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1. Introduction

In 1999, Molodtsov[5] proposed a new approach viz soft
set theory for modeling vagueness and uncertainties inherent
in the problems of physical science, biological science,
engineering, economics, social science ,medical science, etc.
After that in 2001 to 2003 Maji et al[3,4] worked on some
mathematical aspects of soft sets and fuzzy soft sets. On the
other hand, Biswas and Nanda[2] and Rosenfeld[7] worked on
rough groups and fuzzy groups respectively. In 2007 Aktas
and Cagman[1] introduced a basic version of soft groups [6]
theory which further extended to fuzzy soft group[6] in 2011.
Recently, in 2011, Shabir and Naz[9] introduced a notion of
fuzzy soft topological spaces.

In this paper fuzzy soft mapping and fuzzy soft continuity
on family of soft sets are defined and some basic theorems
related to these concepts are established. Later the Urysohn
Lemma and Tietze Extension theorem are proved in fuzzy soft
topological space.

2. Preliminaries

In this section we present some basic definitions of fuzzy
soft set. Throughout our discussion, U refers to an intial
universe, E the set of all parameters for U and p(J) the set

of all fuzzy sets of U. (U,E) means the universal set U and the
parameter set E.
Definition 2.1 [5]

A pair (F, E) is called a soft set (over U) ifand only if F i
s a mapping of E into the set of all subsets of the set U.
Definition 2.2 [4]

A pair (F, A) is called a fuzzy soft set over U where
F:A_> P(J) is a mapping from A into P(U)
Definition 2.3 [4]

For two fuzzy soft sets (F, A) and (G, B) in a fuzzy soft cl
ass (U, E), we say that

(F, A) is a fuzzy soft subset of (G, B), ifc

()A= B

(ii) For alle € A, Fe )< Gk ) and is written as

F.A) C (G B)
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Definition 2.4 [4]
Union of two fuzzy soft sets (F, A) and (G, B) in

a soft class (U, E) is a fuzzy soft set (H,C) where
C=AuBandVveeC,
HEO= (F(e), if scA-B
G(e), if ¢ cB-A

F(e)uG(e),if ec ANB

and is written as
and is written as £, A) =, G, B = H.C)

Definition 2.5 [4]

Intersection of two fuzzy soft sets (F, A) and (G, B)
in a soft class (U, E) is a fuzzysoft set (H, C) where
C=AnBandve eC,H(e) =F(¢) or G(e) (as both
are same fuzzy set) and is written as £, A) = G, B = H.C)

Definition 2.6 [8]
Let A cE then the

mapping ~ ,defined by e = ,e (a
F,:E—PU) Pt = WFy

fuzzy subset of U), is called soft set over (UE), where
,UeFA: 0 if ec E—- A and ,ueFA 20 if ec A. The
set of all fuzzy soft set over (U,E) is denoted by FS (U,E).

Definition 2.7 [8]
The fuzzy soft set Fo € FS(U, E) is called null fuzzy s

oft setand it is denoted by g, . Here F¢ €)= 5 for every

ecE
Definition 2.8 [8]

Let F. e FS(U,E) and FE(e):i foralle € E .

Then FE is called absolute fuzzy softset. It is denoted by

~

E.
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Definition 2.9 [8]

Let F,.G, € FS(U,E)-

all e€ E

It F\(e) = Gy (€) for

e, iy F, cu Gyfor alecE , ie, Iif
LEF,(X) < ufGg(x) for all xeU

and for alle e E, then F, is said

to be fuzzy soft subset of G, denotedby

F, &G,
Definition 2.10 [8]
Let FA‘GB c FS(U, E) . Then the union of |:A and

is also
Gg

fuzzy softset H . defined by

Hc(e) =,ueHC :ﬂeFA uﬂe(_;Bforall e e E where
C = AU B . Here we write H. =F, QGB.
Definition 2.11 [8]
Let F,.G, e FS(U,E)- Then the intersection

of F, and G, is
also a fuzzy soft
set , defined by

Hec He(€)=p'He = 1°F, n Gy
for all e e E where C=AANB- Here we write
H. =F, "G,

Definition 2.12
Let |:A e FS(U,E)-The complement of

denoted by E° and is defined
A

F, is

By FAc ‘E IS(U) is a mapping given by FAC (e)=
[Fe) ¢
3.Urysohn Lemma and Tietze Extension Theorem in Fuzzy
soft topological space
Definition 3.1

Let FS(U,E) and FS(U'E) be families of fuzzy soft sets
over U and U' respectively and E,E be parameters for universe
U and U' respectively. Let u:U—U', p:E—E' then the fuzzy
soft mapping hup :FS(U,E) > FS(U',E") s defined as

1) If F. is a fuzzy soft set in FS(U,E) then the image of F.
is written as (hup)FA

FS (U', E') such that

veek .

under hup a fuzzy soft set in

sup [ sup Fe) ] (s) if pi(e)=4 and U(s)=g

seU7l(s)  eepi(e)
[hy, (F)IE)(s) =

0 otherwise

forevery s S' and ecE'
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2) If Fu be a fuzzy soft set in FS(U',E). The inverse image
of Fu under hup is written as (hup)il = a fuzzy soft set
in FS(U,E) such that
F(p(e))(u(s) for p(e) e E'
[h,, "(F)1(E)(s) = 0

otherwise

forevery s S' and ecE'

Definition 3.2

Let (Ul’El’Sl) and (UZ'EZ’SZ) be two fuzzy soft
topological spaces relative to parameters E, and E,
respectively. Then a fuzzy soft mapping

hup ‘FS (Ul,sl) N FS(Uz’Sz) is said to be fuzzy soft
continuous if (hup)il F,e3, for each Foe3,
Theorem 3.3

Let (U,.E,3,) and U,,E,,3,) be two fuzzy soft
topological spaces and hup :FSU,,3,) > FSU,,3,)

be fuzzy soft mapping. Then the following are equivalent
is IS continuous

i)h

“)Fgr every fuzzy soft set F,eFSU,,E,)"

hup(lfA) é hup(FA) l

iyFor every  fuzzy  soft  closed  set |:A,in

FSWU,,E,) (h )leA is fuzzy soft closed in
1 Up '

FS(U.E):

For each F. e FS(U,,E) and each fuzzy soft

iv)
neighbourhood Fu of (hup)(Fe ) there exists a fuzzy soft
1

neighbourhood |:Aof (Fel) such that (hup)(FA) cF,

Proof
(i) = (i) Let us assume that the fuzzy soft mapping hup is

fuzzy soft continuous. Let |:A

be any fuzzy soft set in FS(U,,E)- We show that if
F, eF, ™" (h,)(F,)E(h,)F, * F, eF, &

e

= be a fuzzy soft neighbourhood of (hup)(F61) .

Then (hup)il(FA') is a fuzzy soft neighbourhood of |:81 in
FS (U , E) . Then (hup)_l(FA') and |:A are disjoint and so
FA‘(hup)FA are disjoint. ie, Fel c (hup)FA , hence
(h,)Fa Eh,Fy°
(i) = (i) Let
FS(UZ, Ez) and let (hup)il(FA') =F,

Let us prove that |:A is fuzzy soft closed. That is |EA =F,
Hence (hyp)(Fa) = hy,[(h,) " Fal S F

F.' be any fuzzy soft closed set in
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TR, eFy e (h,)(F,)E(M,)F)
ém (by

(ii))é IEA' =F, @ Fu is fuzzy soft closed)
So , Fel c (hup)il(FA') _ FA' Thus Fe1 c IEA implies

|:1 eF, Hence |EA: F, Therefore F, is fuzzy soft

€.
closed.
(iii) = (iv) Let Fu be any fuzzy soft compact open

setin FS(U2 EZ),then = is fuzzy
) A‘
soft closed in FS(U2 Ez)' By (iii)). (h )"1F C is
' up A
fuzzy soft closed in FS (U1' El) . And

(hup)il(FA'C):[(hup)leA.]C' (hup)ilFA' is fuzzy
soft open in pS(U,,E) and (h,) s fuzy soft

continuous.

(iv)= (i) Proof is similar.
Theorem 3.4

Let FS(Ul’El) and FS(UzyEz) be families of all
fuzzy soft sets over U, and U, respectively. For a function
hup :FS(U,,E,) > FS(U,,E,) the following statement

e tir)ue. (hup)—l FA.C :[(hup)—l FA.C for any fuzzy soft set
F, ™ FSWU,,E,)
ii) hup[(hup)_l F.]SF, if (hy,) is surjective.
iii) FAé(hup)il[(hup) FA] for any fuzzy soft set
F,"FSWU,E)

Proof
i) Consider

(Ihyp) *(Fa)1(e)(s) = F. " (p(e)(U(5)
=1 Fu(p(e)u(s))
=1, ~[(hy) " (Fa)1(&)(s)
= ([hyp) " (Fa)1(e)(8))°
Hence (hy,) " (Fa)® = ((hy)) " Fa)©
" [(hup) *F,1(e,)(s) = Fa (p(e)(U (5))
(hyp)[Fa (U (8)](E,)(S")

sup { sup FA-(P(el)U(S))}(el)(S) if UT(s) =4, p(e,) % ¢

SeU™(s) eep(e,)

0 otherwise

S”f(’)[ sup )[(hup)lFArll(ez)(S) it U7(s)#4.p7(e) %
SeU™(s)| eep(e,

0 otherwise

S=U'(s)| e=p(e)

[ sup { sup FA}(ez)(s') Jexs }

0 otherwise

_{sup[sup FA-](el)(s)}

if (hup)is surjective

=F,
D (hup) *[(hup)F,1(e,)(S")

sup { sup (hup)'l&}(el)(s) if U™(s') %4, p(e,) ¢
(hup) 4 sV () aep(e2)

0 otherwise

) sup { sup (hup)lFA}(el)(S) if UT(s)zgp(e,)#¢

seU7(s) ecp(er)

0 otherwise

sup [ sup F, p(el)U(s)} if U™s)#g,p(e) =g

SeU™(s)_eep™ ()

0 otherwise

“[Fe))

if s =U_l(sl) # ¢, = p_l(ez) #=¢

ie., (hup) is surjective.
Definition 3.5

Let (U, E,)be a fuzzy soft topological space. Then a
subfamily B of <5 is called a base for <5 if every member of
< can be written as a union of members of B.
Definition 3.6

Let (U, E,3)be a fuzzy soft topological space. Then a
subfamily S of < is called a subbase for 5 if the family of

finite intersection of its members forms a base for 5 .

Definition 3.7

A fuzzy soft topological space over U is said to be
generated by a subfamily S of fuzzy soft set over U if every
member of <5 is a union of finite intersection of members of
S.
Lemma 3.8

Let (U, E, 3) be a fuzzy soft topological space and |:A

be fuzzy soft closed in U, if GA is a fuzzy soft open set



40479 Thangaraj Beaula and R. Raja/ Elixir Adv. Pure Math. 94 (2016) 40476-40482

containing F, then there exists a fuzzy soft open set

H, containing F, such that F, c H, c HA c GAC'
Proof
Let (U, E,3)be a fuzzy soft normal space . let F, and

G, be two disjoint fuzzy soft closed sets in (U, E,3J)-
Then (GA)C is fuzzy soft open and contains F, By the

hypothesis there exists fuzzy soft open set H, containing

FASUChthat FAéHAéﬁAQGAC.
Let HAC =WA 1e.,
va(Aa) zl—y:iff), forall ecE,ac A

Then 7 ~ c
H,cG,
jﬂgff)zl—ygia), for all acAecE

= e =1- 4P, for all acAecE

=1- is a fuzzy soft

inf{ w5 7
closed set containing H N

GA é HAC

Hence H, and w, are two fuzzy soft open set
containing |:A and GA respectively with HA and WA being
disjoint.

Conversly suppose (U, E,3J) is fuzzy soft normal. Let
GA be a fuzzy soft open set containing the fuzzy soft closed

. N i

set |:A. |:A is fuzzy soft closed implies F, is fuzzy soft

open.
FA and G, are disjoint fuzzy soft closed sets in

(U,E,3).

Using fuzzy soft normality we can find a pair of disjoint
fuzzy soft open sets H, and W, such that = o H, and

G,” SW,
where H, F\WA =¢
= HA éWAc
= H, EW,°
= IqA é GA
Since H, is fuzzy soft open, H,C HA

- FAgHAéﬁAéeAC'

Definition 3.9
Let a,beR, kt be a fuzzy soft set
Aab)A[0,1]

A ‘E — | 'Where 1=[0,1] and |' represents the
a,b)~[0,1]

set of all fuzzy sets on [01] defined by

_ ,fewaoi for every ee E. Then the
Aab)0.1] (e)_‘uFA

forms a base for the

‘a,beRn }

collection B=
Aab)A[0,1]

fuzzy soft topology on [0,1].
3.10 Urysohn’s Lemma
Let (U,E,3) be a fuzzy soft topological space and

consider [0,1] with fuzzy soft topology. Then (U,E,3) is

fuzzy soft normal iff for any two disjoint fuzzy soft closed
subsets F, and GA in (U,E,3J) there exists a fuzzy soft

continuous map hup :FS(U,,E,) —» FS([01],E,) such
that

(h,p)(Fa) =[(h,,)FI(e;)(d) = K, = (h, )(F,)

(hp)(G,) = [(h,))G,I(E,)(d) = F, = (,))(G,)
where Fea eF, Gea eG, Feo (x) :6 and
F,(x)= 1’ 6 I are zero and unit fuzzy sets.

Proof
Let D be the set of all rational numbers in [0,1]. Arrange
D in some order so that ~ and 7. Let the
d,=0 d=1

elements of D be listed as {d,.d,, d} Define for

each d e D a fuzzy soft open set |:A in (U,E,3) in such
d
away thatforin d, h e D with d < h then IfAd & F, -
- h
Construct a sequence of fuzzy soft open sets in
(U,E,3J) as follows. First define FE -g°:a fuzzy
Ay, T A

1

soft closed set contained the fuzzy soft open set |:Ad — |:A
0

using fuzzy soft normality of (U, E, 3) and by lemma,

We get ~E =
Fa, SFa, =Fa

In general let D denote the set consisting of all
n

1

first ‘n’ rational numbers in the sequence. Suppose

|:Ad N S ., F, befuzzy soft sets satisfying the

property. = é F for d<h where

d,he{d,.d,,........ ,d } consider the set
D,,= DQ{dml} which is a finite subset of [0,1]. In a

finite simply ordered set every element has an immediate

predecessor and an immediate successer. Let the immediate

predecessor of dn L be d and the immediate successor by h.
+

Where  h e D, The set |:Ad and |:Aﬁ are already defined

and let d.d, eD, such that d <d or h<d,: By
induction hypothesis, £ = .
yp F., CFa

Therefore by normality (U, E,J), there exists a fuzzy
soft open set H, in (U, E,3) such that

F, SH,EH,EF,
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Take |:Ad =H, It can be concluded by lemma that

n+l
Fr, < FAd, = FAd, cFy

If both the elements lie in ) then * holds by induction
n

hypothesis.
Let g and d be elements in D such that either
S r

d, <d (or) d >h then
F/\js < FAa < FPur

and lfAd - Fdh - F, respectively

Thus for every pair of elements of D, * holds.
+

Extend this definition for all d eD by defining
Fi =4 ;d, <0
=X, ;d,>1

The relation (*) is still free for any pair of rational
numbers d < -
r S

Define a fuzzy soft mapping
(h,,): FSU,E) — FS([01],E ) by
(hy)Fa =Fy=(h,)F, where

(h,,)(x,) =inf{d/d € F, (%)}
(hup)(xe) - I:ea(mp)(xe) forevery e e E and xe X -
Then by above definition (hup)FA= Feo _Q and
(hup)GA - Fel —1- To prove the continuity of the fuzzy
soft mapping (hup)’ we show that inverse image of fuzzy

soft open set in ([0],E,T') are fuzzy soft open in
U,E,J)-
For te [0,1] , we show that

(h,)'Fy,, =U{F, :d <h} TF e(h,)” Fa

< (h,)F,)EF,

< (R (%) R,

< (h,,)(x.) €[0,h]

< (h,)(%) <h

< (h,)(x) <d <hforsome d(<h)e DA[0]]

< (F,)EF, forsome d(<h)yeDA[0]]

< (F,)eU {F,:deDA[0land d<h}

Therefore , - _ .

erefore . () *F, . =U{F, :d<h}
Again if F e (hup)—l FA{
< (h)F, eF

Ao.n
< F eF
Cathyp)ee) Ao

< (h,)(x) €[0.1]

0,h]
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Py (Fea) = |:Ad forany h(>d)eD-
Also for any d € D with d > h there exists d, €Q
with o > dR > h and consequently,

,EAdR = FAd' Thus (Fea) = |:Ad for any
d(>h)eD
M (F,)EF,
Hence (h,,)*F,,, =~{F, :deD,d>h}
Then (hup)il FAW] is fuzzy soft closed in
(U,E,J):

Consider
[ (h)7F,, @
"1 =[ (h,)'Fy,, 1))
=1, —F, (pE)U(s))
“F,, S((pE)U(s))
:(mp)_l[FAm]C](e)(s) is fuzzy soft open in
U,E,3)-

Hence inverse image of fuzzy soft open set.
C is a fuzzy soft open set in (U,E,3) and so
Ao

(hup) is a fuzzy soft continuous function.
befine D(F,) ={d, /F. e F;}
From (1) D(Fe) :¢A dt <0
dt>1

Definition 3.11
Define a fuzzy soft

(¢,v):Fy, > ([a,b], E',gv) is defined as

mapping

(#w)FA(E)(1) = sup [Sl{p FE)s) if ¢ () =hy'(€)=¢ and a=e

Seg(t)eey ~(e)

0 otherwise

Tietze’s Extension Theorem 3.12
Statement
If (U,E,3) is fuzzy soft topological space and

([a,b],E,3")be a fuzzy soft topological space with
topology as in definition (3.11) then (U, E, J) is fuzzy soft
normal iff for any fuzzy soft closed F, in (U,E,3) and a

fuzzy soft continuous function
(Dy): FA—>([a b] E 3 there exists a fuzzy soft
continuous function

(#'.v'):(U,E,3) > (ablE,¥)  such  that
@ w')F)=(p.w)(F,) forevery F e F,.

Proof
Assume that (U,E,3J) is fuzzy soft normal. Let

(Dyw): F, —>([a,b],E',S') be a fuzzy soft continuous
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map, F, being a fuzzy soft closed subset of (U,E,J)-

Take a=-1,b=1.
Define a fuzzy soft map

(#,%,) : Fa = ([F11,E, ) &
[(¢5, o) Fal(€)(1) = [F,1(e)(s) Where a=e’

= 0 otherwise
For every E ¢ F,: Divided the closed interval [-1,1]
a

into three parts namely [-1,-1/3] [-1/3,1/3] and [1/3,1]. F,
is a fuzzy soft closed set means that it is a function from
F - A—)[—ll]' where A E. Similarly define

G[—l.—l/3] a fuzzy soft closed in ([-11],E') as a function
from GZA'—)[—l,—l/S]'

~

where A'cC E' and define

Husy® H:A—>[1/31] with A'c E' a fuzzy soft
closed setin ([-11],E',J")-
et [(%, %) "Gy 15y =Ca, and

-1 i
[(¢o,‘//o) H[1/3,1] :HAO' Since G[—l,—1/3] and H[1/3,1]
are fuzzy soft closed in ([— ' and are
7y (-11,E.3) G, ad H,
disjoint fuzzy soft closed set in (U,E,3) because (¢0aWo)
is continuous as it is the restricted map of (¢,w) on the

range.
By Urysohn Lemma, there exists a fuzzy soft continuous

TAPPING. (g, y,): (U, E, ) — ([-11], E', ") such that
()G, =—1/3°" (4,y,)H, =1/3

" [(, )G, 1()(1) =[G, 1(e)(s) =—1/3 Toral
eeE,ecE,seS,te[-1]]

[(4.w)H,, 1E)(®) =[H, 1(e)(s) = 1/3

Construct a fuzzy soft mapping
(U, p):(U,E3)—>(-11E.T) as
(u, p)F, =%, vo) — (4, w)F,

Then

[(u,, p)FIE)®) = [, 10)G.1(€)(S) — [(, 1) F.1(E)(S)

and

[(¢,¥6)G.1(€)(S) € [L1], [[(4h, ¥1) G, 1(e)(s) € [-1/3.1/3]

implies that [(u,, p,)G,](e")(t) € [-2/3,2/3]
Hence (U11 pl)Ga € G[—2/3,2/3] for ll Ga € GA

SO (ug, p,):(U,E,3)—([-2/32/3,E,3) s a

fuzzy soft mapping, define GAi = (uy, pl)’lG[fz/s 219] and

HAi =(U1, p1)_lH[2/9,2/3]' By similar argument GA1 and
HAi are disjoint fuzzy soft closed sets in (U,E,S). Since
(U,E,3) is fuzzy soft normal, by Urysohn lemma there

exists a fuzzy soft continuous mapping
(6 17,): (U, E,3) —> ([-2/9,2/9],E", )

such that (¢2,W2)G,\ _ _5/9 and

(¢ w,)H, =219
© [(4,,)G, 1(e,)t) =219
[(4,,w,)H, 1(e,)(1) = 2/9
= [GA)e)()=-2/9 '[H,](e)(s) = 2/9
Define (u,, p,)F, =[(Uy, p,) — (¢, v,)F,

:[(¢0’W0)_(¢1’l//1)_(¢2"//2)]|:a for all
F,eF,

Then
(u,, p,):(U,E,3)—>([-4/94/9,E,F) & 2

continuous fuzzy soft mapping continuous this process, we
obtain a continuous fuzzy soft mapping.

(4,,v,):(U,E,3) —>([-2""/3"2""/3"],E", T

where (¢ v )GA1 —_oni 30 and
(¢n’Wn)HA1 _onlggn and
u,,p,):U,ES3I)—>([-2"/3,2"/3"],E,T)
defined by
(un! pn)Fa = [(¢O1W0) - (¢1l l//jl_) + (¢21!r//2) T + (¢n1l//n)(Fa)
for all F eF,

Suppose

AF) =X wF,

for all

ALEL® = X 16 w1
e'e E,t e[-11]. As each (6,v,) is continuous, A is

also fuzzy soft continuous.

Also - n
| ALEDIE)® |=| Z[(%%)Fa](e')(t) |

322‘-1/3‘

<1/2%2'/3
i=1
By comparison test ;&n is uniformly fuzzy soft

continuous. So the sum function = is
2 lg.w)FR1E)D
i=1
fuzzy soft continuous and let
e for all
(#".w") =D [(¢.w)F1E)W)
i=1
e'e E,te[-11]. Thus

(¢',v):(U,E,3) —([-11],E',T') is a fuzzy soft
continuous mapping.
Again

(Uy,, POIFIE)®) [=1(dw0) - Zn‘,[(cli.,l//i)Fa](e')(t) |
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<(2/3)" forall e'c E,t [-11]

As N — o0 "
(o, v0) = Z[(ﬁ,(//i)

Which implies "

[(¢0 ) l//o) Fa](el)(t) = [(¢' , l//l) Fa](e')(t) for all

e'eE, te[-1]]
Conversly suppose the given hypothesis holds. Let GA

and HA be two disjoint fuzzy soft closed sets in (U,E,J)-
Let FA :(GAUHA)'

Lt (¢y):(F\,E,3) > ([-L1,E,T) be @
fuzzy soft mapping defined by 2 '//)Ga](e')(t) —Q and

[(6,w)H_1(e")(t) =1- Let Criyg be any closed set in
([-11],E', 3') then

[(#.¥)"Criy](€)(s) = Cryn((€) w(9))
~[[GAI(e)s) if 0€Cpyyy1eCpyy

[H,I(e)(s) if 1eCpy;,02Cpyy
[F1(E)(s) T 0eCpyy

¢ if 01leC

-1 i
Then (¢,l//) C[_M] is fuzzy soft closed

(FA,E',SFA). Hence  (4,y) fuzzy soft continuous. By

the given hypothesis there is a fuzzy soft continuous
@' \v):(U,E,3)—(-11,E',T) such that

[(¢'v)FRIE)D) =[(¢w)F1E))  Tor  evey

ecE te[-1- Then  [(4,p")[B,,,] 2
[(# l//.)—l[B[ b ]] are disjoint fuzzy soft open sets and
! 1/2,1

G, c [(¢I1‘//')71[B[71,1/2]] and

Ha c [(¢'1V/')_1[B[1/2,1]] '
Hence (U, E,3) is fuzzy soft normal.
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