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ABSTRACT

In this paper, the application of homotopy perturbation method (HPM) is applied to solve
nonlinear fuzzy volterra integral classes equation. Comparison are made between the
exact solution and solution of homotopy perturbation method, also we
convergence of the solution for the nonlinear fuzzy volterra integral classes equation with
high computational and complexity to find the solution by using analytical method, so

proved the

we describable this solution by using Homotopy perturbation method , in Banach fixed
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point theory for existence and uniqueness. Numerical examples are given to represent
the efficiency and the accuracy of the method and all of the results reveal that the
homotopy perturbation method is very effective and simple to solve our problem .
Finally using the MAPLE program version (18).

Operator of fuzzy number ,
fuzzy integral,

Homotopy perturbation
method.

1.Introduction

In the last two decades with the rapid development of
nonlinear science, there has appeared ever- increasing interest
of physicists and engineers in the analytical techniques for
nonlinear problems. It is well known, that perturbation
methods provide the most versatile tools available in nonlinear
analysis of engineering problems . The perturbation methods,
like other nonlinear analytical techniques, have their own
limitations. At first, almost all perturbation methods are based
on the assumption that a small parameter must exist in the
equation. This so-called small parameter assumption greatly
restricts applications of perturbation techniques. As is well
known, an overwhelming majority of nonlinear problems have
no small parameters at all. Secondly, the determination of
small parameters seems to be a special art requiring special
techniques. An appropriate choice of small parameters leads to
the ideal results, but an unsuitable choice may create serious
problems. Furthermore, the approximate solutions solved by
perturbation methods are valid, in most cases, only for the
small values of the parameters. It is obvious that all these
limitations come from the small parameter assumption. These
facts have motivated to suggest alternate techniques, such as
variational iteration [14], decomposition [ 5,7], expunction
[3,9 ], variation of parameters [10,11 ] and iterative [12 ]. In
order to overcome these drawbacks, combining the standard
homotopy and perturbation method, which is called the
homotopy perturbation, modifies the homotopy method.
Many problems in natural and engineering sciences are
modeled by partial differential equations (PDEs). These
equations arise in a number of scientific models such as the
propagation of shallow water waves, long wave and chemical
reaction-diffusion models [17 ]. A substantial amount of work
has been invested for solving such models. Several techniques
including the method of characteristic, Riemann invariants,
combination of waveform relaxation and multi-grid,
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periodic multi-grid wave form, variational iteration, homotopy
perturbation and Adomian’s decomposition [18,21 ] have been
used for the solutions of such problems. Most of these
techniques en- counter the inbuilt deficiencies and involve
huge computational work. He [23,24] developed the homotopy
perturbation method for solving linear, nonlinear, initial and
boundary value problems by merging two techniques, the
standard homotopy and the perturbation technique. The
homotopy perturbation method was formulated by taking the
full advantage of the standard homotopy and perturbation
methods and has been applied to a wide class of functional
equations. The basic motivation of the present paper is the
implementation of his reliable technique for solving PDEs. In
particular the proposed homotopy perturbation method (HPM)
is tested on Helmholtz, Fisher’s, Boussinesq, singular fourth-
order partial differential equations, systems of partial
differential equations and higher-dimensional initial boundary
value problems. The proposed iterative scheme finds the
solution without any discretization, linearization or restrictive
assumptions and is free from round off errors. The HPM gives
the solution in the form of a convergent series with easily
computable components. Unlike the method of separation of
variables which requires both initial and boundary
conditions, the HPM gives the solution by using the initial
conditions only. The fact that the proposed HPM solves
nonlinear problems without using Adomian’s polynomials can
be considered as a clear advantage of this technique over the
decomposition method.
2.Basic concepts

Basic  definitions of fuzzy number are given in
[1,2,10,15,17,20] as follows:
Definition 2.1. Fuzzy number.A fuzzy number is a map
u: R — [a, b], which satisfying
(Qu is upper semi-

continuous function,
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(2 u(x) = 0 outside some interval [a, d]

3) There are real numbersb,csuchg = b < ¢ =< d
i) u(x) is a monotonic increasing function on [ga, b]
i) u(x) is a monotonic decreasing function on [¢, d|

iii) ux) =1 forall x £ [b,c]
The set of all fuzzy numbers (as given by Definition 13 ) is denoted by E1 and is a convex cone. An alternative definition for

parameter from of a fuzzy number is given by Kaleva [ ].
Definition 2.2 . A fuzzy number i in parametric form is a pair (u’@of function u(a),u(a) 0= a= 1, which

satisfies the following requiremenst:
i)u(fx:] isa bounded left continuous non- decreasing function over [0, 1]

i (a) is a bounded left continuous non- increasing function over [0, 1]

il u(e) =u(a) 0=a<1

Definition 2.3. .For arbitrary fuzzy 3 = [E(aj!ﬂ[aj) o= [g(cx}ﬁ(rx]) ., 0= g = 1 and scalar }, we define addition,
subtraction, scalar product by J; and multiplication are respectively as following:

1 — addition : (u +v)(a)= (wla)+v (@), (u + v) (@) = @@ +via).

2 — subtraction : (u — v)(@)= (ul@v (@)  (u—v)la)=@)v)

3 — scalar product :

K= (ku(a),ku(@)), k=0 W)

(kg[a],kﬂ[cx]), k=<0
i— mBItipIication:
Fﬂ@=mm@mmmnmmm¢m@ﬂﬂﬂmﬁmﬂ
wv(a) = minfu(a)v(a),u(@)v(a),u(a)v(a), u(a)v(a)}

(2
Defined 2.4. For arbitrary Fuzzy numbers i, 7 € E*
D (4, %) = max{sup o,y |u(a) —
v(a)|, supgero,q |u (@) —v(a)l}

3)

in the distance between The Tiand 7, it is prove (,5'1,5:] is a complete metric space .
Definition 2.5. The integral of a fuzzy function was define in [14] by using the Riemann integral concept . Let f: [a, b] > ELl.
For Fuzzy function, for each partition p={to, ..., t} of [g’ b] and for arbitrary {i = [tz'—lftz'] » 1 = i = n, suppose
szz;f:lf(fij [tz' - ti—l] @
A= max{|t, —t;_4], 1 =i < n}

The define integral off(tj over [g,, b] is

2 F(®)dt = lim,_, Ry’ ©)

If the fuzzy function f(t] is continuous in metric D its definite the integral exists and also

Cfea)d) = ftade  ([PFt;a)ad ™ [OF (ta)de ©)
It should be noted that the fuzzy integral can be also defined using the Lebesgue — type approach. However, if £(¢t) is
continuous, both approaches yield the same value .More details about the properties of the fuzzy integral

Proposition 2.1. A function F,G:I — E™ beintegrableand g € R. € then

-f(F+G6)=[F+[6G

2- [pF =g [F

3-D(F,G)IS integrable

4—D(JF,[6) < [D(F,6)

Proposition 2.2. For any

p,q,r,sEE"and g €

R,then the following hold
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i-(E™,D)is a complete metric space

i-D(gp, 0q) = l@|D(p. q)

i-D(p+71,9 +5) = D(p.q)

V-D(p+gq.r+5s) < D(p,r)+ D(q,5)

Definition2.6. A function F. J — E™ is called bounded if there exists a constant
M = 0 such that D(F(x),0) < Mfor allx€ I

Definition 2.7 . A function

F:I—

E™ is said to be continuous if for arbitrary fixed x; €

I and £ = 0 there exists § = 0 such that if |x —

x| < & ,than D[F[x],F[xD]) < g foreachx €l

3.Novel formula fuzzy nonlinear volterra integral equation
The fuzzy nonlinear integral equation with integral kernel which is discussed in this work is the fuzzy nonlinear Volterra
integral equation (FNVIE2) as follows:

4 = fe + 4[5k (x, t.ky (2. B(.a(0) ) ) de )

where } >0, f{(x)afuzzy function of x :a<x<b, k(x,t Eltﬁ" [t’ﬂ[t] ))) is analytic functions gn, [, b]and ﬁ'[t’ﬂ[ﬂ)
are nonlinear function on [a,b]. For solving in parametric form of Eq. (7), consider (f(x, cx],)_"(x,cx]) and (1 (x, cx],ﬁ(x, cx])
and,0< g <1andt,s e [ab] are parametric form of f[x] and 41 (x ), respectively. Een, parametric form of Eq. (7) is as follows

ulx, el = f'ix, a) + _If k (.r, Eky (t,F{t,u{t, a]})) dt

®)

Tl a) =flr.a) + II k (.r, tky (t,F{t,u(t, a]}jl) dt

For each 0<g<I and a<x<b. We can see that Eq. (7) convert to a system of nonlinear Volterra integral equations in crisp case for
each 0 < gz <1 and a <t < b. Now, we explain analysis perturbation methods as approximating solution of this system of
nonlinear integral equations in crisp case. then, we find approximate solutions for {j(x),a<x<b

We write the system (7) we obtain
ulx, o) =

Fle,ad +

J: k(x.t k, {t, F(t ult, a) }) - J:I k(xt.k, (t, Flt.ult.a) })

©)

alx.e) = flr.a) + J‘I k(xt. k, (t,F{t,u(t, r:t]}:l + J‘r k(x, t, k, (t,F{t,u(t, r:t]})

where < t=<¢ ,c=<t=x . 0=<a=<1
Now we will find the parameter for the Eq(7) , as follows

k(x, £,k (t,F(t,u(t, a:])), k(x, t, k, (t,F[t,u(t, u::])) =0

k(x.tk, (t,F[t,u (t a]))] =

k(xt iy (t,F[t,u[t, a])), k (x.t.k; (t,F[t,u[t, a])} <0

k(8 F (tult ) Ky (8 F(tut ) 2 0

k (6 F(eutea))) =

k(tF(eala)) k. {r,F{r,u{t, a]}) =0

Ky (LF{.’:,H'&, u:l}) =

k(Fleault.a)), K (t,F{t, ult, o) }) =0
=

E(tE(tuta)) k(6 F(tut.a))) <0
k(xt k, {t,F[r,u(t, a])) , k(.r, £,k (t,F[t,u(t, a]))) =0
k(x, £,k (t,F[t,u(t, a])) ,k(.r, t k, (t,F[:t,u(t, a]))) <0

k (.r, .k (t,F[t,u(t, a]))) =




41648 Sameer Qasim Hasan and Alan jalal Abdulgader/ Elixir Appl. Math. 96 (2016) 41645-41662

kL(Flealt.a)), Kk (t,F{t, ult, a) }) =0

k t,F{t,u':t, a]} =
1( ) E{t{(t,g{t, a]) Ky (t,F{t,u{t,a]}) <0

k(8 F (tult ) Ky (8 F(tut ) 2 0 (10)

k (6 F(eutea))) =

k(tF(eaa)) k. {r,F{r,u{t, a]}) <0

than
u(x.a) = fx a) + _|': k(x, t.ky(t.F I:r, ult, ) ) de + [ ket ko (F (et a) Jde + [T ket ko (6. F (6000 a) Jde + [7 k(x.t, k(6. F (r,g[r, o)) dt

W(x.@) = Fxa) + [Th(e ok, (F (e G0 0) + [ ket kn k(e F (tute)) + ket k(e F (Lulte) ) de
+[T k(e ek (6 F (200 a) ) de (11)
whereg <t <d , d=t<c¢ c=t=e, ext=x . 0=a=1

3.1 Homotopy Perturbation Method
Consider the fuzzy nonlinear volterra integral equation of the second kind

ii(x) = Flx) + Aj k (x £k (£ ﬁ{t,ﬁ(r}})) dt
Let i i )
Llu) = ulx, a) —flead - f k(x. r,k_l[r,f{r,g{t, :ﬂ:l dt — f k(x .k (Fleal(s o) )de —f k(x. t,k_l[r,z_’{t,ﬁ{r,:ﬂ}dr

X
—f k(r.t ko (6 F (tult @) dt = 0

L@ = ulx, &) — Flx,a) — [} k(x .k (F(e.86 o)) - [} k(e k(xt, ki(tF (r, ulr, nf:]) — [Tkt (6 F (r, ulr, sr:]) dt
- frrli (x.t, ky (6. F (2. 0, @) )dt = 0 (12)

-]

then we defined the homotopy
H(u,p).H(@p) by
EHLJDJ =F(u).  H(uw1l)=L(w
H(z,0) = Flm), H(m. 1) = L(@)
where F@} JF(z) are functional operators with solution say g .t which can be obtained easily. We choose a convex

homotopy
H(up)=(1-p) Flu) +pLu) = 0
H(mp)=01 —p)F@) +pLlm) = 0 (13)

and continuously trace an implicitly defined curve from a starting points H@D,U},H{ED,UJ to a solution HL 1} JH(@, 1), The
embedding parameter p monotonically increases from 0 to 1 as the trivial problem F@} = 0,F({z} = 0 continuously deformed
to the original problem L(u) =0,

L{(%) = 0. The parameter can be considered as an expanding parameter. In fact HPM uses the homotopy parameter p as an
expanding parameter to obtain

u=upgt+puy +pu o (14)
U =1y + pty +pil +

when» — 1, (7) corresponding to (6) and gives an approximate as follows

u=limy_ u; + ..

T =lim,_, Ty + . (15)
The series (8) converges in most cases, and the rate of convergence depends on L@} NAEr

Now we applied the HPM for solving system for fuzzt volterra nonlinear integral equation

Flu) = ulx, a) —f{x;a]

F(@) = alx,a) — flx,a)
Hlu,p) =

ulx, a) —f{:r,cr] —J:

J k(xt. ki (6F (r, ult, cr]) de — J‘_-k[x, t. &y (F(t.(t, ) )dt J‘ k(xt by (6 F (e 0t ) )dt

- frl!ﬁl::.‘f, £k (6 F (tult a))de = 0
H@P) = 5(x, a) — Flxa) — [} ki ek (Fe G @) — [ kot kixt, ky(EF {t, ult, nf:]) — [T k(xR (6. F (r, ult, nr:ljl dt

x
—f k(x.t ky(t.F (6Tt ) )dt =0
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and equation the term with identical power of p , we obtain

{p”:ynﬁn a) — flx,a) =0 = ulx.a) = flx, a)
paylx, a) — flx, ) = 0 = 4,(x, &) = flx, a)
(v

- _|': k(x.tky(t F (r,u_,,{r, 2) ] dt — [gk(x.t.ky(F (63506 @) )dt — [T k(x.t ky(e.F (6 gt 0) )t — [T k(xt k(6. F (r,u_,,[r, @) ] dt=0

=
= u,(ra)= [CR(x L ka(t.E(t.uglt, af}} dt+ [§ k(x t Ry (Fle g (nad )de+ [F k(o t k(nFle o)) de + [ kx e k(e F nuglt, ar}}rii

g1, e

— P k(e ky(Fle mpe@) — [Sk(xt, ky(t.F (r,u_plir,w}} — L k(xtka(t.F (r,u_plir,w}} dt— [} k(xtki(eFe.ugt.e))dt=0 = 5(na) =

_I': k(b ey (Flt. (e ) + _I'dr k(x.t.ky(t. F (r,u_,,[r, cr]‘] + I: k(x t.k,(t. F (r, uplt, arj.‘] dt + If k(x.t.k,(t. F(t.ug(t.a) Jdt

Now we will write the general formula for HAM to s:olve our system B f B

uplr.a) = flx, el

(X @) = _|': k(x.t ky(t.F (r,u_ﬂ{r, o)) de + [ok(et ky(F(e 0, (ea) Jdt + [ k(e .k (6 F(t. 0,00 a) )dt + [ k(x. bk (6F (t, u,(t.@) | dt

n=1,2,.... J B - J

Tg(x,a) = fx.a)

s @) = [Sh(n e ko (F (e Tea)) + [k tky(eF (6 e) |+ [T k(ne (e F (tug(r @) de + [Fhe(rt kg (6 F (e, 0(n0) )dt

s o Znh &) Enhte 51

Then if k{x, t) is non negative and non positive we get

uplr.a) = flx,a)

Ay g(xa) = _I': k(x.t. ky(t.F (t,un{r, &) | dt + [Jk(x e ko (F (60, (6.0) e + [ k(e t.k, (e F(e,3(e o) )de + [T k(x tky (6 F (t, un(t.a) | de
Tglx,a) = Flx,a)

Uy, (@) = _|',f k(x t.ky (F(e Tp(ta) ) + [ k(x, t.k,y (6. F (r, un(toe) |+ [F k(e ky(t.F (r,uﬂ{:, o) | dt + [Fk(x.t ky(n F (e, Bt ) )dr
n=12..

Theorem 1: (. Existence and uniqueness)

The following conditions are satisfy
1-f: [a, b] — E™ is a continuous and bounded

2-K:[a,b] % [a,b] x E® — E™is a continuous function
-if w,u’: [a,b] — E™are continuous, then the lipschitz condition

D (k(xy,ty, ke (ty, Hy (£)), k(xp.ty, ey (£, Hy (t) = L(D(x4.%,) +D(t,,t,) + D[kl(tl,Hlttj],kl(tE,Hz(tj)]
4D (F[tlrﬂ[ﬂ )r F(tyu(8)) < Ly(D(ty,t2) +D [ﬂ[x],ﬂ*[x])

> D[k1(t1’ Hl(tj]’ ky(tz. Hy (tj) =L, (D(tr t:j + L1(D(‘f1r ‘f:j + D[ﬂ (), " [x])j
We take an initial guess Eﬂ[x] = f(x)
Then there exist a unique fuzzy solution of u(x) in Eq(19) and the successive iteration

wy (x) = f(x)

W,y () = FO) + ZE [T R ((x, ::,Ei{r, F(t,ﬁi_itt]}dt n=0 (14)
and u(x) is convergent uniformly on [a,b] where

ug(x) = f(x)

() = [Fh((et, Ry (6, F (8, () dt, " 21 (15)

Lemma 1: Consider f(x) is a bounded on [a,b] then we will prove the 1 (x), is a bounded and 1 (x) is continuous , where
n=20

Proof: we will proved the part 1 from lemma 1 uc,(x] = f(x) is a bounded. Now we proved u,_4(x) is a bounded . and
proposition (2.1), we have

D(i1,,(x),0) = D([Tk((x.t, ky (£, F(t, 1,1 () ) dt ,0)
< [*D(k(xt. ko (2, (B (1,4 (1))), D)at
= (b —a)L(D(x,0) + D(t,0) + D(t, F(t,1i,_(2)),0)
< (6~ a)L(0(x0) + D(6.0) + L, ((68) + L, (D(5.8) + D (5, (9)).5 )
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= (b — @)[LsupD(x,0) + L supD(t,0) + LysupD (6.0) + LysupD (&) + Lysupd (-1 (£)).0)]
< (b — a)[LsupD(%,0) + (L + Ly + Ly)supD (6. 0) + Lyswpd ((&,_,(2)).0)

1, (x) isabounded , § is the zero function
Now we will proof part 2 from lemma 2.1 1, (%) is a continuous by using propostion (2.1)and (2.2), we have ,

a=x=Zx;=b

(i), (x2)) = D( | (ot (A e ) | lCent B (656 2ms ) )

= ﬂ([rk({x, t, El(t,ﬁ‘{t,ﬁﬂ_liﬂ) dt ,J‘I k((x,.t. El(t,ﬁ(t,ﬁﬂ_lfiﬂ] dt + J‘ri k((x,.t, El{t,F{tﬁﬂ_l'&]) dt)
= D( J‘ xk((xJ t.k, (¢, F(t,0,_, @) dt, f xk((xpr, Ey (& F(t,1,—, () dt) + D( f B EMAA A X NI ETR)

x x X1

=_:J‘ D(k( (.8, Ky (£, F (8, 1,1 (8)) dit, f k(21,6 (&, Pt 11,1 ()it ) + f D(k( (1,8, Ky (£, F (8, 8,y (8)), D) it
= (b — @ysupDD(ke((x,t, Jey (&, F (£, Wy (8)), ke ((x1, £, Ky (£, F(t, Tpa (80)))

+(xy — x) [LsupD (x,0) + (L + Ly + L,)supD (6.5) + Lysupd ((%,_,(9)).5)

K is continuous , we have

D (i, (x0), i, (x1)) > 0 asx > x,

u,, () is continuous on [a,b]

proof
we will prove that W, (x), mn = 0 are bounded on [a,b]. Then wy (x) = f(x)

is a bounded by the assumption that @, _q(x) is a bounded, from Eq(20) and propostion (2.1) we will get .
] X

D(w, (x),0) = D(f(x)+ Z f k(x,t, ke (8 F (2 1, (£))dt,0)
i=1Jg

=D(f(x)+Xrt f: k(x,t, ke (8 F (2 T, (6) )dt + f: k(x,t, ke (8, F (2, T,y (£) )dt, 0)

= D (wy—y (x) + [ ke, t, Ky (8, F (8, 80, (£) )dt, D)

< D(wp—1(x),0) + D([7 k(x, 8,k (8, (5,0, (£))dt, 0)

= D(w,_4(x),0) + D(w,(x),0)

From lemma (1) we have that a,, (x) isabounded . and few, (x) . is a sequence of bounded functions on [a,b]

We will prove @, (x) are continuous on [a,b] , by using Lemma (2.1) and proposition (2.1) and(2.2) for g =< x = x, = b, we
get

D(w, (x),w, (x)) = D((f(x) +Zf_1 f k(x, t ke (8, F(E T,y (2) )dt

Sflxg) + ZE:LL ke(xy, 8,k [tJ F(t, u[—1[tj)dt}
=D [f[x],f(xij) +D(Xiy .r: k(x, t, E1 (ti ?(tiﬁi—i[:t])dtrz;f:l .r:' k(xy,t, E1 [L Fl(t, ﬁi—i(ﬂ)dt}
= D(f(x).f(x)) + D[Zm f (o, £, 1y (8, F (8, [ﬂ)dt’zizi ] (g, b Ty (6 F (5 8,y (£) )dt)

+Zf_1f :k(xii t,ky (& F(t %4 ())dE)
= D(f(x).f(xy)) + D[ZHL k(xt, ko (6 F (T (t])dt,zizijﬂ k(xy, 6,0y (8, F (81, (£) )dt)
—HJ[Z._lf ey, b1y (6, F (L (8))dt, 0)

< D(f(x). fxy)) + f D(Zk(x, t ey (6 F(t Gy ()t f D(Zsc(xi,r,ij[:,ﬁ(;,ﬁl._i(;j)d;,
2 i=1 2 i=1
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+ L LD(; k(xy,t, Ry (8 F(t 3, (), 0)dt)

< D(F(x),f(x,)) + (b — a) sup DJ (Z k(o 7y (1, F(t,ﬁl._i(t])dt,z k(g Ky (6t 8,y (D) dt,

=1

+(x, — x)supD (Z k(xy,t, By (8, F(t T, (£),0)
i=1

D(w,(x),w,(x)) =0, x—x,
and the sequence fw, (x) 1 is continuous on [a,b]
in this part we will prove the sequence {w, (x) . is convergent uniformly for 3y = 0 we get

ntl pXx
D(wns1(,0n (1) = D) + ) f kG tden (£, F (6 -1 (0) ) dt, 0 ()

=1

= D(f(x)+ Zf_i rk(xj t, ey (8, F(t, 1y (£) )de + rk(x, t, ke, (& F(t, 31, (1) )dt, w, (x))

= D(w,(x) +J. k(x, t, &y (t, F(t, 11, (8) )dtw, (x))

Lur)

=D (J.xk(xj t, ky (. F(t, 1, (2) )dt 0)

< f ID(I::(XJ t, ke, (£ F (e, 11,(2)), 0)dt

< (b — a)[LsupD(%,0) + (L +L, + Ly)supD(£.0) + LysupD ((,(9)).0)
Now we obtain
sup Dy, (), 0, () < (b— @) [LsupD(x,0) + (L + Ly + Ly)supD (£.0) + LysupD ((2,(5).0)]

D(u,(x),0) = D(rk{x, t &y (t F(t, T, (t))dt 0)

&£
< J. D(k(xt, by (2, E(t, T,y (1)), 0)dt
i

< (b — a)[LsupD(%,0) + (L+L, + Ly)supD(£.0) + LysupD ((%,.,(2)).0)

D (tty-1(x), 0) < (b — @) [LswpD(x.8) + (L + Ly +Le)supD (2 + LysueD ( (52 (9).0)]
we obtain

D(u,(x),0) < (b — a)[LsupD(x,0) + (L + 1L, + Ly)supD (2. 0) + LysupD ((3,_, (). 0)

< (b — @) [LsupD(%,0) + (L + Ly + Ly)supD (8, 0) + LysupD ((&,,(:)).0)
< [(b — a)[LsupD(x,0) + (L + Ly + L,)supD(t. )] sup D[f[x],ﬁ)
D(wns1(x), 0, (1)) = supD(wps1(x), 0, (1) <
[(b—a)[LsupD(x,0) + (L + L, + L,)supD (£.0)]" 1ssup D[f[xj,ﬁ)

the series [(b— a)[LsupD(x0) + (L + L, + L, )supD(t, 0)]sup D[f(x],ﬁ}zmzu [(b— a)[LsupD(x,0)

+ (L+L,+L,)supD(£.0)]"
the series Ef:u. D[mﬁ_,_l (x), W, (x]) is uniformly convergent on [a,b], and the uniformly convergent of the sequence
{mn [x] };C:u . if denoted u(x] = 1imn_mC tw,, (x] , then u(x) is satisfy all the conditions for theorem (1)
We prove the uniqueness of solution > Let u(x) and ¢, *( x) are two continuous solution of Eq(7) on [a,b]
D(ii(x). @ (x)) = 0
and

D (@i(x), @ (x)) = D(Hi(x) + w,(x),@*(x) + w,(x))
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< D(ii(x), w,(x)) + D(&* (x), w, (x))

D [ﬂ(xj, e, (x]) =0

D (i (x),w,(x)) = 0

when 1 — oo, then p [ﬁ(x:]!ﬁ* [x]) = 0, thenfi(x) = 4i* (x)

4. Numerical example

We will apply the Homotopy perturbation method to solve our problem and compared with the exact solution

.Example 4.1
Consider the fuzzy nonlinear volterra integral equation

@(x) = f(x) + [T k(xt, ky (6 F (e @(t))de (16)
Substituting eq (7) in Eq(16), we get
ulr.a) = flx.a) + [{ k(x . ky (£ F(tut ) + [ k(x b4y (6 F(tult o))

Tl a) =flr.a) + II k(xt. k, (t,F{t,u(t, r:t]}:l + J‘r k(x.t kg (t,F{t,u(t, r:t]})

H

Subsituting Eq(7) in (11) and finfd the upper and lower for Eq(16) , we obtain

u(x,@) = f(x.a) + [Tk(x t.ky(LF (tou(te))dt+ [f kix 6.k, (F (6 0t a) )de + [ ket ky (6 F (6 0 a) )t + [ k(e 6.y (6 F (tu(s @) ) de

T(x.a) = fxa) + _I': kix, t.k,(F(r.u(t.a)) + _I'dr ket k(x tky (6 F (r,g[t, nf:lj] + _I': k(x,t, ky(t,F (r,g[t, nf:ljl dt
+[Tk(xt, ky(e.F(r.u(t, a))dt

whereg < t<d, d=t=<c c=t=e, est=x . 0=a=x1

f (2, @) = or0.475010 1750172-0.3312¢ 14x5(2-1)2-(15) X 64172

?{x, G} = X*(2-1)+0.29505e-1%x*(2-1)"2-0.43866-1*X 2~ (LIB)*XAT*(2-r)"2
Kernal of Eq(16) is
k(. kg (6 F (£ule o) ) =263t a))"2

k(x, t. 5, (F(tult, a)) = xt*2(@(t a))"2
k(x.t ey (6F (5090 0) ) = 0 3(0(0a) ) "2
= xt"2uit.a)) 2
z 8= 2 =1
2 4

Eix.t, r'c_,_[t,f (r,g{r, crjl‘]
1

a=0,d = S €=

The exact solution

ulx,a) = xa , u(x,a) =x(2— a)

Now we apply the HPM tachnige to solve the our problem

Uy [x, a:] =f (x, a] = x*1-0.47541e-1*x*112-0.3312e-1*X*(2-1)"2- (1/5)*X"6*1"2

u_D( xX,0) = }( X, @) T X¥(2-1)+0.205056-14X*(2-r)2-0.4386e-1XTN2-(U/B) XA T*(2-1)2
Uy (x! aj] = 5.820766091*10"(-13)*x*r"4-8.669766513*10"(-9)*x*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-

1.%1)"2)*"2+0.406901041 7e-4*x*(r-0.4754100000e-1*r12-0.3312000000e-1*(2.-1.*r)"2)A2+0.8706 7492866-5*x*(2.-1. ) -
0.88790616006-3*x*(2.-1.*r+0.2950500000e-1*(2.-1.*1)"2-0.4386000000e-1*112)*(2.-1.*r)"2+0.331136067 7e-1*x*(2.-
1.%1+0.2950500000e-1*(2.-1. *r)"2-0.4386000000e-1*r12)"2+0. 266666666 7e-2*x*r"4*(x15-0.1336346101e-1)-0.4000000000e-
1%x*(r-0.4754100000e-1*112-0.33120000008-1*(2.-1. *1)"2) *r"2*(x*10-0.5631351471e-1)+.2000000000*x*(-0.4754100000e-
1*12-0.3312000000e-1*(2.-1.%1)"2)A2*(x"5-.2373046875)

Uy (x ) = 9.511055705*107(-14)*x*(2.-1.%1)"4-7.224805427*107(-9) *x*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-
0.4386000000e-1*2)*(2.-1.*r)*2+0.1953125000e-3*x*(2.-1.*r+0.2950500000e-1*(2.-1.*r)2-0.4386000000¢-
1%112)A2+0.3559266221e-4*x*"4-0.2231225100e-2*x*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.%1)A2)*r"\2+0.43774414066-1*x*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*1)2)A2+0.154320987 7e-2*x*(2.-
1.*1)M*(xA18-0.5637710114e-2)-0.2777777778e-1%x*(2.-1.%r+0.2950500000e-1*(2.-1.%r)A2-0.4386000000e-1*"2) *(2.-
1.*1)"2*(x"12-0.3167635202¢-1)+.1666666667*Xx*(2.-1.*r+0.2950500000e-1*(2.-1.*r)*2-0.4386000000e-1*1"2)\2*(X"6-
.1779785156)

U, (x,a) = 0.1070811478e-5*x"3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"4+0.8706749289e-5*x*(2.-

1._*r+0.2950500000e-1*(2.-1.*r)"2-0.43860000008-1*r"2)’\4+0.99934895836-1*X*(-O.2231225100e-2*x*(r-0.4754100000e-
1*r"2-0.3312000000e-1*(2.-1.*r)"2)*r"2+0.8798986673e-3*x*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-
1*r"2)*(2.-1.*r)"2)"2-0.1892206101e-3*x"2*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"2*(r-
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0.4754100000e-1*r22-0.3312000000e-1%(2.-1. *1)"2) *r"2*(x14-0.1781794801e-1)+8.669766513*107(-
9)*x*(5.820766091*10(-13)*r"4+(0.2252531919e-2*(r-0.4754100000e-1*"2-0.3312000000e-1*(2.-1.*1)2) ) *r"2-
0.4742024740e-1*(r-0.4754100000e-1*2-0.3312000000e-1*(2.-1.*r)A2)"2+0.8706749286e-5*(2.-1.*r)4-(0.8879061600¢-
3%(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*"2))*(2.-1.*1)2+0.266666666 7e-2*r"4*(x*15-0.1336346101e-
1))*(r-0.4754100000e-1*2-0.3312000000e-1*(2.-1.*1)2)A2-1.038075591*10A(-10)*x"2*(2.-1.*r+0.2950500000e-1*(2.-
1.%)"2-0.4386000000-1*112)*(2.-1.*1)6+3.062124243* 107 (-9)*x*(2.-1.*r+0.2950500000e-1*(2.-1.*1)*2-0.4386000000e-
1¥PA2)N2%(2.-1.%1)M+8.748987894* 10 (-9)*x3*(2.-1.*r+0.2950500000e-1*(2.-1.*1)2-0.4386000000e- 1 *12)"2*(2.-
1.%r)A4+1.290452760*107(-7)*x*(-0.87001698366-5*(2.-1.*1)\4-7.224805427*107(-9)*(2.-1.*1+0.29505000008-1*(2.-1.*r)"2-
0.4386000000e-1*2)*(2.-1.*1)2-0.2946 777344e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)2-0.4386000000¢-
1%r12)7\2+0.3559266221e-4*1"4+0.4377441406e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.- 1. ¥r)A2)2) *(2.-
1.%r)A4+0.6400000000e-4*x*(r-0.4754100000e-1*r"2-0.33120000006-1*(2.-1.*r)A\2)A2*r"\4*(x"25-0.7525434582¢e-3) -
0.8000000000e-3*x*(r-0.4754100000e-1*2-0.3312000000e-1*(2.-1.*1)\2)"3*r"2*(x"20-0.3171211939€-2)+0.1471715856€-
2%xA2*(2.-1.*1+0.29505000008-1*(2.-1.*r)2-0.4386000000e-1*r12)"2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.%)A2)"2*(x"9-0.75084686286-1)-0.3486072243e-4*x2*(-0.2231225100e-2*x*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.%1)"2)*"2+0.8798986673e-3*x*(2.-1.*1+0.2950500000e-1*(2.-1.*1)*2-0.43860000008-1*1"2)*(2.-1.¥1)"2) *(2.-
1.%r+0.2950500000e-1*(2.-1.*1)2-0.4386000000e-1*2)*(2.-1.*r)2+0.4000000000e-1*x*(5.820766091*107(-
13)*r74+(0.2252531919e-2*(r-0.4754100000e-1*r42-0.3312000000e-1*(2.-1. *1)2) ) *"2-0.4742024740e-1*(r-0.4754100000€-
1*r12-0.3312000000e-1%(2.-1.*1)2)"2+0.87067492866-5*(2.-1.%r)"4-(0.8879061600e-3*(2.-1.*r+0.2950500000e-1*(2.-1. *r)"2-
0.4386000000e-1*2))*(2.-1.*1)\2+0.2666666667e-2*r"4*(x"15-0.1336346101e-1))*(r-0.4754100000e-1*r"2-0.3312000000e-
1%(2.-1.%1)"2)2*(x*10-0.5631351471e-1)+0.1297576500e-2*x*(-0.2231225100e-2*x*(r-0.4754100000e-1*"2-0.3312000000¢-
1%(2.-1.*1)"2)*r"2+0.87989866736-3*x*(2.-1.*r+0.2950500000e-1*(2.-1.*)"2-0.4386000000e-1*r"2)*(2.-1.*1)2) *(2.-
1.%r+0.2950500000e-1*(2.-1.*1)2-0.4386000000e-1*r"2)"2+0.365503651 16-3*x"3*(2.-1.*r+0.2950500000e-1*(2.-1. *r)"2-
0.4386000000e-1*r2)"*(x"3-.4218750000)+3.207552540*107(-13)*x*(2.-1.*r)"8+0.6666666667¢-1*x*(-(0.8000000000¢-
1%(5.820766091*107(-13)*r"4+(0.2252531919e-2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2))*r"2-0.4742024740e-
1%(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)A2)A2+0.8706749286e-5*(2.-1.*r)4-(0.887906 1600e-3*(2.-
1.%r+0.2950500000e-1*(2.-1.*r)*2-0.4386000000e-1*12))*(2.-1. *1)2+0.26 6666666 7e-2*r"4*(x*15-0.1336346101e-1)))*(r-
0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*1)2)*r"2+0.4000000000e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.¥)A2)M)*(x15-0.1336346101e-1)-1.644770641*107(-13)*x"2*(2.-1. *r+0.29505000008-1*(2.-1.*r)2-0.4386000000e-
1%rA2)A2%(r-0.4754100000e-1*r12-0.3312000000e-1*(2.-1. ¥r)A2) *12+1.263183852* 107 (-9) *x2*(2.-1.*r+0.2950500000¢-
1%(2.-1.*1)"2-0.4386000000e-1*"2)"2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*1)2)"2-1.73237086 1*10°(-16)*X*(r-
0.4754100000e-1*"2-0.3312000000e-1*(2.-1.*1)"2)"3*1"2+1.366428338*107(-20)*x*(-0.4754100000e-1*r"2-0.3312000000e-
1%(2.-1.41)\2)"2*r"+1.455191523*107(-11)*x*(-(0.8000000000e-1*(5.820766091*107(-13)*1"4+(0.2252531919e-2*(r-
0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*1)2))*"2-0.4742024740e-1*(r-0.4754100000e-1*r2-0.3312000000e-1*(2.-
1.%1)"2)"2+0.87067492866-5%(2.-1.*1)"4-(0.8879061600e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*1)*2-0.43860000006-1*1"2))*(2.-
1.%1)"2+0.2666666667e-2*1"4*(x15-0.1336346101e-1)))*(r-0.4754100000e-1*r12-0.3312000000e-1*(2.-
1.%)A2)*A2+0.4000000000e-1*(r-0.4754100000e-1*r72-0.3312000000e-1*(2.-1.%r)2)"4)+0.33113606 7 7e-1*x*(-
0.87001698366-5%(2.-1.*1)4-7.224805427*10°(-9)*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.43860000008-1*1"2)*(2.-1. *)2-
0.2946777344e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r12)"2+0.355926622 1e-4*"4+0.43774414066-1*(r-
0.4754100000e-1*12-0.3312000000e-1*(2.-1. *1)2)"2)"2+.1117187500*x*(-0.2231225100e-2*x*(r-0.4754100000e-1*r"2-
0.3312000000e-1*(2.-1.*1)2)*r"2+0.8798986673e-3*x*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2) *(2.-
1.%)"2)*(-0.87001698366-5%(2.-1.*1)4-7.224805427*10°(-9)*(2.-1.*+0.2950500000e-1*(2.-1.*r)*2-0.4386000000e-
1%A2)*(2.-1.%1)72-0.2946777344e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"2+0.3559266221¢-
4*17\4+0.43774414066-1*(r-0.4754100000e-1*r12-0.3312000000e-1%(2.-1.*1)2)"2)+0.1293500264e-4*X 2*(2.-
1.%r+0.2950500000e-1*(2.-1.*)*2-0.4386000000e-1*r"2)"2*(5.820766091*107(-13)*r"4+(0.2252531919e-2*(-0.4754100000e-
1*12-0.3312000000e-1*(2.-1.*1)2))*"2-0.4742024740e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.%)"2)"2+0.87067492866-5%(2.-1.*1)4-(0.8879061600e-3*(2.-1.*+0.2950500000e-1*(2.-1.*1)*2-0.43860000006-1*1"2))*(2.-
1.%1)"2+0.2666666667e-2* 4*(x*15-0.1336346101e-1))+0.406901041 7e-4*x*(5.820766091*10/(-13)*r"4+(0.2252531919€-
2*(r-0.4754100000e-1*r12-0.3312000000e-1*(2.-1. *1)"2))*"2-0.4742024740e-1*(r-0.4754100000e-1*r"2-0.3312000000e-
1%(2.-1.%1)"2)"2+0.87067492866-5*(2.-1.%r)"4-(0.8879061600e-3*(2.-1.*r+0.2950500000e-1*(2.- 1. *r)"2-0.4386000000€-
1%112))*(2.-1.*1)"2+0.266666666 7e-2*r4*(x15-0.1336346101e-1))"2+0.5817326449e-4*x*((0.3086419754e-2%(-
0.2231225100e-2*x*(r-0.4754100000e-1*22-0.3312000000e-1*(2.-1. *r)2)*r"2+0.87989866 73e-3*x*(2.-1.*r+0.2950500000e-
1%(2.-1.*1)2-0.4386000000e-1*12)*(2.-1.*1)"2))*(2.-1.%)"4-0.9259259262e-2*(2.-1.*+0.2950500000e-1*(2.-1. *1)"2-
0.4386000000e-1*r2)"3*x*(2.-1.*1)"2)-0.2459323412e-4*x"2*(-0.87001698366-5*(2.-1.*1)\4-7.224805427*107(-9) *(2.-
1.%r+0.2950500000e-1*(2.-1.*1)"2-0.4386000000e-1*"2)*(2.-1.%r)"2-0.2946777344e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-
0.4386000000e-1*r"2)"2+0.3559266221e-4*r"4+0.4377441406e-1*(r-0.4754100000e-1*r2-0.3312000000e-1*(2.-
1.%)A2)72)*(2.-1.%r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2) *(2.-1.*1)2+0.1655680338e-1*x2*(2. -
1.%r+0.2950500000e-1*(2.-1.*)"2-0.4386000000e-1*r"2)"2*(5.820766091*107(-13)*r"4+(0.2252531919e-2*(r-0.4754100000-
1*r12-0.3312000000e-1*(2.-1.*1)2))*"2-0.4742024740e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.%)"2)"2+0.87067492866-5%(2.-1.*1)4-(0.8879061600e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)2-0.43860000006-1*1"2))*(2.-
1.%1)"2+0.2666666667e-2*1"4*(x15-0.1336346101e-1))*(x 4-.3164062500)+0.887906 1602e-3*x*(-0.8700169836e-5*(2.-
1.%)N4-7.224805427*107(-9)*(2.-1.*r+0.2950500000e-1*(2.-1.*r)A2-0.4386000000e-1¥r12)*(2.-1.*1)2-0.2946777344e-1*(2.-
1.%r+0.2950500000e-1*(2.-1.*1)*2-0.4386000000e-1*2)"2+0.3559266221e-4*1"4-+0.4377441406e-1*(r-0.4754100000e-1*2-
0.3312000000e-1*(2.-1.*1)2)A2)*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000€-
1%1A2)A2+.2000000000*x*(5.820766091*107(-13)*r"4+(0.2252531919e-2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
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1.%1)"2))*r"2-0.4742024740e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2+0.8 706 749286€-5*(2.-1.*r)4-
(0.8879061600e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2))*(2.-1.*r)"2+0.266666666 7e-2*r"4*(x15-
0.1336346101e-1))"2*(x"5-.2373046875)

u_z(x’ a) = 0.8898165553e-3*x*(-(0.8000000000e-1*(5.820766091*10(-13)*r"4+(0.2252531919e-2*(r-0.4754100000e-

1*r12-0.3312000000e-1%(2.-1.*1)\2))*"2-0.4742024740e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.%r)"2)"2+0.87067492866-5%(2.-1.*1)"4-(0.8879061600e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*1)2-0.4386000000e-1*1"2))*(2.-
1.%r)"2+0.26666666676-2*1"4*(x"15-0.1336346101e-1)))*(r-0.4754100000e-1*r12-0.3312000000e-1*(2.-
1.%r)A2)*"2+0.4000000000e-1*(r-0.4754100000e-1*1"2-0.3312000000e-1*(2.-1.¥r)"2)"4)+0.4377441406 -
1%x*(5.820766091*107(-13)*r"4+(0.2252531919e-2*(r-0.4754100000e-1*r"2-0.33120000006-1*(2.-1.*)2) ) *r"2-
0.4742024740e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.%)"2)\2+0.8706749286e-5*(2.-1.*r)"4-(0.8879061600e-
3*(2.-1.%r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*1"2))*(2.-1.*r)2+0.266666666 7e-2*r"4*(x15-0.1336346 10 Le-
1))"2+0.1245710686-3*x3%(2.-1.*r+0.2950500000e-1*(2.-1.*1)\2-0.4386000000e-1*1"2)M+1.20117556 1*10/(-32) *x*(2.-
1.%1)8+6.178632485*10"(-16)*x*((0.3086419754e-2*(-0.87001698366-5*(2.-1.*)"4+(0.87989144250-3%(2.
1.*r+0.2950500000e-1*(2.-1.%r)"2-0.4386000000e-1*12))*(2.-1.%r)"2-0.2946777344e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*1)"2-
0.4386000000e-1*1"2)"2+0.3559266221e-4*4-(0.2231225100e-2*(r-0.4754100000e-1*r2-0.3312000000e-1*(2.-
1.%)"2))*r"2+0.4377441406€-1*(r-0.4754100000e-1*"2-0.3312000000e-1*(2.-1.*1)\2)"2))*(2.-1.%r)"4-0.925925926 26-2*(2.-
1.%r+0.2950500000e-1*(2.-1.*1)"2-0.4386000000e- 1 *12)"3%(2.-1.*1)2)+3.423980054* 107 (-12)*x*(-(0.55555555566-1*(-
0.8700169836e-5%(2.-1.*1)4+(0.8798914425e-3%(2.-1.*r+0.2950500000e-1*(2.-1.*1)2-0.43860000006-1*1"2))*(2.-1.*r)"2-
0.2946777344e-1*(2.-1.*1+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*22)"2+0.355926622 1 e-4*1"4-(0.2231225100e-2*(r-
0.4754100000e-1*"2-0.3312000000e-1*(2.-1.%r)A2))*r"2+0.4377441406e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.*1)A2)"2))*(2.-1.*r+0.2950500000e-1*(2.-1.*1)2-0.43860000006-1*1"2)*(2.-1.¥1)"2+0.2777777779e-1*(2.
1.%r+0.2950500000e-1*(2.-1.%r)"2-0.4386000000e-1*"2)"4)+0.1953125000e-3*x*(-0.87001698366-5*(2.-
1.*1)"4+(0.87989144256-3*(2.-1.*1+0.29505000008-1*(2.- 1. *r)2-0.4386000000e- 1*112))*(2.-1.*)2-0.2946777344e-1%(2.-
1.%r+0.2950500000€-1*(2.-1.%r)"2-0.4386000000e-1*r"2)"2+0.3559266221e-4*1"4-(0.2231225100e-2*(r-0.4754100000e- 11" 2-
0.3312000000e-1*(2.-1.%)"2))*r"2+0.4377441406e-1*(r-0.4754100000e-1*"2-0.3312000000e-1*(2.-
1.%1)"2)"2)"2+5.670230296*107(-8)*x*(2.-1.*1)\8*(x"42-0.5656829153¢-5)+0.416666666 7e-1*x*((0.3086419754e-2%(-
0.8700169836e-5*(2.-1.*1)"4+(0.8798914425e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*1)2-0.43860000006-1*1"2))*(2.-1.*r)"2-
0.2946777344e-1*(2.-1.*1+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r22)"2+0.355926622 1 e-4*1"4-(0.2231225100e-2*(r-
0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.%r)A2))*r"2+0.4377441406e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.51)A2)72))*(2.-1.*1)4-0.92592592626-2*(2.-1.*r+0.2950500000-1*(2.- 1. *r)"2-0.4386000000e-1*A2)A3*(2.-1. *)\2) *(x\24-
0.1003391278e-2)+0.5555555556¢-1*x*(-(0.5555555556e-1*(-0.87001698366-5%(2.-1. *1)M+(0.87989144250-3*(2.-
1.%r+0.2950500000e-1*(2.-1.*1)2-0.4386000000e-1*2))*(2.-1.*1)*2-0.2946777344e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-
0.4386000000e-1*"2)"2+0.3559266221e-4*r"4-(0.2231225100e-2*(r-0.4754100000e-1*r2-0.3312000000e-1*(2.-
1.%1)"2))*r"2+0.4377441406e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.¥1)A2)"2))*(2.-1.*r+0.2950500000e-1*(2.-
1.%1)2-0.4386000000e-1*r2)*(2.-1.*1)\2+0.2777777779e-1*(2.-1.%r+0.2950500000e-1*(2.-1.%r)"2-0.4386000000e-
1*rA2)M)*(x8-0.56377101146-2)+.1666666667*x*(-0.8700169836€-5*(2.-1.*r)"4+(0.87989144250-3%(2.-
1.%r+0.2950500000e-1*(2.-1.*1)2-0.4386000000e-1*"2))*(2.-1.*1)2-0.2946777344e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-
0.4386000000e-1*"2)"2+0.3559266221e-4*r"4-(0.2231225100e-2*(r-0.4754100000e-1*r2-0.3312000000e-1*(2.-
1.%1)"2))*r"2+0.43774414066-1*(r-0.4754100000e-1*"2-0.3312000000e-1*(2.-1. *1)\2)A2)A\2*(x"6-
1779785156)+0.2777777778e-1*x*(-0.87001698366-5*(2.-1.*r)4+(0.8798914425e-3%(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-
0.4386000000e-1*2))*(2.-1.%r)"2-0.2946777344e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-
1%r12)"2+0.3559266221e-4*r"4-(0.2231225100e-2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.%1)"2))*r"2+0.4377441406e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.¥1)"2)\2)*(2.-1.*r+0.2950500000e-1*(2. -
1.%1)"2-0.4386000000e-1*r"2)A2*(x"12-0.3167635202¢-1)-0.2381496724e-5*x*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-
0.4386000000e-1*r2)*(2.-1.*1)\6*(x*36-0.3178377533e-4)+0.4286694103e-4*x*(2.-1.*1+0.2950500000e-1*(2.-1.*r)"2-
0.4386000000e-1*r2)A2*(2.- 1. *r)M*(x30-0.1785820902¢-3)+4.816179096*10"(-8) *x*(r-0.4754100000e-1*r"2-
0.3312000000e-1*(2.-1.*r)"2)\2*1"4-0.2536569916e-5*x*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.%)A2)A3*1A2+0,2231225100e-2*x*(5.820766091*10(-13)*r"4+(0.2252531919e-2*(r-0.4754100000e-1*r2-0.3312000000¢-
1%(2.-1.1)"2))*"2-0.4742024740e-1*(r-0.4754100000e-1*r2-0.3312000000e-1*(2.-1.*r)"2)\2+0.8706749286€-5*(2.-1.*r)"4-
(0.8879061600e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1%r"2))*(2.-1.*r)\2+0.26 6666666 7-2*r"4* (X 15-
0.1336346101e-1))*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*1)2)A2+0.1089211154e-3*x2*(2.-1.*r+0.2950500000e-
1%(2.-1.*1)"2-0.4386000000e-1*"2)"2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*1)2)"2+0.460486094 1e-2*x"2*(2.-
1.%r+0.2950500000e-1*(2.-1.*)"2-0.4386000000e- 1*r2)"2*(5.820766091*107(-13)*r"4+(0.2252531919e-2*(r-0.4754100000-
1*r12-0.3312000000e-1%(2.-1.*1)\2))*"2-0.4742024740e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.%1)"2)"2+0.87067492866-5*(2.-1.*1)-(0.8879061600e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r2)*(2.-
1.%1)"2+0.2666666667e-2*r"4*(x15-0.1336346101e-1))+7.224805429*107(-9) *x*(-0.87001698366-5*(2.-
1.%1)"4+(0.87989144256-3*(2.-1.*1+0.2950500000e-1*(2.-1.*r)2-0.4386000000e-1*1"2))*(2.-1.*r)2-0.2946777344e-1%(2.-
1.%r+0.2950500000e-1*(2.-1.%r)"2-0.4386000000e-1*r"2)"2+0.3559266221e-4*1"4-(0.2231225100e-2*(r-0.4754100000e-1*r"2-
0.3312000000e-1*(2.-1.%r)"2))*r"2+0.4377441406e-1*(r-0.4754100000e-1*"2-0.3312000000e-1*(2.-1.*)"2)\2) *(2.-
1.*r+0.2950500000e-1*(2.-1.%r)"2-0.4386000000e-1*r"2)"2-2.074840652*107(-27)*x*(2.-1.*r+0.2950500000e-1*(2.-1.*1)"2-
0.4386000000e-1*"2)*(2.-1.*r)\6+1.538530116%10(-22)*x*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000€-
1%rA2)7\2%(2.-1.*1)4-0.3365363305e-5*x"2*(2.-1. *1+0.29505000008-1*(2.-1.%r)"2-0.4386000000e-1*1"2)2*(r-0.4754100000e-
1*r12-0.3312000000e-1%(2.-1.*1)2)*r"2
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Than we approximate solution for the equation 16 are.

ul(x, ) =-1.038075591*107(-10)*x"2*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)*(2.-
1.%r)"6+3.062124243*10°(-9)*x*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"2*(2.-
1.*r)"4+8.748987894*10(-9)*x"3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)*2-0.4386000000e-1*r"2)"2*(2.-1.*r)"4-0.4000000000e-
1*x*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2) *r"2*(x"10-0.5631351471e-1)+1.290452760* 10" (- 7) *x*(-
0.8700169836e-5*(2.-1.*r)"4-7.224805427*10"(-9)*(2.-1.*r+0.2950500000e-1*(2.-1.*r)*2-0.4386000000e-1*r"2) *(2.-1.*r)"2-
0.2946777344e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"2+0.3559266221e-4*r"4+0.4377441406e-1*(r-
0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2)*(2.-1.*r)"4-0.8879061600e-3*x*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-
0.4386000000e-1*r"2)*(2.-1.*r)"2+0.1297576500e-2*x*(-0.2231225100e-2*x*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.%r)"2)*r"2+0.8798986673e-3*x*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)*(2.-1.*r)"2)*(2.-
1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"2+0.1293500264e-4*x"2*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-
0.4386000000e-1*r"2)"2*(5.820766091*10"(-13)*r"4+(0.2252531919e-2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.%r)"2))*r"2-0.4742024740e-1*(r-0.4754100000e-1*r~2-0.3312000000e-1*(2.-1.*r)"2)"2+0.8706749286€-5*(2.-1.*r) 4-
(0.8879061600e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2))*(2.-1.*r)"2+0.266666666 7e-2*r"4*(x"15-
0.1336346101e-1))+0.266666666 7e-2*x*r"4*(x"15-0.1336346101e-1)+0.3655036511e-3*x"3*(2.-1.*r+0.2950500000e-1*(2.-
1.*r)"2-0.4386000000e-1*r"2)"4*(x"3-.4218750000)+3.207552540*10"(-13) *x*(2.-1.*r)"8+0.1655680338e-1*x"2*(2.-
1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"2*(5.820766091*10"(-13)*r"4+(0.2252531919e-2*(r-0.4754100000e-
1*r"2-0.3312000000e-1*(2.-1.*r)"2))*r"2-0.4742024740e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.#r)"2)"2+0.8706749286e-5*(2.-1.*r)"4-(0.8879061600e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2))*(2.-
1.*r)"2+0.2666666667e-2*r"4*(x"15-0.1336346101e-1))*(x"4-.3164062500)+1.455191523*10”(-11)*x*(-(0.8000000000e-
1*(5.820766091*10(-13)*r"4+(0.2252531919e-2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2))*r"2-0.4742024740e-
1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2+0.8706749286€e-5*(2.-1.*r)"4-(0.8879061600e-3*(2.-
1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2))*(2.-1.*r)"2+0.266666666 7e-2*r"4*(x"15-0.1336346 101e-1)))*(r-
0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)*r"2+0.4000000000e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.*r)"2)"4)+5.820766091*10/(-13)*x*r"*4+.2000000000*x*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2*(x"5-
.2373046875)-0.2459323412e-4*x2*(-0.8700169836€-5%*(2.-1.*r)"4-7.224805427*10°(-9)*(2.-1.*r+0.2950500000e-1*(2.-
1.*r)"2-0.4386000000e-1*r"2)*(2.-1.*r)"2-0.2946777344e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-
1*r"2)72+0.3559266221e-4*r"4+0.4377441406e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2)*(2.-
1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)*(2.-1.*r)"2-8.669766513*10"(-9)*x*(r-0.4754100000e-1*r"2-
0.3312000000e-1*(2.-1.*r)"2)*r"2+.2000000000*x*(5.820766091*10"(-13)*r"4+(0.2252531919e-2*(r-0.4754100000e-1*r"2-
0.3312000000e-1*(2.-1.*r)"2))*r"2-0.4742024740e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.*r)"2)"2+0.8706749286e-5*(2.-1.*r)"4-(0.8879061600e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2))*(2.-
1.*r)"2+0.2666666667e-2*r"4*(x"15-0.1336346101e-1))"2*(x"5-.2373046875)+0.8706749289e-5*x*(2.-1.*r+0.2950500000€-
1*(2.-1.*r)"2-0.4386000000e-1*r"2)"4+0.9993489583e-1*x*(-0.2231225100e-2*x*(r-0.4754100000e-1*r"2-0.3312000000e-
1*(2.-1.*r)"2)*r"2+0.8798986673e-3*x*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)*(2.-1.*r)"2)"2-
1.732370861*10(-16)*x*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"3*r"2+1.366428338*10(-20) *x*(r-
0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2*r"4+0.6666666667¢e-1*x*(-(0.8000000000e-1*(5.820766091*10"(-
13)*r"4+(0.2252531919e-2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)) *r"2-0.4742024740e-1*(r-0.4754100000e-
1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2+0.8706749286e-5*(2.-1.*r)"4-(0.8879061600e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-
0.4386000000e-1*r"2))*(2.-1.*r)"2+0.2666666667e-2*r"4*(x"15-0.1336346101e-1)))*(r-0.4754100000e-1*r"2-0.3312000000e-
1*(2.-1.*r)"2)*r"2+0.4000000000e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"4)*(x"15-0.1336346101e-1)-
1.644770641*107(-13)*x2*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"2*(r-0.4754100000e-1*r"2-
0.3312000000e-1*(2.-1.*r)"2)*r"2+0.5817326449e-4*x*((0.3086419754e-2*(-0.2231225100e-2*x*(r-0.4754100000e-1*r"2-
0.3312000000e-1*(2.-1.*r)"2)*r"2+0.8798986673e-3*x*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)*(2.-
1.*#r)"2))*(2.-1.*r)"4-0.9259259262e-2*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"3*x*(2.-
1.*r)"2)+0.8879061602e-3*x*(-0.8700169836e-5*(2.-1.*r)"4-7.224805427*10"(-9)*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-
0.4386000000e-1*r"2)*(2.-1.*r)"2-0.2946777344e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000¢-
1*r"2)"2+0.3559266221e-4*r"4+0.4377441406e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2)*(2.-
1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"2+0.1070811478e-5*x"3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-
0.4386000000e-1*r"2)"4+.1117187500*x*(-0.2231225100e-2*x*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.*r)"2)*r"2+0.8798986673e-3*x*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)*(2.-1.*r)"2)*(-0.8700169836e-
5%(2.-1.*r)"4-7.224805427*10"(-9)*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)*(2.-1.*r)"2-0.2946777344e-
1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"2+0.3559266221e-4*r"4+0.4377441406e-1*(r-0.4754100000¢-
1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2)+0.4069010417e-4*x*(5.820766091*10"(-13)*r"4+(0.2252531919e-2*(r-
0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2))*r"2-0.4742024740e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.*r)"2)"2+0.8706749286e-5*(2.-1.*r)"4-(0.8879061600e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2))*(2.-
1.*r)"2+0.2666666667e-2*r"4*(x"15-0.1336346101e-1))"2+8.669766513*10"(-9)*x*(5.820766091*10"(-
13)*r"4+(0.2252531919e-2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)) *r"2-0.4742024740e-1*(r-0.4754100000e-
1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2+0.8706749286€-5*(2.-1.*r)"4-(0.8879061600e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-
0.4386000000e-1*r"2))*(2.-1.*r)"2+0.2666666667e-2*r"4*(x"15-0.1336346101e-1))*(r-0.4754100000e-1*r"2-0.3312000000¢-
1*(2.-1.*r)"2)"2+1.263183852*10"(-9) *x"2*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"2*(r-0.4754100000e-
1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2+0.4000000000e-1*x*(5.820766091*10"(-13) *r*4+(0.2252531919e-2*(r-0.4754100000e-
1*r"2-0.3312000000e-1*(2.-1.*r)"2))*r"2-0.4742024740e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.*r)"2)"2+0.8706749286e-5*(2.-1.*r)"4-(0.8879061600e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2))*(2.-
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1.%r)"2+0.2666666667e-2*r"4*(x"15-0.1336346101e-1))*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2*(x"10-
0.5631351471e-1)-0.3486072243e-4*x"2*(-0.2231225100e-2*x*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.*r)"2)*r"2+0.8798986673e-3*x*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)*(2.-1.*r)"2)*(2.-
1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)*(2.-1.*r)"2+0.1471715856e-2*x"2*(2.-1.*r+0.2950500000e-1*(2.-
1.*r)"2-0.4386000000e-1*r"2)"2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2*(x"9-0.7508468628¢-1)-
0.8000000000e-3*x*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"3*r"2*(x"20-0.3171211939e-2)+0.6400000000e-
4*x*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2*r"4*(x"25-0.7525434582¢e-3)-0.1892206101e-3*x"2*(2.-
1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*1)"2) *r’"2* (x"14-
0.1781794801e-1)+0.3311360677e-1*x*(-0.8700169836e-5*(2.-1.*r)"4-7.224805427*10"(-9)*(2.-1.*r+0.2950500000e-1*(2.-
1.*r)"2-0.4386000000e-1*r°2)*(2.-1.*r)"2-0.2946777344e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000¢-
1*r"\2)"2+0.3559266221e-4*r"4+0.4377441406e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.*r)"2)"2)"2+0.3311360677e-1*x*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"2+0.40690104 1 7e-4*x*(r-
0.4754100000e-1*r~2-0.3312000000e-1*(2.-1.*r)"2)"2+0.8706749286e-5*x*(2.-1.*r)"4-(1/5)*X 6 *1"2+x*r-0.47541e-1*Xx*I"2-
0.3312e-1*x*(2-r)"2
ulx,a) = .1666666667*x*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"2*(x"6-.1779785156)+x*(2-
r)+0.29505e-1*x*(2-r)"2-0.4386€-1*x*r"2-(1/6)*x"7*(2-r)"2+0.1953125000e-3*x*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-
0.4386000000e-1*r"2)"2+0.3559266221e-4*x*r"4+0.4377441406e-1*x*(r-0.4754100000e-1*r~2-0.3312000000e-1*(2.-
1.*r)"2)"2+4.816179096*107(-8)*x*(r-0.4754100000e-1*r~2-0.3312000000e-1*(2.-1.*r)"2)"2*r"4+9.511055705*10"(-
14)*x*(2.-1.*r)"4+1.201175561*107(-32)*x*(2.-1.*r)"8+0.5555555556€-1*x*(-(0.5555555556€-1*(-0.8 700169836€-5*(2.-
1.*r)"4+(0.8798914425e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2))*(2.-1.*r)"2-0.2946777344e-1*(2.-
1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"2+0.3559266221e-4*r"4-(0.2231225100e-2*(r-0.4754100000e-1*r"2-
0.3312000000e-1*(2.-1.*r)"2))*r"2+0.4377441406e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2))*(2.-
1.%r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)*(2.-1.*r)"2+0.2777777779e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-
0.4386000000e-1*r2)"4)*(x"18-0.5637710114e-2)+5.670230296*10"(-8) *x*(2.-1.*r)"8*(x"42-0.5656829153¢-
5)+0.8898165553e-3*x*(-(0.8000000000e-1*(5.820766091*10/(-13)*r"4+(0.2252531919e-2*(r-0.4754100000e-1*r"2-
0.3312000000e-1*(2.-1.*r)"2))*r*2-0.4742024740e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.*r)"2)"2+0.8706749286e-5*(2.-1.*r)"4-(0.8879061600e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2))*(2.-
1.*r)"2+0.2666666667e-2*r"4*(x"15-0.1336346101e-1)))*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.*r)"2)*r*2+0.4000000000e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"4)-0.3365363305e-5*x"2*(2.-
1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.*r)"2)*r"2+0.4377441406e-1*x*(5.820766091*107(-13)*r"4+(0.2252531919e-2*(r-0.4754100000e-1*r"2-0.3312000000e-
1*(2.-1.*r)"2))*r"2-0.4742024740e-1*(r-0.4754100000e-1*r~2-0.3312000000e-1*(2.-1.*r)"2)"2+0.8706749286e-5*(2.-1.*r)"4-
(0.8879061600e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2))*(2.-1.*r)"2+0.266666666 7e-2*r"4*(x"15-
0.1336346101e-1))"2+0.1953125000e-3*x*(-0.8700169836e-5*(2.-1.*r)"4+(0.8798914425e-3*(2.-1.*r+0.2950500000e-1*(2.-
1.*r)"2-0.4386000000e-1*r°2))*(2.-1.*r)"2-0.2946777344e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000€-
1*r"2)"2+0.3559266221e-4*r"4-(0.2231225100e-2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.*r)"2))*r"2+0.4377441406e-1*(r-0.4754100000e-1*r~2-0.3312000000e-1*(2.-1.*r)"2)"2)"2+.166666666 7*x*(-
0.8700169836e-5*(2.-1.*r)"4+(0.8798914425e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2))*(2.-1.*r)"2-
0.2946777344e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"2+0.3559266221e-4*r"4-(0.2231225100e-2*(r-
0.4754100000e-1*r~2-0.3312000000e-1*(2.-1.*r)"2))*r"2+0.4377441406e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.*r)"2)"2)"2*(x"6-.1779785156)+0.1245710686e-3*x"3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)*2-0.4386000000¢-
1*r"2)"4+0.4166666667e-1*x*((0.3086419754e-2*(-0.8700169836e-5*(2.-1.*r)"4+(0.8798914425e-3*(2.-1.*r+0.2950500000e-
1*(2.-1.*r)"2-0.4386000000e-1*r"2))*(2.-1.*r)"2-0.2946777344e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000¢-
1*r"2)"2+0.3559266221e-4*r"4-(0.2231225100e-2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.*r)"2))*r"2+0.4377441406e-1*(r-0.4754100000e-1*r~2-0.3312000000e-1*(2.-1.*r)"2)"2))*(2.-1.*r)"4-0.925925926 2e-2*(2.-
1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"3*(2.-1.*r)"2)*(x"24-0.1003391278e-2)-0.2231225100e-2*x*(r-
0.4754100000e-1*r~2-0.3312000000e-1*(2.-1.*r)"2)*r"2+0.1543209877e-2*x*(2.-1.*r)"4*(x"18-0.5637710114e-
2)+3.423980054*107(-12)*x*(-(0.5555555556€e-1*(-0.8700169836e-5*(2.-1.*r)"4+(0.8798914425e-3*(2.-1.*r+0.2950500000¢-
1*(2.-1.*r)"2-0.4386000000e-1*r"2))*(2.-1.*r)"2-0.2946777344e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000¢-
1*r"2)"2+0.3559266221e-4*r"4-(0.2231225100e-2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.*r)"2))*r"2+0.4377441406e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2))*(2.-1.*r+0.2950500000e-1*(2.-
1.*r)"2-0.4386000000e-1*r"2)*(2.-1.*r)"2+0.2777777779e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"4)-
0.2536569916€e-5*x*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"3*r"2+6.178632485*10"(-16)*x*((0.3086419754¢-
2*(-0.8700169836€e-5*(2.-1.*r)"4+(0.8798914425e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2))*(2.-1.*r)"2-
0.2946777344e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"2+0.3559266221e-4*r"4-(0.2231225100e-2*(r-
0.4754100000e-1*r~2-0.3312000000e-1*(2.-1.*r)"2))*r"2+0.4377441406e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.*r)"2)"2))*(2.-1.*r)"4-0.9259259262e-2*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2)"3*(2.-
1.*r)"2)+0.2231225100e-2*x*(5.820766091*10"(-13)*r"4+(0.2252531919e-2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.*r)"2))*r"2-0.4742024740e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2+0.8706749286€-5*(2.-1.*r)"4-
(0.8879061600e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2))*(2.-1.*r)"2+0.266666666 7e-2*r"4*(x"15-
0.1336346101e-1))*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2+0.460486094 1e-2*x"2*(2.-1.*r+0.2950500000€-
1*(2.-1.*r)"2-0.4386000000e-1*r"2)"2*(5.820766091*10/(-13) *r"4+(0.2252531919e-2*(r-0.4754100000e-1*r"2-
0.3312000000e-1*(2.-1.*r)"2))*r"2-0.4742024740e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.%r)"2)"2+0.8706749286e-5*(2.-1.*r)"4-(0.8879061600e-3*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2))*(2.-
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1.%)"2+0.2666666667e-2*r4*(x15-0.1336346101e-1))-0.2777777778e-1*x*(2.-1.*r+0.29505000006-1*(2.-1.*r)"2-
0.4386000000e-1*r12)*(2.-1.*r)"2*(x"12-0.3167635202e-1)-0.2381496724e-5*x*(2.-1.*r+0.2950500000e-1*(2.-1. *r)A2-
0.4386000000e-1*r2)*(2.-1.*r)"6*(x36-0.3178377533e-4)+0.4286694103e-4*x*(2.-1.*r+0.2950500000e-1*(2.-1. *r)"2-

0.4386000000e-1*r2)"2*(2.-1.*1)M*(xA30-0.1785820902¢-3)-7.224805427*10°(-9)*x*(2.-1.*r+0.2950500000e-1*(2.-1.*1)"2-
0.4386000000e-1*12)*(2.-1.*1)"2-2.074840652*107(-27)*x*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*"2) (2.

1.%1)"6+1.538530116*107(-22)*x*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r2)\2*(2.-
1.%1)M+7.224805429*107(-9)*x*(-0.87001698366-5*(2.-1.*1)M-+(0.87989144256-3*(2.-1.*1+0.29505000008-1*(2.-1.*r)"2-
0.4386000000e-1*2))*(2.-1.%r)"2-0.2946777344e-1*(2.-1.%r+0.2950500000e-1*(2.-1.*r)2-0.4386000000e-
1%r12)72+0.35592662216-4*r"4-(0.2231225100e-2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-

1.%1)72))*r"2+0.43774414066-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*1)A2)A2)*(2.-1.*1+0.2950500000e-1*(2.-

1.*r)"2-0.4386000000e-1*r"2)"2+0.2777777778e-1*x*(-0.8700169836e-5*(2.-1.*r)"4+(0.8798914425e-3*(2.-
1.*r+0.2950500000e-1*(2.-1.*r)"2-0.4386000000e-1*r"2))*(2.-1.*r)"2-0.2946777344e-1*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-

0.4386000000e-1*r"2)"2+0.3559266221e-4*r"4-(0.2231225100e-2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-
1.%1)"2))*r"2+0.4377441406e-1*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2)*(2.-1.*r+0.2950500000e-1*(2.-
1.%r)"2-0.4386000000e-1*r"2)"2*(x"12-0.3167635202e-1)+0.1089211154e-3*x"2*(2.-1.*r+0.2950500000e-1*(2.-1.*r)"2-
0.4386000000e-1*r"2)"2*(r-0.4754100000e-1*r"2-0.3312000000e-1*(2.-1.*r)"2)"2
Tablel. HPM solve the equation 1 and comperd with exact solution with different value for « for lower side (A)

X Exact u{x a) | HPM uix, &) | EXact uix, &) | HPM u(x, o} | Exact uix. &) | HPM uix, ) | Exact u(x, ) | HPM uix, a)
a=01 a=01 o= 0.4 o= 0.4 =07 =07 a=1 =1
0 0.000000 0.0000000 0.00000 0.00000000 | 0.00000 0.00000000 | 0.00000 0.00000000
0.2 | 0.020000 0.0213973 0.08000 0.07834603 | 0.14000 0.13920386 | 0.20000 0.18251966
0.4 | 0.040000 0.0426968 0.16000 0.15659395 | 0.28000 0.26374526 | 0.40000 0.36491658
0.6 | 0.060000 0.0639038 0.24000 0.23543220 | 0.42000 0.39471045 | 0.60000 0.54598664
0.8 | 0.080000 0.0853819 0.32000 0.31992652 | 0.56000 0.52122930 | 0.80000 0.78191312
1.0 | 0.100000 0.1082735 0.40000 0.37849267 | 0.70000 0.68367956 | 1.00000 0.98842474
HPM solve the equation 1 and comperd with exact solution with different value for « for upper side (B)
X Exactuix.a} | HPMuix. o) | Exact ulx.a) | HPMuix. o) | Exactulx.a) | HPMuix. ) Exactuix.a) | HPMulx, &)
=01 a=01 o= 0.4 o =04 o= 0.7 o= 0.7 a=1 =1
0 0.0000000 0.00000000 | 0.000000 0.000000000 | 0.000000 0.0000000000 | 0.000000 0.0000000000
0.2 | 0.3800000 0.37874172 | 0.320000 0.318838731 | 0.260000 0.2589034517 | 0.200000 0.1985695810
0.4 | 0.7600000 0.75768423 | 0.640000 0.637777673 | 0.520000 0.5178385084 | 0.400000 0.3971294639
0.6 | 1.1400000 1.13829735 | 0.960000 0.957590047 | 0.780000 0.7770337618 | 0.600000 0.5955423963
0.8 | 1.5200000 1.51969408 | 1.280000 1.277275239 | 1.040000 1.0350154250 | 0.800000 0.7918457018
1.0 | 1.9000000 1.79120078 | 1.600000 1.528025145 | 1.300000 1.2515325978 | 1.000000 0.9632121320

+is the HFM sohution
o is the exact solution

for diffrent r

o -

T ol T T F 1
02 0.4 0.6 08 1

Fig 1. compares the HPM with the exact solution for lower side for different = .
* HPM

o exact
different r

T T T T 1
o 02 0.3 0.6 o.s 1

Fig 2. Compares the HPM with the exact solution for lower side for different r.
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Example 4.2
Consider the fuzzy nonlinear volterra integral equation

i(x) = f(x) + [T k(e t ky (6 F(t,@(t) )dt an
Substituting eq (7) in Eq(16), we get
ulr.a) = flx.a) + [kt kg {t,F{t,u{t, a]}) + [T k(x bk, (t,F{t,u{t, a]})

alx.e) = flr.a) + II k(xt. k, (t,F{t,u(t, r:t]}:l + J‘r k(x, t, ke, (t,F{t,u(t, r:t]})

Subsituting Eq(7) in (11) and finfd the upper and lower for Eq(16) , we obtain
u(e.@) = f(xa) + [Ckee k(0 F (nuln ) )de+ [fkeo ok (F(o G0 ) + [T kCon ky (6 F (o G0 Jdr + [T kre (o F (tulr o)) de

u(x.a) = fxa) + _I': kix, t.k,(F(t.u(t.a)) + _I'dr Kzt k(x thy(t. F (t,g[t, &)) + _I': k(x,t k(. F (t,g[t, &) ) dt
Sk (x 6k (6 F (2,80 a))de
where0=t=d , d=t=¢ c=t=Ze est=x 0=a=zsl

i{’r’ @) =(5/4-(1/4)*r)*exp(x)+.2620498398*"2*x"2-2.225551737*r*x"2+5.882874723*x"2-0.2799479167e-
1*x/2*(.7500000000+.2500000000*r)"3*(exp(x))*3+0.3375612483e-2*r"3*x"2+(1/16) *exp(2*X) *r"2*x"5-
(L/4)*exp(2*x)*r"2*x - (5/8)*exp(2*X) *r*x"5+(3/8) *exp(2*X) *r"2*x\3+(5/2) *exp (2*X) *r*x"\4+(25/16) *exp(2*X) *x"5 -
(7/32)*exp(2*X)*r"\2*x"2-(15/4)*exp(2*X) *r*x"3-(25/4) *exp(2*X) *x4+(35/16) *exp(2*X) *r*x 2+(75/8) *exp(2*X) *x"3-
(175/32)*exp(2*x)*x"2

flx.al =(3/4+(1/4)*r)*exp(x)-0.7161458333e-2*x"2*(1.250000000-.2500000000*r)"2*(exp(x))"2-
(63/64)*exp(3*X)*x"4+(39/32)*exp(3*X) *x"3-(35/64) *exp(3*X) *x 2+(39/32) *exp(3*X) *r*x"3-
(35/64)*exp(3*X)*r*x"2+(9/32)*exp(3*X) *x"5+(13/32) *exp(3*X) *r"2*x"3-(63/64) *exp(3*X) *r*x"4-
(35/192)*exp(3*X)*r"2*x"2+(13/288)*exp(3*x) *r"3*x"3-(21/64) *exp(3*X) *r"2*x+(9/32) *exp(3*X) *r*x"5-
(35/1728)*exp(3*X)*r"3*x 2+(1/96)*exp(3*X) *r"3*x5-(7/192) *exp(3*X) *I"3*x4+(3/32) *exp(3*X) *r"2*x"5+0.2063574710e-
1*r"3*x"2+.1925350109*r"2*x2+.4890323008*r*x2+.7274973486*x"2

Kernal of Eq(17) is

k(x.t kg (6 (£ ule o)) _x"2¢(1 — 26)(ult, a)) 2

k(x.t 5y (F(e Tl a)) =x%2(1 —20)(1 — 2@ a))"3

k(x.t ky(6F (6 8(60) ) = x"2¢(1 - 26)(@(.a)) "3

k(nt ko (6F (bt ) = x*2(1 — 26)(1 — £)*2(u(t, 2))*2

3

E,e=;,x=1

[y

1
a=0,d = S
The exact solution

5- _ 3+
u(x,a) = (—exp(x) , Ulx,a) = ()exp(x)
Now we apply the HPM tachnige to solve the our problem

u(x.a) = £(x,a)
o (x,a) = F(x,a)

uq(x a) = :
.2929687500*exp(4.*x)*r"2*x"15+5.882120848*r*3*exp(3.*x)*x"4+86.05989162*r"2*exp(3.*x) *x"5+0.2316476000e -
2*rM*exp(3.*X)*x"3-0.1007874868e-2*r"5*exp(3.*X)*x"2-0.1148010294e-5*exp(6.*x) *r"5*x"9+0.1859029134e-
3*exp(5.*x)*r"4*x"11-0.1859029134e-3*exp(5.*x) *r"\5*x"11-0.2187093099e-4*exp(5.*X) *r"4*x 12-
.5371093750*exp(4.*x)*r"3*x"14-0.1953125000e-2*exp(4.*x)*r*4*x"15+0.2187093099¢-
4*exp(5.*x)*r"\5*x"12+0.2685546875e-1*exp(4.*x) *r"4*x"14+0.3906250000e-
1*exp(4.*x)*r"3*x"15+2.864543278*exp(3.*x)*r"2*x"9+1.562500000*exp(3.*x)*r*x"10-164.5470897*exp(2.*x) *r*x"11-
14.26532454*exp(3.*x)*r*x"9-0.8310953777e-
3*exp(5.*x)*r"3*x"12+4.028320312*exp(4.*x)*r"2*x"14+.9765625000*exp(4.*x) *r*x"15+0.4209371078e-
5*exp(6.*X)*r"5*x"8+.2949623108*r*exp(5.*X)*x"10+33.05508825*r"2*exp(3.*X) *x\7+61.26677696*r*exp(3.*X) *x"\8-
.1782226562*rM*exp(4.*X)*x"13+31.81683167*r 4*exp(4.*X)*x"4+848.4322955*r"3*exp(4.*x) *x"5+6363.253698*r"2*exp(4
FX)*XM6+16963.92287*r*exp(4.*X)*x"7+0.14606596 10e-3*r"5*exp(5.*X) *x2+0.7303298048e-3*r"4*exp(5.*X) *x"3-
0.6938133145e-1*r"3*exp(5.*X)*x"4+0.5477473536€-

1% 2*exp(5.*X) *x"5+1.540539432*r*exp(5.*X) *x"6+8.732234598* " 4 *exp(2.*X) *x"9+41.51572158*r"3*exp(2.*x) *x"10+0.38
03801067e-2*r"5*exp(5.*X)*x"6+0.3765526937e-2*r"4*exp(5.*X) *x"7-.1123158915*r"3*exp(5.*x) *x"8+0.3160437012¢e-
1*r"2*exp(5.*x)*x"9-0.3926544559e-4*r"6*exp(3.*x)*x 6+0.1989780816e-2*r"5*exp(3.*X) *X"\7 -
.4615095192*r"\5*exp(2.*x)*x"8-352.2803883*r 4 *exp(2.*X)*x"2-
14695.44943*r"3*exp(2.*x)*x"3+3.977103959*r"4*exp(4.*x)*x"2+318.1620015*r*3*exp(4.*x)*x"3+4772.436337*r"2*exp(4.
*X)*x"4-0.4219515604e-3*exp(2.*x)*r"5*x"12+0.3157028308e-4*exp(6.*x)*r"4*x"8-0.3444030882¢-
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4*exp(6.*x)*r"3*x"9+0.3346252442e-2*exp(5.*x) *r"2*x"11-0.8610077204e-5%exp(6.*x)*r*4*x*9+0.7064310710e-
2*exp(5.*x)*r"3*x"11-0.3936767579e-3*exp(5.*x)*r"2*x"12-13.42773438*exp(4.*x)*r*x"14+0.6672033692e-
1*r73*exp(5.*x)*x"9-0.1310943604e-1*r"2*exp(5.*x)*x*10-0.3996776579e-5*r"5*exp(6.*x) *x"5+0.4496373651e-
4*rN*exp(6.*Xx)*x"6-0.1951617500e-3*r"3*exp(6.*X) *x"7+0.5995164868e-5*r"5*exp(6.*x)*x"6-0.4879043749¢-
4*rN*exp(6.*X)*x"7-0.3765526937e-2*r"5*exp(5.*Xx) *x"7-0.2955681356€-

2% *exp(5.*X)*x"8+7954.104768*r*exp(4.*x) *x"3+1.307137966*r"3*exp(3.*X) *x"2+57.73784441*r"2*exp(3.*x) *x"3+431.5
076351*r*exp(3.*x)*x"4-0.1755798340e-2*r"5*exp(5.*x) *x"9-0.7283020020e-3*r*4*exp(5.*x) *x"10+0.5915671419e-
1*r*exp(5.*X)*x"2+596.5545421*r"\2*exp(4.*x) *x"2+0.7283020020e-
3*r"5*exp(5.*X)*x10+.7664794922* M *exp(4.*X) *x"12+3.564453125*r"3*exp (4.*X) *x"13+704.5607766*r4*exp(2.*X) *x"3
+14695.44943*r"3*exp(2.*X)*x +71372.78381*r"2*exp(2.*X)*x"5-5.208912897*r"5*exp(2.*X) *x"2-
121.9467163*r"3*exp(4.*x)*x"10-364.0411377*r"2*exp(4.*X)*x"11-383.2397461*r*exp(4.*x)*x"12-0.2943112134e-
1*r"\5*exp(2.*x)*x10-12.30883418*r"2*exp(3.*X) *x"8-

3.472608598*r"5*exp(2.*X)*x"6+93.92146117*r *exp(2.*X)*x"7+651.0081789*r"3*exp(2.*x)*x"8+0.4535436908e -
2*r"\5*exp(3.*x)*x"5-0.2606035500e-2*r"4*exp(3.*X) *x"6-
2.251201753*r"3*exp(3.*Xx)*x"7+21210.93818*r*exp(4.*x)*x"5+0.349026 1830e-4*r"6*exp(3.*x)*x"3-0.5235392746¢-
4*rN6*exp(3.%X)*xM-.7110983277*r*exp(5.*X) *x"9-33.92793147*r"4*exp(4.*Xx) *x"\7-451.1860657*r"3*exp(4.*X) *x"8-
1909.107971*r"2*exp(4.*x)*x"9-3048.667908*r*exp(4.*x)*x"10-1958.976612*r"3*exp(2.*X) *X"7-
4742.723957*r"2*exp(2.*x)*x"8-4378.383430*r*exp(2.*X)*x"9-
12.72738647*r"A*exp(4.*X)*x"9+1213.470459*r*exp(4.*X)*x"11+0.2296864505e-4*r"6*exp(3.*x) *x"7-0.3043040853e-
2*1r"5*exp(5.*x)*x"5-0.3803801067e-2*r"4*exp(5.*X) *x"6+.1430900236*r*3*exp(5.*x) *x"7-0.532022644 1e-
1*r"2*exp(5.*x)*x"8-0.2997582434e-4*r*exp(6.*X)*x5+0.1798549460e-3*r"3*exp(6.*X) *x"6-0.4391139374e-
3*r2*exp(6.*X)*x\7+.1291171775*r"5*exp(2.*X)*x"9-1.990435827*r 4 *exp(2.*x)*x"10+0.1998388289%¢-
5*r5*exp(6.*X)*x4+0.4856083543e-3*r*exp(6.*x)*x"6-0.7303298048e-3*r"5*exp(5.*x) *x"3-0.182582451 2¢-

2% 1M *exp(5.*X)*x M +.1156355524* "\ 3*exp(5.*X) *x"5-0.1163420610e-4*r 6 *exp(3.*x) *x"2-0.4995970724e-
5*rM\4*exp(6.*x)*x"3+0.5995164868e-4*r"3*exp(6.*x)*x"4-0.2697824191e-
3*r"2*exp(6.*x)*x"5+95.89058558*r*exp(3.*X) *x"2-53529.41599*r"2*exp(2.*X) *X2+7347.724713*r"3*exp(2.*X) *x"\2-
0.5550506516e-2*r"3*exp(5.*x)*x2+0.1314593649¢-
1*r72%exp(5.*X)*x3+.7394589273*r*exp(5.*X) *x +14271.53392*r"\2*exp(2.*X) *x\7+15649.85907*r*exp(2.*x) *x"8+0.74939
56085e-5*r"2*exp(6.*x)*x"2-0.5395648381e-4*r*exp(6.*x)*x"3-164.6058697*r*exp(3.*X)*x"7-
10.41782579*r"\5*exp(2.*X)*x4+469.7071844*r 4 *exp(2.*X)*x"5+4898.483142*r"3*exp(2.*X)*x"6+0.3023624605¢ -
2*1r"5*exp(3.*x)*x"3-0.3474714000e-2*r"4*exp(3.*x)*x"4-5.845662515*r"3*exp(3.*X) *X"5-
62.20116872*r"2*exp(3.*X)*x"6+6.097335815*r"4*exp(4.*x) *x10+48.53881836*r"3*exp(4.*X) *x"11+114.9719238*r"2*exp(
4.*X)*x"12+89.11132812*r*exp(4.*x)*x"13-0.6505391666e-5*r"5*exp(6.*x) *x"7+0.2955681356¢-
2*r"5*exp(5.*X)*x"8+0.1755798340e-2*r"4*exp(5.*X) *x"9-0.2767547608e-1*r*3*exp(5.*x) *x"10-
15.32958984*r"3*exp(4.*x)*x"12-26.73339844*r"2*exp(4.*x)*x"13-0.1998388289¢-4*r"3*exp(6.*X)*x"3+0.1348912095¢-
3*r"2*exp(6.*x)*x"4-0.3237389029e-3*r*exp(6.*X) *x"5-

2.426940918*r *exp(4.*x)*x"11+1326.878657*r"2*exp(2.*x)*x"9+998.0138701*r*exp(2.*x)*x"10-0.9298883381e-
4*exp(6.*x)*r*x"9-0.8243377667e-3*exp(3.*x)*r"5*x"8+0.1306647326e-3*exp(3.*x)*r 4*x"9+0.2083333333¢-
1*exp(3.*x)*r"3*x"10+0.1705526414e-

3*exp(3.*x)*r"5*x"9+.3281722153*exp(2.*x)*r*4*x"11+.5952074779*exp(2.*x) *r"3*x"12+0.2841325477e-
3*exp(6.*x)*r"2*x"8+0.1262811323e-3*exp(6.*x)*r"3*x"8-0.7749069484e-4*exp(6.*x)*r"2*x"9-0.7529067994e-
1*exp(5.*x)*r*x"11-0.9515581522e-5*exp(3.*x)*r"6*x"8+0.8857727052e-2*exp(5.*x)*r*x"12+0.1968741005e-
5*exp(3.*X)*r"6*x"9+0.4852442944e-2*exp(2.*X) *r"5*x"11-0.2853671437e-1*exp(2.*X) *r"4*x"12-
5089.171349*r"2*exp(4.*X)*x"7-11279.65164*r*exp(4.*X)*x"8+6.945217196*r"5*exp(2.*X)*x"\5-

234.8535922*r M *exp(2.*X)*x"6-15908.20954*r*exp(4.*X)*x"4-0.7721586668e-3*r"4*exp(3.*X) *x"2-
3.921413899*r"3*exp(3.*X)*x"3-86.60676662*r"2*exp(3.*X)*x"4-35686.42316*r"2*exp(2.*X) *x"6-
47092.66165*r*exp(2.*x)*x"\7+0.8992747302e-5*r*exp(6.*x)*x"2+1.388748073*r"5*exp(2.*X)*x"7-
31.21203134*r*exp(2.*x)*x"8-182.1334882*r"3*exp(2.*x) *x"9-302.4502821*r"2*exp(2.*x) *x"10-0.3401577681e-
2*r"\5*exp(3.*x)*x"6+0.1524421880e-

2*rM*exp(3.%X) * XN 7+.8402796 152*r"3*exp(3.*X) *x8+42.42215061*r" 4 *exp(4.*X) *x6+678.5560048*r"3*exp(4.*X) *x"7+33
83.895493*r"\2*exp(4.*x) *x"8+2.338539488*10"(-7) *exp(6.*X) *r"6*x"8-6.377834966*10"(-
8)*exp(6.*X)*r"6*x"9+6.167865091*10°(-9)*r"6*exp(6.*x) *x"2-2.220431433*10"(-7)*r"6*exp(6.*X) *Xx"5-
1.070590195*10"5*r"2*exp(2.*X) *x"*4-2.355127628*10/5*r*exp(2.*X) *x"\5+1.110215716*107(-7) *r"6*exp(6. *X) *x"4-
3.614106481*10M(-7)*r"6*exp(6.*X)*x"7+1.177566939*10°5*r*exp(2.*x) *x"6-3.700719054*10"\(-
8)*r"6*exp(6.*x)*x"3+1.070588945*10"5*r"2*exp(2.*X)*x"3+3.532675817*10"5*r*exp(2.*x)*x"4+3.330647149*10"(-
7)*rM6*exp(6.*x)*x"6+8.326617873*107(-7)*r"4*exp(6.*x) *x"2+1.110215716*10(-7)*r"5*exp(6.*X)*x"2

uy(x a) -0.1255343419e-5*r"9*x"9+0.3513769932e-4*r"8*x"9+0.4170892249e-3*r"7*x"9+.1887509464*exp(X) *r"7*x"6-
.8162983138*exp(X)*r"6*x"7-0.3768631417e-
1*exp(X)*r\7*x"7+6.829036534*r*exp(2.*x) *x"5+.9196 115941 *r *exp(2.*X) *x"2-3.233418317*r"3*exp(2.*X) *x"3-
497.1284789*r*exp(6.*X)*x"b-
25.88861406*r"2*exp(4.*x)*x"2+113.6460204*r*exp(4.*x)*x"3+18.86424117*r*exp(7.*x)*x 4+6.099958909*r* 4 *exp(6.*X) *Xx
N2-74.96161284*r"3*exp(6.*x)*x"3+304.5923103*r"2*exp(6.*X)*x"4-0.1971276049e-2*r"2*exp(8.*x)*x"2+0.2782977952e-
1*r*exp(8.*x)*x"3+.4277633021*r"3*exp(7.*x)*x2-5.389844648*r"2*exp(7.*x) *x"3-.2307948285*r*exp(9.*x) *x"2-
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.1384119831*r"3*exp(2.*x)*x"8+.2576557430*r"2*exp(2.*x)*x"9-0.1115979950e-
1*r"9*exp(6.*X)*x"9+.2280156256*r"8*exp(6.*x)*x10-1.787840594*r"7*exp(6.*X) *x"11+7.038256228*r"6*exp(6.*Xx) *x"12-
14.94713373*r"\5*exp(6.*x)*x"13-.2158319326*r"6*exp(7.*x) *x"11+.8574634822*r"5*exp(7.*X) *x"12-
1.315851038*r"4*exp(7.*x)*x"13+0.2395014339¢-1*r"4*exp(8.*x)*x"12+0.4723728277e-1*r"3*exp(8.*x) *x"13-
.1197989029*r"2*exp(8.*x)*x"14+0.6407227367e-1*r*exp(8.*x)*x"15+0.1732312765¢-
1*rA7*exp(7.*x)*x*10+0.3964903019e-3*r\7*exp(8.*x) *x"9+0.9795787291e-3*r"6*exp(8.*x)*x"10-0.1498147132¢-
1*r"\5*exp(8.*x)*x"11-0.4343498587e-4*r"8*exp(8.*x)*x8+.9002582131*r"6*exp(4.*X)*X"\7 -
5.213070276*r"5*exp(4.*x)*x"8+13.31898751*r"4*exp(4.*X)*x"9-
15.39458391*r"3*exp(4.*X)*x"10+.3592303586*r"3*exp(5.*x) *x"9+.3973136585*r"2*exp(5.*x) *x"10-
.6110118297*r*exp(5.*x)*x"11-0.5291370847e-1*r"7*exp(4.*x) *x"6-0.2593650064e-2*r"6*exp(5.*X)*x"6+0.79576 76066e-
1*r"\5*exp(5.*X) *x"7-.36535556 72*r4*exp(5.*X) *x"8-
939.5636125*r"2*exp(6.*x)*x"9+573.0871675*r*exp(6.*x)*x"10+0.5268108378e-4*r"8*exp(5.*x) *x"4-0.7314038979e-
3*rAT*exp(5.*X)*x"5-16.36257291*r"6*exp(6.*X)*x5+109.4794146*r"5*exp(6.*X) *X"6 -

395.2774488*r 4*exp(6.*X)*x"7+809.5876411*r"3*exp(6.*x)*x"8+1.839223188*r 4*exp(2.*X)*Xx"\4 -
2.041239456*r"3*exp(2.*X)*x"5-1.738320610*r"2*exp(2.*X) *x"6+3.666954441*r*exp(2.*X) *x"7 -
8628.486805*r*exp(3.*x)*x"6+0.1842863975e-1*r"6*exp(2.*x)*x2-.5673385090*r"5*exp(2.*x)*x"3-.413823736 7*r"2*x"10-
.3882322726*r*x"10-0.4393701968e-5*r"9*x"10-0.1229819476e-3*r"8*x"10-0.1459812287e-2*r"7*x"10-0.9862228465¢-
2*r"6*x"10-0.4326634935e-1*r"5*x"10-.1315447868*r"4*x"10-.2803533192*r"3*x"10+0.2817779562e-
2*1"6*x"9+0.1236181410e-1*r"5*x"9+0.3758422481e-1*r"4*x"9+0.8010094835¢-
1*r"3*x"9+.1182353533*r"2*x"9+.1109235065*r*x"9-

4023.662933*exp(x)*r"2*x"5+1180.760646*exp(X) *r*x"6+4149.831183*exp(X) *r*4*x"2-
12492.20079*exp(X)*r"3*x"3+12070.98880*exp(x)*r"2*x"4-4723.042584*exp(X) *r*x"5-
74.14719453*r"6*exp(3.*X)*x"8+140.5186870*r"5*exp(3.*x)*x"9-
158.6186204*r"4*exp(3.*x)*x"10+152.5983335*r"2*exp(3.*x)*x"11+0.1809742766e-3*r"8*exp(2.*x) *x"7-0.5224328193e-
3*rAT*exp(2.%x)*x"8-0.4658107994e-3*r"6*exp(2.*X) *x"9-65.43033387*r"3*exp(9.*X) *x6+151.4244870*r"2*exp(9.*X) *x7-
170.3525478*r*exp(9.*x)*x"8-327.9629648*r"5*exp(3.*x) *x"8+424.6006600*r 4 *exp(3.*X) *Xx"9-
332.0391579*r"3*exp(3.*x)*x"10-1.192977517*10(-7)*r"8*exp(8.*x)*x2+.131437864 1 *exp(X)*r"6*x"8-
.1216371704*exp(x)*r"5*x"9+1.155553119*exp(x) *r"5*x"8-.5851425808*exp(x)*r"4*x"9+5.558854518*exp(X) *r"4*x"8-
1.761449633*exp(X)*r"3*x"9+16.73377151*exp(X)*r"3*x8-3.404114157*exp(X)*r"2*x"9+32.33908449*exp(X) *r"2*x"8-
3.995805908*exp(X)*r*x"9+37.96015613*exp(X)*r*x"8-.1321311429*exp(8.*x)*x"14-
70.34197405*exp(9.*x)*x"12+.3065881334*exp(8.*X)*x"13-3.937117609*exp(6.*X) *x"15+80.94375884*exp(9.*x) *x"11-
.5388782263*exp(8.*x)*x"12+120.5276894*exp(4.*X)*x7-1104.209279*exp(3.*X)*x"8+.5329995405*exp(2.*X) *x"9-
0.2174201525e-2*exp(8.*x)*x"2-2.309775387*exp(7.*x)*x"3+93.09283540*exp(6.*X) *x"4+9.147654733*exp(5.*X) *X"5-
151.1307965*exp(4.*x)*x"6+2208.467401*exp(3.*X)*X"7-
1.874381717*exp(2.*x)*x"8+.3299679124*exp(7.*X)*x"2+52.81171591*exp(7.*X)*x"8-
287.0736043*exp(6.*x)*x"9+.7586009462*exp(5.*x)*x"10-15.40620635*exp(3.*X)*x"12+9.347190553*exp(9.*X) *X"5-
.3710637270*exp(8.*x)*x"6-46.08017334*exp(7.*x)*x"7+335.1001136*exp(6.*x) *x"8-.1080861379*exp(5.*X) *x"9-
15.74782141*exp(4.*x)*x"10-176.7206816*exp(3.*x)*x"10-140.7045353*exp(6.*x) *x"11+13.38390445*exp(2.*X) *x"5-
14.17087252*exp(4.*x)*x"2-19.46203079*exp(2.*X) *x"4+19.46203079*exp(2.*X) *x"3-
3.045033166>exp(7.*x)*x"13+14.34338461*exp(6.*x)*x"14-
81.88951554*exp(9.*x)*x"10+.7584369853*exp(8.*x)*x11+9.921254546*exp(7.*x)*x"12-
38.08278113*exp(6.*x)*x"13+72.98486976*exp(9.*x)*x"9-.8926411169*exp(8.*X)*x"10-
22.47544770*exp(7.*X)*x"11+79.99310745*exp(6.*X)*x 12-
56.78418261*exp(9.*x)*x"8+.9032544689*exp(8.*x)*x"9+37.88328097*exp(7.*x)*x"10-31.03094513*exp(6.*X)*x"3-
5.673163152*exp(5.*x)*x"4+151.1496793*exp(4.*X) *x"5-.5256958008*exp(9.*x) *x18+2.346450806*exp(9.*X) *x 17 -
7.423046112*exp(9.*X)*x"16+17.79852464*exp(9.*X)*x"15-33.86779352*exp(9.*X) *x"14+0.4004517104e-
1*exp(8.*x)*x"15+53.01752403*exp(9.*x) *x"13+.6923844854*exp(9.*x) *x"3-0.6957444880e-1*exp(8.*x) *x4-
18.86316566*exp(7.*x)*x"\5+279.2785062*exp(6.*X)*x"6+7.097222417*exp(5.*X) *x"7 -
78.48697028%exp(4.*x)*x"8+473.0823385*exp(3.*x)*x"9-0.7693160949e-1*exp(9.*x)*x"2+0.1739361220e-
1*exp(8.*x)*x"3+8.084213854*exp(7.*x)*x"4-186.1856708*exp(6.*x)*x"5-9.997556697*exp(5.*X) *x"6-
9.731015394*exp(2.*x)*x"2+57.39080628*exp(3.*x)*x"11-
3.115730184*exp(9.*x)*x4+.1855318635*exp(8.*x)*x"5+33.01053990*exp(7.*x)*x"6-335.1287000*eXp(6.*X) *X"7-
2.706532019*exp(5.*x)*x"8+40.83063827*exp(4.*x)*x"9+4907.440366*exp(3.*X) *x"5-1090.057928*exp(3.*X) *Xx"2-
4906.737241*exp(3.*X)*xM+3270.595660*exp(3.*X)*x"3+4.395493376*exp(2.*X) *x"7+5.171824189*exp(6. *X) *x"2+2.269265
261*exp(5.*x)*x"3-113.3669802*exp(4.*X) *x4-7.919604001*exp(2.*X) *Xx"6-
.4538530522*exp(5.*X)*x"2+56.68349008*exp(4.*x) *x"3-3680.791212*exp(3.*X) *Xx"\6

u(x, @) ug+plug+

ulx,a) =u, +plu, +-- ...

where p=1
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Table 2. HPM solve the equation 2 and comperd with exact solution with different value for & for lower side (A)

X

Exact 4% @)
=101

HPM tlx. @)
=01

Exact 4% «)
=04

HPM ulx. @)
o = 0.4

Exact 4% @)
=07

HPM (% @)
o =07

Exact 4ix. )
=1

HPM zlx.a)

=1

0

1.225000000

1.225000000

1.15000000

1.150000000

1.075000000

1.075000000

1.0000000000

1.000000000

0.2

1.496218379

1.496564954

1.404613172

1.405264770

1.313007965

1.314079386

1.2211402758

1.223039258

0.4

1.827415255

1.825885016

1.715598403

1.714274248

1.603711550

1.602953490

1.4918246980

1.491928520

0.6

2.232095530

2.215862000

2.095436620

2.075827800

1.958777771

1.935144458

1.8221188000

1.795144326

0.8

2.726287637

2.656580000

2.559372067

2.470980000

2.392456498

2.277277305

2.2255409280

2.082724609

1.0

3.329895240

3.102925446

3.126024103

2.829797657

2.922152966

2.544335025

2.7182818280

2.255057922

ve the equation 2 and comperd with exact solution with different value for & for upper side (B)

X

Exact Ui a)
=01

HPMuLx &)
o =01

Exact Ui o)
=04

HPMuLx &)
& =04

o = 0.7

Exact 4hx: &)

HPMuLx &)
o = 0.7

Exact Ui a)
=1

HPMuLx &)

=1

0

0.77500000

0.775000000

0.850000000

0.850000000

0.925000000

0.925000000

1.000000000

1.000000000

0.2

0.9465871374

0.946899184

1.038192344

1.038447314

1.129797551

1.129986521

1.221402758

1.221513902

0.4

1.1561641410

1.156232753

1.268050993

1.267959941

1.379937846

1.379596853

1.491824698

1.491120485

0.6

1.4121420700

1.408065360

1.548800980

1.544884944

1.685459890

1.684773740

1.822118800

1.817792636

0.8

1.7247942190

1.706040827

1.891709789

1.875375185

2.058625358

2.044619583

2.225540928

2.213780457

1.0

2.1066689170

2.050912291

2.310539559

2.262256760

2.514410691

2.473557889

2.718281828

2.684895333

Fig 3.comperd the HPMFig 3a. with the exact solutionFig3b. for lower side

Fig 3a. is present the HPM

TRREFIARLT- N -

Fig 3b. is present the ecaxt soltution

Fig 4.comperd the HPMFig(4a) with the exact solutionFig4b. for lower side

Fig4a. is present the HPM

5. Conclution

In this paper, the homotopy perturbation method has been
successfully applied to find the solution of nonlinear fuzzy
volterra integral classes equation. It is apparently seen that
HPM is a very powerful and efficient technique in finding
analytical solutions for complex  classes of nonlinear
problems. It is worth pointing out that this method presents a
convergence for the solutions. The computations associated
with the examples in this letter were performed using
Maple 18
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