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(1,2) * -a” - closed sets (1, 2) * -
a” -opensets  (1,2)*- T . —space

(1,2)*- gTa* -space.

1.Introduction

The study of bitopological spaces was first initiated by
J.C. Kelly [6] in the year 1963. Levine [9] introduced the
notions of generalized closed sets and studied their properties.
Veronica Vijayan and K.Priya [13] investigated the concept of

o closed sets in topological space. Lellis Thivagar et al [8]
developed the concept of (1,2)*-semi open sets, (1, 2)*-a-open
sets, (1, 2)*-generalized closed sets, (1, 2)*-semi generalized
closed sets and (1, 2)*-a-generalized closed sets in
bitopological spaces. In this paper, we introduce the notion of

(1,2)*- a” -closed sets and investigate their properties.
Further, we study (1,2)*- Ta* —space , (1,2)*- gTa* -space
and their properties.

2. Preliminaries
Throughout this paper, X and Y denote the bitopological

spaces (X , z‘l,rz) and (Y,O'l, o, )respectively, on which no

separation axioms are assumed.
Definition: 2.1 [8] A subset S of a bitopological space X is

said to be 7, ,-open if SSAUB where 7, € Aand 7,€ B .A
subset S of X is said to be (i) 7, ,- closed if the complement
of Sis 7, ,-open. (ii) 7,,-clopen if S is both 7, ,-open and
7, , -closed.

Definition: 2.2 [8] Let S be a subset of the bitopological space

X. Then the 7,,- interior of S denoted by 7,,- int(S) is
defined by U{G: GESand G is 7, ,-open}and 7, , - closure
of S denoted by 7, ,-cl(S) is defined byN{F: SCF and F is
7, ,- closed}.

Definition: 2.3 A subset A of a bitopological space X is said
to be

(i) (1,2)*-pre-open [8] if AC 7, , —int(7,, —CI(A)).
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(ii) (1,2)*-semiopen [8] if AC 7, —cl(7,, —int(A)).

(i) (1,2)*-regular open [8] if A=7, , —int( 7y, —cl(A)).
(iv)(1,2)*-a-open[8]if AC 7, , —int(7y, —cl(7y, —int(A))).
(v) (1,2)*-generalized closed(briefly (1,2)*-g-closed) set[8] if
7y, —cl(A)c U whenever ACU and U is 7, ,0pen set in X

vi)(1,2)*-semi-generalized closed(briefly (1,2)*-sg-closed)
set[8] if (1,2)*-scl(A) U whenever AcC U and U is (1,2)*-
semi-open set in X.

(vii)(1,2)*-generalized semi closed(briefly (1,2)*-gs-closed)
set[2] if (1,2)*- scl(A)cU whenever AcU and U is

Ty, —oOpensetin X.

(viii)(1,2)*-generalized & — closed(briefly(1,2)*-g & — closed)
set[8] if (1,2)*- a cl(A) < U whenever AcC U and U is (1,2)*-
o —open setin X

(iX)(1,2)*- o — generalized closed(briefly (1,2)*- « g-closed)
set[8] if (1,2)*- a cl(A)c U whenever ACU and U is

7,, —opensetin X.
(X)(1,2)*- 7 generalized closed(briefly (1,2)" - 19 —closed)
[10] if 7,, —cl(A)c U whenever AcU and Uis 7,, — 7 -

open set in X.
(xi)(1,2)*- 7 generalized o —closed((briefly (1,2)" -

9o —closed ) set[2] if (L,2) -acl(A)cU whenever
AcUandUis 7,, — 7 -open set in X.

(xiv)(1,2)*- 7 generalized pre-closed(briefly (1,2)*- 7 gp-
closed) set[12] if (1,2) " -pcl(A) = U whenever Ac U and U
is 7,, — 7t -open setin X.
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(xv)(1,2)*-gsp-closed set [4] if (1,2)*- spcl(A) < U whenever
AcUandUis 7,, —opensetinX.

(xvi)(1,2)*-gpr- closed set[7] if (1,2)" -pcl(A) = U whenever
AcUandUis (1,2)" -regular open set in X.

(xvii)(1,2)*- ﬂ-*g-closedset[S]ifcl( T, — int(A)) = U whenever
AcUandUis r,, — 71 -0pen set in X.

(xviii) a (1,2)*- weakly generalized closed[5] (briefly (1,2) *-
wg- closed ) if 7, —cl(7y, —int(A)) S U whenever
AcUandUis 7,, — 77 -opensetin X.

The complements of all the above mentioned open sets are
called their respective closed sets. The family of all (1,2)*-
open ((1,2)*-regular open, (1,2)*-semi open,(1,2)*- a-open)
sets  of X will be  denoted by  (1,2)*-
O(X)(resp.(1,2)*RO(X), (1,2)*-SO(X),(1,2)*-a0(X)).The
(1,2)*-semi-closure(resp.  (1,2)*-preclosure,(1,2)*-a-closure)
of a subset A of X is denoted by(1,2)*-scl(A)
(resp.(1,2)*-pcl(A),(1,2)*-acl(A)) defined as the intersection
of all (1,2)*-semi-closed(resp.(1,2)*-preclosed,(1,2)*a-
closed) sets containing A.

3.(1,2)*-a" - closed sets
Definition : 3.1 A subset A of a bitopological space X is

called(1,2) *-a" - closed set if 7, , —Cl(A) < U whenever
AcUand U is(1,2) * -« - open in X. The collection of all

(1,2)*- " - closed sets in X is denoted by (1,2) * - "C(X)
Theorem 3.2
i)Every 7, , —closed set is (1,2)*- o -closed set .

ii)Every (1,2)*- a " -closed set is (1,2)*- g-closed set.
iii)Every (1,2)*- " -closed set is (1,2)*- gs-closed set.
iv)Every (1,2)*- a" -closed set is (1,2)*- g -closed set.
v) Every (1,2)*- o -closed set is (1,2)*- « -closed set.

vi) Every (1,2)*- a” -closed set is (1,2)*- go -closed set.
vii) Every (1,2)*- « " -closed set is (1,2)*- 7 -closed set.
viii)Every (1,2)*- o -closed set is (1,2)*- 7g« -closed set.
x) Every (1,2)*- « " -closed set is (1,2)*- gp -closed set.
xi) Every (1,2)*- a" -closed set is (1,2)*- 7gp -closed set.
xii) Every (1,2)*- a " -closed set is (1,2)*- ﬁ*g -closed set.
xiii)Every (1,2)*- a" -closed set is (1,2)*- gpr -closed set.
xiv)Every (1,2)*- " -closed set is (1,2)*- gSp-closed set.

xv)Every (1,2)*- a" -closed set is (1,2)*- Wg -closed set.

Proof:
i)Straight forward.

ii)Suppose A is (1,2)*- o« -closed set and U be any
7, , —open set containing A. Since every 7,, —open set is
(1,2)*- o -open set and then , 7, —cl(A) cU for every
subset A of X. Thus, 7, —cl(A) cU and hence A is (1,2)*- g-
closed set.

iii) Suppose A is (1,2)*- o -closed set and U be any
7, , —open set containing A. Since every 7,, —open set is
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(1,2)*- « -open set and then , z-lyz—cl(A);Ufor every

subset A of X. Therefore, (1,2) —scl(A) c z,, —cl(A) cU

and hence A is (1,2)*- gs-closed set.
iv)The proof is obvious.

v)The proof is straight forward , since every 7,, —open set
is (1,2)*- o -open set

vi)lt is true that , (1,2) —acl (A) c 7,, —cl(A) c U for every
subset A of X.

vii) Suppose A is (1,2)*- «a-closed set and U be any
Ty, — 77 —O0pen set containing A. Since every

T,, —/—open set is (1,2)*- «-open set and then ,
7., —Cl(A)cU for every subset A of X. Thus,
7,, —Cl(A) U and hence A is (1,2)*- g-closed set.

viii) It is true that ,(1,2) — acl(A) c 7,, —cl(A) cU Jfor

every subset A of X.
ix) The proof is obvious.

X)It is true , since (1,2)* — pcl(A) c 7, —cl(A) cU , for

evey subset A of X
xi)The proof is straight forward.

xii) Suppose A is (1,2)*- « " -closed set and U be any
Ty, — 7T —O0pen set containing A. Since every

T, — 7T —open
7., —Cl(zy, —int(A) c 7., —cl(A) c U for
subset A of X. Thus, 7,, —cl(z;, —int(A))cU and

set is (1,2)*- « -open set and then ,

every

hence Ais (1,2)*- ﬂ*g -closed set.

xiii)The proof is obvious.
Xiv)The proof is obvious.
xv)The proof is obvious.

Remark :3.3 The converse of the above results need not be
true as seen in the following examples.
Example: 3.4

Let X ={a,b,c,d} 7, ={¢, X, {a}}, 7, = {¢, X, {cd }}
Then the set {b,c} is (1,2* a — closed set but
notz, , —closed.

iijLet X ={a,b,c,d}

n={¢.X.{a}{d}fad} {c.d} fac.djf,

T, = {¢’ X, {a-c}}

Then the set {a, b, d} is (1,2)*-g- closed set but not (1,2)*-
o — closed.

iii) In example 3.4 (ii), {a}and {a, C} are (1,2)*-gs- closed set
but not (1,2)*- o — closed.

iv) ) In example 3.4 (ii), {C} is (1,2)*- ag - closed set but not
(1,2)*- a” — closed.
vLetX ={a,b,c,d}

r, ={¢. X, {clab.d}}

=X fa} bc.dj,
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Then the set {b} is (1,2)*- « — closed set but not (1,2)*-
a” — closed.

vi) In example 3.4 (ii), {C} is (1,2)*- go - closed set but not
(1,2)*- a” — closed.

vii)In example 3.4 (ii), {a,b,d } is (1,2)*- 79 - closed set but
not (1,2)*- a” — closed.

viii) In example 3.4 (ii), {a}and {C} are (1,2)*- ngs- closed
set but not (1,2)*- a” — closed.

ix) In example 3.4 (ii), {C} is (1,2)*- ng« - closed set but not
(1,2)* " — closed.

X) In example 3.4 (ii), {C} is (1,2)*- gp - closed set but not
(1,2)*- a” — closed.

xi)In example 3.4 (ii), {C} is (1,2)*- 7gp - closed set but not
(1,2)* o — closed.

xii) In example 3.4 (ii), {a,b,d} is (1,2)*- 77 (- closed set
but not (1,2)*- a” — closed.

xiii) In example 3.4 (i), {Cjand{a,d} are (1,2)*- gpr -
closed set but not (1,2)*- a” — closed.

xiv) In example 3.4 (ii), {a}is (1,2)*- gsp- closed set but not
(1,2)*- a” — closed.

xv )In example 3.4 (ii),{c}and {a,b,d} are (1,2)*- wg -

closed set but not (1,2)*- a” — closed.
Remark: 3. 5 The following diagram shows the relationships

of (1, 2)*- a” —closed sets with other known existing sets.
A—> B represents A implies B, but not conversely.

i

S\
i

1.7,,-closed set

2. (1, 2)*-g-closed set
3. (1, 2)*-gs-closed set.
4. (1, 2)*- ag-closed

5. (1, 2)*- a-closed set
6. (1, 2)*- go-closed set
7. (1, 2)*- ng-closed set
8. (1, 2)*- o -closed set
9. (1, 2)*- nga-closed
10. (1, 2)*- gp-closed set
11. (1, 2)*- ngp-closed set
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12. (1, 2)*- n'g-closed set.

13. (1, 2)*- gpr-closed set.

14. (1, 2)*- gsp-closed set.

15. (1, 2)*- wg-closed set.

Proposition 3.6:Finite union of (1,2)* -a” —closed sets are
1,2)* -a” — closed set .

Proof: Let A\ B < U where U is o —open. Since A and

B are (1,2)* «a —closed sets, 7, —cl(A)cU and
7, —cl(B) cU Nowr,, —cl(AUB) cU . Hence
AUB is (1,2)* - — closed set.

Theorem 3.7 :If a subset A of X is both (1,2)* - & — open and
(1.2)* - — closed, theniitis 7, , —closed .

Proof:Let A be a subset of X which is both (1,2)* -« — open

and (1,2)* - — closed.Then T,
AcUand U is (1,2* -a— open in X
AlscAc 7, —cl(A) This
7., —CI(A) = A.Hence Ais 7,

—cl(A) cU whenever

implies
—closed .
Proposition 3.8:For any X € X ,its complement X — {X} is

1,2)* -a” — closed or (1,2)* - a — open.

Proof :Suppose X —{X} isnot (1,2)* -a — open.Then X
is the only (1,2)* - o — open set containing X — {x} .That is,
X - {X}g X and X s (1,2 -a— open.Then,
z,, —cl(X = {x}) = X whenever X — {X}g X and X
is (1,2)* - — open.This implies X — {X} is (1,2)* -a” —
closed.
Proposition 3.9:1f A is (1,2)* -a” — closed and
Ac Bcr,, —cl(A) thenBisalso (1,2)* - —closed.
Proof :Let Bcu ,where U is (1,2)*
A c B implies Acu.Since Ais (1,2)* -« — closed implies
7,, —Cl(A) c U .Given B < 7,, —cl(A) implies
rlyz —-cl(B)c 7, —cl(A) cU = r,, —cl(B) c U .Therefo
reBis (1,2)* - —closed.
Proposition 3.10: A is (1,2)* -a” — closed set if and only
if 7,, —Cl(A)— Adoes not contain any (1,2)*

set.
Proof :Necessity : Let F be an (1,2)* - o — closed.set such that

Fcr,—Cl(A)—Asince A is (12)* -a — closed,
7,, —Cl(A) cU whenever AcU and U is (1,2)* -a —

-a —open in X. Then

- —closed

open in X. ThenAc X —F. Since A is (1,2)* -a —
closed, 7,, —cl(A) = X —F whenever Ac X —F and
X —Fis (12*

F < X -1, —cl(A).But
Fcr,-cl(A)- A Therefore

Fc|(X =7, —cl(A)(r,, —cl(A) - A)|=¢ . Thus F =¢.

-a— open in X. So
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Sufficiency: Let A be a subset of X such that
7,, —CI(A) — A.does not contain any non-empty (1,2)* -
o —closed set. Let U be (1,2)* -a —open set such that
AcU.if 7., —Cl(A) z U, then
7., —Ccl(ANU° #¢ and 7., —cl(A) NU° is (1,2)* -
o —closed set. But
¢=1,-cl(ANU° cr,, —cl(A)- A That

is, 7, , — CI (A) — Acontains a non-empty (1,2)* - o — closed
set which is a contradiction. Therefore 7, , —Cl(A) cU and
hence Ais (1,2)* - o —closed set.

Proposition 3.11 :If A is (1,2)* - — closed set ,then
(1,2)" —acl(x)~ A% ¢ holds, for each X e 7., —Cl (A)

Proof:Suppose (1,2)* —acl(X)NA=¢ holds, for each
xer, —cl(A)We AcX-(12) —acl({x})n A= g Since
Ais (1,2* -« — closed set 71, —cl(A) < X _[(1,2)* —acl(x)]
implies X & 7,, —cl (A) ,which is a contradiction. Hence
(L.2)" —acl(x)n A= ¢ holds, for each x e 7, —cl(A).

4. (1,2)*- a*—Open Sets

Definition 4.1 A set AcC X is called (1,2)*- a*—open set iff
its complement is (1,2)*- o -closed set and the collection of

all (1,2)*- a -open sets jnX is denoted by (1,2)*- a O(X).
Remark 4.2i) z,, —cl(X — A)= X —z,, —int(A)

i) Forany Ac X, (z,, —int(z,, —cl(A)- A) = ¢

Theorem: 4.3 A subset Ac X is (1,2)* o -open set iff
F cr,, —int(A) wherever F is (1,2)*- a -closed set such
that F < A.

Proof:Let F is (1,2)*- o -closed set such that F < A .Since
X-Ais (1,2)*- a -closed and X —Ac X —F ,we have
Fcr,- int(A) .Conversely, F ¢ T, = int(A) where
Fis (1,2*- a -closed setand F < A.Since F — A and

X —Fis (1,2)*- a -open ,
T, —cl(X —A)=X —1,, —Int(A) < X — F .Therefor
e Ais (1,2)*- a -open set.

Theorem :4.4 If 7,, —int(A)c B < Aand A is (1,2)*
(x*-open set then B is (1,2)*- a’ -open set.

Proof :Since
7, —int(A)cBc A= X -Ac X -Bc X —7,, —int(A).

Thatis X —Ac X —B 7, —cl(X — A).Since X —A
is (1,2)*- o -closed set, by Theorem 4.3 X —B is (1,2)*-
o -closed set. This implies, B is (1,2)*- & -open set.
Theorem :45 If Ac X is (1,2)*- « -closed set then
(2'1'2 —cl (A))— A is (1,2)*- o -open set.
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Proof:Let A be (1,2)*- o -closed and F be 12)* a -
closed set, such that F — (1'1'2 —CI(A))— A. Then by
proposition 3.10,

F=¢Fcl(z,—int(r,, —cl(A)- A))=¢ This
implies, (lez —CI(A))— A is (1,2)* « -open set.
Theorem :4.6 If A and Bare (1,2)* « -open sets ,then
ANB is(1,2)* a -open set.

Proof:Let

X —(AnB)=(X =A)U(X —B)c F where F s
.Since X-AcF,X-BcFand A
and Bare (1,2)* a -open  sets, we  have
7, —cl(X-=A)cF,z,, —cl(X -B)c F -So,

7., —cl[X —(ANB)]c F.Therefore ,AnBis (12)* a -

open set.
Theorem:4.7 For any

Ac X,7,, —int(A)c (L,2) —a” —int(A)c A

(1,2)*- a -open

Proof: The proof follows immediately, since every 7, , - open
set is (1,2)*- a -open set.

Definition :4.8 For a subset A of X , we define the (1,2)*-
o -closure  of A a  (12* o <A =
N{F:AcCF,Fis(,2)*—a*—closed in X }.

Lemma :4.9 Let A be a subset of X and X e X .Then
X €(1,2)*- (x*—cl(A) if and only if v ~A=xg,for every
(1,2)*- o -open set V containing x.

Proof:Necessity: Suppose that there exists a (1,2)*- a -open
set V containing x such that V N A=¢ Since
Ac X =V,12* a -cl(A) < X —V,and this implies
X &(1,2)*- a -cl(A), a contradiction.

Sufficiency: Suppose that, X & (1,2)*- a*—cI(A).Then, there
(1,2)*- o -closed set F containing A such that X ¢ F.
Then xe X —F and X —Fis (1,2)* « -open. Also,
(X —=F)~ A= ¢ ,acontradiction.

Definition :4.10 Let A and B be subset of X. Then A and B

are said to be (L,2)* -separated sets if
ANz, —cl(B)=Bnrz, —cl(A)=¢.

Definition :4.11 A space X is said to be a (1,2)*- Ta* -space

exists

if every (1,2)*- o -closed set is 7, , —closed set.
Definition:4.12 Let X be a space and Ac X ,(1,2)*-
a —int(A) is the union of all (1,2)*- a  — open sets

contained in A.
Theorem:4.13 If A and Bare (1,2)*- separated sets in a

(1,2)* T . -space then AU B s (1,2)* o -open.

Proof : Since A and B are (1,2)* -separated sets ,
ANz, — cd(B)=Bn 7., —Cl (A)=¢@.Let Fbea(1,2)*
o -closed set and

FCAUBFN 7, —cl(A)c (AUB) N7, —cl(A)=

(Anz,, —cl(B))u(Bz,, —cl(A))= AUg= Asin
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ce Xisa (1,2)* Ta* -space ,every (1,2)*- a" -closed set is
7,, —closed F is 7,, —closed and FM 7, —cl (A) is
7,, —closed.But every 7, , —closed set is (1,2)*- & -closed
set .So it is (1,2)*- a” -closed.Then A is (1,2)*- o -open.
This implies, F N 7,, —cl (A) < (1,2) *- int (A).Similarly,
FA 7, —cl(B) < (1,2)*int (B).Now,
FCFNAUFENB)C

(Frz,,-c(A) )Ju(Fnz,,-c(B) ) <

(1,2)*-int (A) U (1,2)*-int (B) < (1,2)*-int (A\UB) .That is,
FC (1,2)*int (AUB) . Hence, AUB is (1,2)*-  -open.
Theorem:4.12 Let A be a subset of a space X. Then
X — [(1,2)* —a’ - int(A)] =(1,2)* o cl(X- A).
Proof:LetXx € X — [(1,2)* —a - int(A)] Then

x&(1,2) —a” —int(A) That is, every (1,2)*- o -open
set B containing x is such that B A. This implies, every
(1,2)*- o -open set B containing x intersects X-A. This
xe(@,2) —a” —cl(X — A).Conversely, let
xe(L,2) —a” —cl(X — A). Then, every (1,2)*- ¢ -open
set B containing x intersects X-A.

That is, every (1,2)*- a -open set B containing x is such that
B A. This implies x ¢ (1,2) —a” —int(A) .That is,

xe X —|1.2) —a" —int(a)].

Thus, (1,2)* &” -¢l(X- A) = X —[1.2) —a” —int(a)] -
Hence X —|1,2)" —a” —int(A)] 21,2 & -ci(x- A).
Similarly, we havex_[(1,2)*_a*_d(A)]:(l,Z)*- o -int (X-
A).

5.(1,2)*—Ta* - Spaces :

means,

Definition :5.1 A space X is called (1,2)*- Ta* - space if every

(1,2)* -a -closed set is T,,closed set.

Definition :5.2 A space X is called (1,2)*- gTa* - space if
every(1,2)* -g-closed set is (1,2)* o -closed set.
Theorem: 5.3 For a bitopological space (X, 7,,7,) the
following conditions are equivalent.

(i) Xis (1,2)*- T . -space

(ii) Every singleton of X is either (1,2)* - - closed or
71 ,-Open

Proof:(i) — (ii): Letxe X and assume that {x} is not (1,2)*
- « - closed. Then by Proposition 3.8, X — {x} is not (1,2)* -

o -open and is trivially (1,2)*- o -closed set . Since X is
(1,2)*- Ta* -space , every (1,2)*- & -closed set is

7, , -closed. This implies, X-{x} is 7, ,-closed and hence {x}
is 7, ,-open .

(i) — (i): Assume every singleton of X is either
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(1,2)*-a -closed or 7, ,-open. Let Ac X be (1,2)* -« -
closed or 7, , -open. Obviously Ac 7,,-Cl(A)and x €
7y, -Cl(A).

To prove that A=7, , -CI(A).

Case 1:Suppose the set {X} is (1,2)* -a -closed. If x¢ A,
then

AcCX- {x} .Since Ais (1,2)* - ¢ * closed and X- {x}is
(1,2)*-a -open, 7,,-Cl(A)C X- {x} and

X¢& T, ,-cI(A) which is a contradiction.

Therefore x € 7, , cl(A).

Case 2:The set {X} is 7, ,-open. Since X € 7, -Cl(A),
then {X} MA# ¢ implies xe A.In both the cases x€ A .So,
7, ,-Cl(A)= A or equivalently A is 7, , -closed. This shows
that X is X is (1,2)*- Ta* -space

Theorem 5.4

()(1,2)"- & O(X) < (1,2)"- GO(X)

(ii)A space is (1,2)*- T .-space iff 1.2)- o O(X) = (1,2)"-
GO(X).

Proof:(i)Let A be (1,2)*- a open. Then X-Ais (1,2)*- a
closed and so (1,2)*- g- closed. Hence A is (1,2)*-g-open.
Hence (1,2)*- a O(X) < (1,2)*-GO(X)

(ii)Necessity: Let X be (1,2)*- Ta* -space. Let A €(1,2)*-
GO(X). Then X-A is (1,2)*-g-closed. Since the space X is
(1,2)*- gTa* -space , X-A is (1,2)*- o closed.

The above implies A is (1,2)*- a open in X. Hence (1,2)*-
a” O(X)=(1,2)*-GO(X)

Sufficiency: Let (1,2)*- a*O(X)=(1,2)*—GO(X).

Let A be (1,2)*-g-closed. Then X-A is (1,2)*-g-open and
X-A €(1,2)*- & O(X) .Hence Ais (1,2)*- " closed and
hence A is (1,2)*- gTa* -space.
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