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Split Majority Dominating set.

Introduction
Let G = (V (G), E (G)) be any simple finit graph with [17(G )| = p and |E(&)| = g- With usual notations, the degree of a

vertex v, the maximum and the minimum degree of a graph G are denoted by 4 (), A(G) and &{G) respectively.
Aset D V{(7) is said to be a dominating set [2] of G if for every vertex v in V-D there exists atleast one vertex u in D such

that u and v are adjacent in G. A Dominating set D is said to be minimal if for some vertex v of G, D — {4} is not a dominating
set. The minimum cardinality of a minimal dominating set is called the domination number of G and it is denoted by ().
Aset D= V() is said to be a majority dominating set [3] of G if atleast half of the vertices of G are either in D or adjacent

to the vertices of D. i:e) IN[D]| = F} A majority Dominating set D is said to be minimal if for some vertex v of G, p — {37}

is not a majority dominating set. The minimum cardinality of a minimal majority dominating set is called the ma-jority
domination number of G and it is denoted by M (G).This parameter was defined by Swaminathan and Joseline Manora.
A Dominating set D V() is said to be a split dominating set[8] if the induced subgraph <V — D> is disconnected. with

usual inferences, the minimum cardinality of minimal split dominating set is denoted by s (G).This parameter was intoduced by
kulli and Janakiram.
A subset D of V (G) is said to be Split Majority Dominating set[5] of G if IN[D]| = [g} and the induced subgraph

{I” — D} is disconnected. As usual, the minimum cardinaliy of minimal split majority dominating set is called split majority
domination number of a graph denoted by Vo (G ). This parameter was defined and studied by Joseline Manora and

Veeramanikandan.

A partition A of its vertex set V (G) is called a domatic partition of G if each class of A is a dominating set in G. The
maximum number of classes of a domatic partition of G is called the domatic number of G and is dentoed by d (G). The domatic
number was introduced by Cockayne and Hedetniemi. In a similar fashion, a majority domatic partition of a graph G was
introduced and each class of it is a majority dominating set in G. The maximum number of classes of a majority domatic partition
of G is called the majority domatic number [4] and is denoted by d,, (). This parameter was introduced by Swaminathan and
Joseline Manora.

2 Split Majority Domatic Number of a Graph

In this section, we define Split Majority Domatic Number of a graph G and this number 4__ (&) is determined for some
families of graphs.
Definition 2.1

Let 32 be the family of all disjoint minimal split majority dominating sets of G. The split majority domatic number of a graph
G is defined to be the maximum number of disjoint minimal split majority dominating sets of G and it is denoted by d_ (7 ).
Remark 2.2

In this article, we consider only the family of disjoint minimal split majority dominating sets of G rather than the partition of
vertices of G. The reason is that there are some vertices that are not the elements of any minimal split majority dominating set D
of G since the definition of split majority dominating set is violated when these vertices are included in any set D.
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2.1 d_,. (&) for some families of graphs
1. For & = f{_J , a totally disconnected graph.
dsm(K_p): 1lifpisodd
2if piseven
3.1fGisastar Ky,_4,p2 = 3. Thend,, (6} =1.
4. Suppose G being double star D, ..z = v+ s + 2, Then d,,, (G} = 2.
5.For 6 =C,.p = 3. Thend., (G} =3
6. If G is a complete biparpite graph Ky, ;. m = 1, d . (61 =
7. Let G be a petersen graph. Then d . (G} = 2.
8. Suppose Gisafan 7, p = 4. Then d, (G1 = 1.
3 Main Results on d.,. (@)

Theorem 3.1
If G has a full degree vertex, d__(G) = 1.

Proof
Suppose G has a full degree vertex v. If v is a cut vertex then D = {3-} is a split majority dominating set of G. Assume that

there exists another split majority dominating set S of G. Then S must contain v. If not, {17 — §} is connected, a contradiction.
Therefore d.,, ({;) = 1.ifvisnotacutvertex,y__ (&) = 2 and v is in every split majority dominating set of G. Applying the

same argument as above, we get a contradiction. Therefore dsm(G) = 1.
Theorem 3.2
If every vertex of a graph is such that d(v) = [ 1 then d__(6) =1.

I

Proof
Suppose 5(G) = [i] Then every vertex is a majority dominating vertex. Let D be a minimum split majority dominating set

-

of G. Then y (G) _5[.5). That is ID| = H This implies that D contains atleast one vertex more than [ ]vertlces Then

-

V—D| < [i] implying that V-D is not a majority dominating set. Therefore there exists only one split majority dominating set

fo G and hence d.. (G)=1.
Theorem 3.3
Forany graph G, 1~d_ (G )« [3]+1

Proof

If G has a full degree vertex then the lower bound is attained. When 5(G) = [g] then 4__(G) = 1. Consider a minimally

S

connected graph G, namely a tree T. If T has exactly two end vertices then it is a path P,. When p < 6, then every intermediate
vertex is a split majority dominating set of G. Therefore d, (6)=4= [g n Suppose p>7 Theny (G)z= 2 but

d_, (6) < [_1 then only intermediate vertices constitute spllt majority dominating sets of G and d_.(6) = [[ 21 Thus
1=d,,(6) <[f+1
Proposition 3.4 )
If G is any graph with g [.5) = 72 then .:{Em [Gj =1.
Proof
Suppose G is a graph with gigm [{;j = 2. Let v be the center of the graph G. If D is the minimal split majority dominating

set of a graph G and containing the vertex v then no other minimal split majority dominating set is obtained without v. Therefore
there exists only one split majority dominating set of G. Thus __ (G} = 1.

Proposition 3.5
For atree T with fiqm (Tj =3, .:{Em (G) = 2.
Proof
Suppose T is a tree with gigm (T) = 3. Since every tree has atleast two end vertices. If 7igm (Tj = 3 then T is a double

star [ _ or P, or pendants adjacent to intermediate vertices. If T is D _ or Py, o (Gj = 2. If pendants are adjacent to
intermediate vertices, o _ (G) = 2.

Theorem 3.6
Let G = P, be a path on p vertices, p > 4, d p } -_"F |fandonly|f p =8,10,15,20,25.+
Yem G
Proof

Let B, = J[“-,p Uy, oo U, }beapath on p vertices and Vo (P } _ [.‘-1
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Suppose p = 3,10,15,20,25. Then ({;j =2,2345. It is clear that y__(G) divides p. When

p=8.d,, (P;) =4 Whenp=6k+2. Then =4 ifk=1Henceg (p)=4= . Therefore split majority
¥ “?"G - Vem [G)

domatic partition of Pg is H’“’*v“s}: {“:J“E.}J {“-,31 “-,__].J {u;_, “5}}-
Letyp = 10,15,20,25.Then d.., [p } =5

When p =10, (i.e.) p = 6k + 4, then { J ifk=1.
1ﬂ?.l =)

When p =15, (i. e.) p = 6k + 3, then { p J c ifk=2.
Yem G)

When p =20, (i.e.) ¢ :Ek—z,then{ o J 5 ifk=3.
VemLG)

When p =25, (i.e.) ¢ :é.‘f.—l,then{ P J c ifk=4.
Yem \G)

Therefore the split majority domatic partitions of 1~ [ } are

D= e ey o U . Dn—{-l.: '-I.J:-__...._,'H.I ) _1} 5 o
! e I}'fm.G.'_i-ll._;’_:J_i Vam(G) 7L [f“?GJ _}

Vem G
Dy = {1:,311:,81 m’u'}'sm_c_-—i_'[.. mi.c.-J_S}J D,= {u;_l gy eee,s L”ﬂr o _1|[ 5 GJ IJ

D. = {u-, Ly g oe s LI."fm_G_-—‘l_ll -'-’IG_J_E}J In all cases, o= =5=d,_, P_,} ifp = §,10,15,20,25.
Conversely let g__(p,) = — _Suppose p = 0(mod 6). Then Qo (P,) =

5. But d., [pJ} = }_S:{G implies that g p } = g Which is a contradic-tion. Hence ) £ () (mod &),

Suppose p = 1,2,3,4,5(mod 6)- Letp =6k + 1,1 <1 < 5. Then 5y H =y + 1 and
I3 &

g g1

== = m(say),m = 0 Itimpliesthat ), — m=1. Ifn — 1 = 0and6 —m = Othen] = m < 6.
Yem G k+l &6—m
Take ] = 1.Then 4 = 2,345, L = m—1 Then

&—m
1 £ 5
—ifm=
4
2 ’ —
L = Elfﬁ?‘! =3
3 £ A
—ifm=
2
Lif m= 5.

Hence k = 4 isaninteger if | = 1. Therefore for ; = 4 and ] = 1 implies p = gk + 1 = 25. Inasimilar way, take

! =2. Then y = 3,45. I = m-1 _ 1 is an integer if 33 = 4 and k = 3 if yn = 5. Therefore for ; =1 and | = 2
G—m

impliesp = 6k + 1 =38andfork = 3and ] = 2 impliesp = 6k + 1 = 20

Take | = 3. Thensn = 4,5. L = m-1 _ 2 isaninteger if sy = 5. Fork = 2and | = 3 impliesp = 6k + 1 = 15.

b—m
Take | = 4. Then s = E. I = m-1 _ lisan integer if sy = 5. Fork = 1and ] = 4 impliesp = 6k + 1 = 10.
&—m
Take | = 5. Then s = 5. Then there is no integer value for k. Hence, » = §,10,15,20,25 |fﬂr p } =
1W,.
Theorem 3.7
Let G =C, be a cycle on p vertices, p > 4. Then 4 ['C_,} =_F if and only if » =8,10,15,20,25. or
P M\ ]'-f:‘?"_l:G-"
p = 0(mod 6).
Proof

Let C,= {1*11:141::---:“3} be a cycle on p vertices. Then Vo ( C } [ 1 Suppose p = §,10,15,20,25, then
Vem (G] 2,2,3,4,5 and suppose p = {;(mgd 5) then C‘ } — — 1. It is clear that - (G] divides p. When

p=28,d,_, (P;)= 4. Whenp = gk + 2, then

=4

¥ m,.l =)
_Therefore a split majority domatic partition of Cy is

Ifl- = 1. Hence = =
H dg]ﬂ (CS:I ‘1- ]'._f?‘?".l:G'.l
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fugud fugugh fug us b {ug, ugdh

Letp = 10,15,20,25. Thend_ (C.) = 5.

When;c-,. =10 (. e.);c-,. = gk L 4, then {;J =5 ifl =1.

Yem LG

When;@=15,(i.e.);@=5k—3,then{ P J 5|f}{:2.

¥em (G)

When;g=2¢],(i.e.);g=5;¢_g,then{ o J flr=3.
Yem LG

if - = 4. Therefore the split majority domatic partitions of 1~ (CF] are

When p = 25, (i.e) p = 6k + 1,then {;J
Yo LG

D, = {“1:“51 -

L ¥emicy —'lll——‘ﬂ?‘ =
= <1 1 1 D_={-'r".l'i'.l .l'l:' g -}'-'
Inallcases, —#__ — 5 = ﬂ'm (,:-Fjlfp—SUJ 15,20,25. Letp = 0(mod 6). Theng_ C ,) = 6.Letp = 6k,
}.fm,\,:..
Then =5 since . [G] = E = [ Therefore {Dv D,bD.D.D_ De} are the split majority domatic partitions of
¥em L5J rEm ' T
V(G) Hence -=6=d_, .[_" } ifp = 0(mod 6)

Vem LG

Conversely, let g ['Cu} =

}'sm':':." [—]
p = 6k and [ﬂ — 1, Thus [g

& ' &
Suppose p = 6k + 1, i = [ = 5. Applying the same argument in the converse part of the theorem, we obtain the values as

p = 8,10,15,20,25.

Next, We discuss the split majority domatic number for complement of a graph G and Nordhaus-Gauddum type results.
Proposition 3.8

If G has a full degree vertex and all other vertices are of degree less than F} thend_ (&) =p—1.

— P Therefore , _ g z]. (i.e) [#] dividesp. If » = Q7 , then
N p=d_, C-‘JMEV )H p.1fp = 0(mod 6)

1 divides p.

Proof
Suppose G has a full degree vertex and all other vertices are of degree less than F Then G has an isolate and all other

-

vertices are of degree greater than or equal to [ S 1
[

Then every vertex except the isolate constitutes a majority dominating set of (7. Since /7 has an isolate v, every majority
dominating set of ¢ is split majority dominating set of /7. Thus d,, =p—1
Theorem 3.9
For any graph G, dsm (G) L dsm [GT:I =p+2 and ﬂrsm (G) ﬂrsm (GT:I = 2p.
Proof

If G has a full degree vertex v, then 4 ({;) = 1 and g has an isolate v. Suppose 5(6) = [_] 1 Then there exists

M

atleast one vertex v in ¢7 such that d(v) = [_1 1 In this case, there exists a minimal split majority dominating set of ;7 with
[ T

cardinality greater than or equal to two. Therefore d.(Gy=p—1add_ (G)+d_ (&)= p suppose G isacomplete
bipartite graph with m = n. Then g has two components and each vertex v of /7 constitutes a split majority dominating set of /7.

Therefore d., (G)=1p and d — sm(G) = 2. In this case, 4 — sm(G)+ (G) = p+ 2. We prove the another
result in the similar fashion.
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