UF.)

i) Fy, " (Fs OF) =(F,"F)O(F,NF.)

iv) (F,OF)NF. =(F,nF.)O(F; "F.)

VWE.N(FRNAR)=(F,"FR)NF

F,O(F; OF.)=(F,OF,)OF,

Proposition 3.17

Let (U, E, 3) be a fuzzy soft topological space over U and F,, F5 be two fuzzy soft sets over U. Then

yg=¢,0=U

i) F, C F,

iii) F, is a fuzzy soft closed set if and only if F, = IfA
iv) F, =F,

V) F, &F, implies F, C F,
Proposition 3.18

Let (U, E, ) be a fuzzy soft topological space over U and U' be a non-empty subset of U. Then U' is a fuzzy soft connected
subset of U if and only if there existno F,, F; € FS(U, E) —5such that F, A IEB V) IEA A F = 5 and F, v F=U"
Proof

Forall F,,F; e FS(U',E) - 5 by definition 3.14 , proposition 3.15 and lemma 3.13 we have

F.A'F=F, A ({F. /F. e("3),F. 5 F.})
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=F,AMUAR. /R €T3\ R: DR}
=(F, AU (R /R, €TF,R. D F})
=(F,n(MR:/R. €T3, R. OF.})
=F. Nk
Similarly we can show that ¥ IEA A F = IfA A F; by proposition 3.5, (U", E," ) is fuzzy soft connected if and only if
there exists no F,,F; e FS(U’, E)—¢ such that F.AFOF, AR =¢ and F,OF, =U" Then (U',E,"3J) is
fuzzy soft connected if and only if there exist no F,,F; € FS(U',E)—¢ such that F.NF,OF,"F, = ¢ and
F, OF, =U" ic U’ is a fuzzy soft connected subset of U if and only if there exist no F,, Fy € FS(U, E) —5 such that
Fa AR UF,AFy =¢ and F, OF, =U".
Proposition 3.19
Let (U,E,3) be a fuzzy soft topological space over U and U' be fuzzy soft connected subset of U. If there exist

F. Fy e FS(U', E) suchthat F, AFy OF, AF, =¢ and U'E F, OFythen U'EF, or U'E F,.
Proof
If there exist F,,Fy € FS(U',E)suchthat F, "\Fy OF, "\F; =¢ and U'C F, UF,
then by proposition 3.15 and 3.16 we have
(U'nF)nU'nF,)u(U'nk)nU'NFK))
E(UAF) AR, OF, AURE,))
-URF, AF, OF, AF,
=U'”g
=¢
Besides, we have U'"F,,U'"F, e FS(U",E), and (U'"F,) OU'"F,)=U'~(F, OF,)=U". Since U'is a fuzzy
soft connected subset of U,U 'ﬁFA = 5 or U 'HFB = 5 by proposition3.18. If U 'HFA = 5 then by
U'AF, OU'AF, =U", we have U'S F,. Similarly, if U'SF, =¢ then U'E F,.
Proposition 3.20
Let (U, E,3) be a fuzzy soft topological space over U, U' be a fuzzy soft connected subset of U and U™ be a non-empty

subset of U. If U'cU"cU" then U" is also a fuzzy soft connected subset of U.
Proof
Assume that U" is not a fuzzy soft connected subset of U. By proposition 3.18, there exist

F., Fs e FSU", E)—é~ (EFSUYE)) such that F,"F,UF,"F,=¢ and F,OF,=U". Then
U'cF,OF,. Since U" is a fuzzy soft connected subset of U, we have U'C F, or U'C F by proposition 3.19.If
U'EF,, then U'AF, & F, AF, =¢ for U"y SU'EF,. Thus F, =U"AF, = . This is a contradiction. Similarly if
U'cF; then F, = 5 . This is also a contradiction.

Proposition 3.21
Let f be a fuzzy soft continuous mapping from fuzzy soft topological space (U, E, Sl) to fuzzy soft topological space

(U'E,S,) . 1f (U,E,3J,) is fuzzy soft connected and f (U) # 5 then f(U) is fuzzy soft connected subset of U,

Proof
Assume f(U) is not a fuzzy soft connected subset of U'. By proposition 3.18, there exist

F..Fs eFS(U,E)—¢ (EFSUE)—@) such that F,AF, OF,AF,=¢ and F,OF,=f(U). Then
f(F,), f(R)eFS (U,E)—a and by proposition 3.26 and 3.24,

FF) A T(R) O T (F)AT(F)

Sf(R) N (R)OF(F) A f(F)

=f(F) E(IEB)Q(IEA)F\(FB)

=t (9)
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=¢
Besides by proposition 3.24 and 3.25, we have
fR)UT(R)= T (F)U(R)
=f<f(U)
=ff2U)
=U
It follows that (U, E, J,) is not fuzzy soft connected. This is a contradiction. So f (U) is a fuzzy soft connected subset of

u.

Definition 3.22

Let f be a mapping from U to U,

1) The fuzzy soft set mapping induced by f, denoted by the notation f ", is a mapping from FS(U,E) to FS(U',E") that maps F,
to f2(F)=(f"F,), where f~(F,) isdefined by f~(F,)(€)={f(x)|xeF,(e)} forall ecE.
2) The inverse fuzzy soft set mapping induced by f, denoted by the notation f <, is a mapping from FS(U',E") to FS(U,E) that
maps Fy to f<(Fy)=(f “F,), where f(F,) isdefined by f(F,)(e)=1{x| f(x)eFs(e)} forall ecE.
Example 3.23

Let U ={h,h,,h} U'={p,, p,} and E ={e,,e,}. The mapping f is given by f(hy)=ps, f(h2)=p, f(hz)=p..

1) If F.e FS(U,E) is defined by {F.(e) ={h,h} F.(e,)={h,h}} then
f7(Fa) =(f7F) ={f 7 (F)(e) ={p}. f "(F,)(e,)=u}eFSU".E).
2) If Fse FS(U',E") is defined by {F:(e) ={p.}, Fs(e,) ={p.}} then

f(R)=(f "R)={f “(R)E) ={h}, f “(F)(e,) ={h,h,}}eFSU,E).
Proposition 3.24
Let f be a mapping from U to U' and FAL, Fa e FS(U',E'). Then

) f(g)=¢. f-U)=U

2F, &F, = f°(F,)S(fF,)

3) T (F)O(F,) =T (F)O(FF,)
) T (R ) AR, = T (FO)ATF,)
5) £ (Fa)'=(f“(F,))

Proposition 3.25
Let f be a mapping fromUto U'and F, e FS(U,E),F, e FS(U',E") . Then

1) f<(f~(F,) D F,.Iffisone-one, then f(f~(F,)=F,
2) 7 (f < (F;) C Fy. Iffissurjective, then f~(f “(F;)=F;
Proof
et f7(F,)=F;. Thenforall ec E, f(F;(e)) ={x| f(X) e F;(e)}
= {xX| f(X)e f(t)|teF,(€)}}D F.(e) which implies that f<(f7(F,)>F, If f is one-one, notice that
| F(X)e{f@)|teF,(e)}}=F,(e), thus T (f~(F,)=F,.
2)Let f7(F;)=F,.Thenforall ec E, f 7 (F,(e))={f(X)|xe F,(e)}
= {f(X)|xet]| f(t)eF(e)}}= F;(€) which implies that f7(f<(F;)CF, If f is surjective, notice that
{f(X)|xeft| ft)eR(e)}}r=F(e), thus f7(f(FR)=F;.
Proposition 3.26
Let (U,E,3,) (resp., (U',E,J,)) be a fuzzy soft topological space over U(resp.,(U’) and f be a mapping from U to U'.

The following condition are equivalent :
1)F is a fuzzy soft continuous mapping from (U, E,3J;) to (U',E,3,)

2)For each fuzzy soft closed set FyinU', T (Fy) is a fuzzy soft closed set in U.
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3)For every fuzzy soft set F,overu f~(F,)c f~(F,)

4)For every fuzzy soft set Fyover U f~(F,) D f < (Fy)
Proof
(1) = (2) Let Fybe a fuzzy soft closed set in U'. Then (Fg)' be a fuzzy soft open set in U'. By (1) and proposition 3.24,

f(Fg)'=(f(Fg)) isafuzzy soft open setin U. Hence f(F;) isa fuzzy soft closed set in U.

(2) = (3) Let F, be fuzzy soft set over U. By proposition 2.17 f ~(F,) < f ~(F,). Then by proposition 3.24 and 3.25 ,
F.c f(f7(F))c f(f~(F)) since f~(F,) isafuzzy soft closed set in U', then by (2)

f(f?(F,) is a fuzzy soft closed set in U. Thus F, C f“(WFA)) also by proposition 3.24 and 3.25
(RIS T (F(RNEF(F)) .50 T2 (F)E T (F).

(3) = (4) Let F be a fuzzy soft closed set in U'. By (3) proposition 3.25 and 3.17 f~(f “(F,)C f > (f < (R))C F,.
Then by proposition 3.24 and 3.25 f < (F;) > f“(f > (f 7 (R))) D (f “(R)).

(4) =) If Fgis a fuzzy soft open set in U', then (Fg)" is a fuzzy soft closed set in U'. By (4) and proposition 3.17
f(R) cf(R) obviously, f(F)>Df(F). Thus f(FR)=f"(F) which implies that
f(Fg)'=(f(Fg))' by proposition 3.24 is a fuzzy soft closed set in U. Therefore , T (F;) is a fuzzy soft open set in U.

So f is a fuzzy soft continuous mapping from (U, E,3,)to (U',E,S,).
Proposition 3.27
Let f be a mapping fromUto U', F, , F, € FS (U,E). Then

)7 (g)=¢

2)F, CF, = f7(F,)C f(F,)

3 7 (F)U(R )= T7(F) Ut (F,)

4 f7(FONF)= T (F)NTT(R).
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