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ABSTRACT

A subset D of the vertex set V(G) of a graph G is said to be a dominating set if every
vertex not in D is adjacent to atleast one vertex in D. A dominating set D is said to be an
eccentric dominating set if for every v e V-D, there exists atleast one eccentric point of
vin D. A subset D is a distance closed set of G if for each vertex u e D and for each w e
V-D, there exists atleast one vertex v e D such that d<p-(u, v) = dg(u, w). An eccentric

dominating set D of G is a distance closed eccentric dominating set if the induced
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subgraph <D> is distance closed. The minimum of the cardinalities of the distance closed
eccentric dominating set is called as the distance closed eccentric domination number
Yaced(G) Of G. In this paper, bounds for yg.4(G), its exact value for some particular classes
of graphs and some results on distance closed eccentric domination number are obtained.
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Distance closed dominating set.

1. Introduction

Let G be a finite, simple undirected graph on p vertices
and q edges with vertex set V(G) and edge set E(G). For
graph theoretic terminology refer Harary [3], Buckley and
Harary [1].

The concept of distance in graphs plays a dominant role in
the study of structural properties of a graph in various angles
using related concept of eccentricity of vertices in graphs. The
study of structural properties of graphs using distance and
eccentricity started with the study of centre of tree and
propagated in different directions in the study of structural
properties of graph such as unigque eccentric point graphs, K-
eccentric point graphs, self centered graphs.

Let G be a connected graph and u be a vertex of G. The
eccentricity e(v) of v is the distance to a vertex farthest from v.
Thus e(v) = max{d(u, v); u ¢ V}. The radius r(G) is the
minimum eccentricity of the vertices, whereas the diameter
diam(G) is the maximum eccentricity. For any connected
graph G, r(G) < diam(G) < 2r(G), v is a central vertex if
e(v) = r(G). The center C(G) is the set of all central vertices.
The central subgraph <C(G)> of a graph G is the subgraph
induced by the center. v is a peripheral vertex if e(v) = d(G).
The periphery P(G) is the set of all peripheral vertices.

For a vertex v, each vertex at a distance e(v) from v is an
eccentric vertex of v. Eccentric set of a vertex v is defined as
E(v) = {u e V(G) / d(u, v) = e(v)}. The open neighbourhood
N(u) of a vertex u is the set of all vertices adjacent to v in V.
N[u] = N(u) u {u} is called the closed neighbourhood of v.
For a vertex v e V(G), Nj(u) = {u € V(G); d(u, v) = i} is
defined to be the i" neighbourhood of v in G.

The concept of domination in graphs was introduced by
Ore [8] and Cockayne et al. studied various bounds and results
related to domination in [3].
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A set D — V is said to be a dominating set in G, if every
vertex in V-D is adjacent to some vertex in D.

In 2010, T.N. Janakiraman, M. Bhanumathi and S.
Muthamai defined eccentric domination in graphs [5] and
studied eccentric domination in trees [1] and various bounds
of eccentric domination in graphs [9].  Janakiraman,
Alephonse and Sangeetha introduced the concept of distance
closed domination in graphs [6], which mixes the concept of
dominating set and distance preserving set. Motivated by
these, we have defined the distance closed eccentric
domination number of a graph, and studied its bounds.

A set D < V(G) is an eccentric domianting set if D is a
dominating set of G and for every v ¢ V-D, there exists
atleast one eccentric point of v in D. An eccentric dominating
set D is a minimal eccentric dominating set if no proper subset
D' < D is an eccentric dominating set.

The eccentric domination number yeq(G) of a graph G is

the minimum cardinality of a eccentric dominating set.
A subset S = V(G) is said to be a distance closed dominating
set (D.C.D) set, if (i) <S> is distance closed (ii) S is a
dominating set. The cardinality of a minimum D.C.D set of G
is called the distance closed domination number of G and is
denoted by yq(G).

In this paper, we introduce a new dominating set called
distance closed eccentric dominating set of a graph and we
find upper and lower bounds for the new domination number
in terms of various already known parameters. Also, we
studied several interesting properties like Nordhaus-Gaddum
type results relating the graphs and its complement.

2. Prior Results

The distance closed set of a graph G is defined as [6].

Let S be a vertex subset of G. Then S is said to be
distance closed set of G if for each vertex u ¢ S and for each
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w e V-S, there exists atleast one vertex v ¢ S such that
d<S>(U, V) = dg(U, W)
Theorem 2.1. [7]

A vertex subset D of G is a distance closed set if and only
if
(i) e(u/<D>) > e(u/G) for u e D;

(if) Every non eccentric point of <D> is a cut vertex.
Theorem 2.2. [7]

A graph G, which is not an odd path is distance closed if
and only if
(i) G is a unique eccentric point graph and
(if) Every vertex with eccentricity atmost d—1 is a cut vertex,
where d is the diameter of G.

A graph with y4q = p is called a O-distance closed
dominating graph.

A ciliate C, 4 is a graph obtained from p disjoint copies of
the path Py_; by linking together one end point of each in a
cycle C,. All these ciliates are the only graphs that are radius
critical (graphs in which removal of every vertex changes the
radius of the given graphs).

Theorem 2.3. [6]

A graph G is 0-distance closed graph if and only if G is
one of the following
(1) G is P2t
(ii) G is a ciliate.

Theorem 2.4. [6]

If T is a tree with number of vertices p > 2, then y4o(T) =
p-k+2, where k is the number of pendant vertices in T.
Theorem 2.5. [6]

For any connected graph G such that 3 is also connected,

va(G) + yaa(G) < p+4, where yga(G) and yaa(G) are the

cardinality of minimum distance closed dominating set of G
and g respectively.

3. Main Results

In this paper, we define a new domination parameter,
distance closed eccentric domination as follows.

3.1 Distance closed eccentric dominating sets in graphs
Definition 3.1.

A subset S < V(G) is said to be a distance closed
eccentric dominating (D.C.E.D) set if
(i) <S> is distance closed;

(ii) S is an eccentric dominating set.

The cardinality of a minimum D.C.E.D set of G is called
the distance closed domination number of G and is denoted by
ched(G)-

Clearly, from the definition, 1 < ygeeq < p and graph with
vdced = P is called a O-distance closed eccentric dominating
graph. Also if S is a D.C.E.D set of G then the complement
V-S need not be a D.C.E.D set of G.

For any graph G, yed(G) < ydced(G).
Example 3.1.

Here,
D = {a, b, ¢, d} is a minimum distance closed eccentric
dominating set.
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D’ = {a, b, ¢, d} is a minimum distance closed dominating set.
D ={a, b, c, d} is a minimum eccentric dominating set.
Therefore, yaced(G) = 4, yea(G) = 4, ved(G) = yaced(G)-
Example 3.2.

a

c d

Here,

D = {a, b, ¢, d} is a minimum distance closed eccentric
dominating set.

D' ={a, b, c, d} is a minimum distance closed dominating set.
D" = {a, b, c} is a minimum eccentric dominating set.
vdeed(G) = 4, 1aa(G) = 4, ved(G) = 3.

Therefore, yeq(G) < yeded(G).

Obviously (G) < yed(G) < yucea(G)-

Theorem 3.1.

(1) yacea(Kn) = 2, forn > 3

(i) yacea(K1n) =3, forn>3

(11 yoced(Kmn) = 4, form,n > 3

(V) ydcea(Wy) = 4, forn >3

Proof.

(i) When G = K, radius = diameter = 1. Let D = {u, v}.
Here u or v dominate other vertices and is also an eccentric
point of other vertices. Since e(u) = e(v) = 1. Clearly D will
form the distance closed eccentric dominating set. Hence
'ched(G) =2.

(if) When G = Ky . Let D ={u, v, w}. Here, let u be a central
vertex of degree n in G. Clearly r(G) = 1 and diameter of G is
2 and also u dominates all vertices in V—D and every point of
V-D has an eccentric point in D. Here any two non adjacent
vertices, v, w of eccentricity 2 together with u will form a
distance closed eccentric dominating set. Hence yqcea(G) = 3.
(iii) When G = Ky, form, n > 2. V(G) =V, U Vo, [Vi|=m
and |V, = n such that each element of V, is adjacent to every
vertex of V, and vice versa.

Here G is a graph with radius 2 and diameter 2, and every
vertices of G has eccentricity equal to 2.

LetD={u,v,X, ¥} u xe Viand v,y e V,, udominate
all the vertices of V, and it is eccentric to elements of V; —
{u}. Similarly v dominate all the vertices of V; and it is
eccentric to elements of V, — {v}.

Hence D is a minimum distance closed eccentric

dominating set and hence ygcea(G) = 4.
(iv) When G = W,. Let D = {u, v, X, w} where u and v are
any three adjacent non central vertices and w is the central
vertex. Clearly r(G) = 1 and diameter of G is 2. Hence D is
the distance closed eccentric dominating set. Hence vygceq(G) =
4,

Next, we obtain some bounds for the dced-number of
graphs.
Theorem 3.2.

Let n be an even integer. Let G be obtained from the
complete graph K, by deleting edges of a linear factor then
vdeed(G) = n.

Proof.
Let D be a yyeeq-set of G. We know that ygeea(G) < n. If

ched(G) # N, then ydced(G) <n.
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This implies that 3 u e D such that e(u / <D>) < e(u/G).

Therefore D is not a distance closed set which is a
contradiction to our assumption. Hence yyeeq(G) = n.

Theorem 3.3.

If T is a tree with number of vertices p > 2 then vyueeq(T) =
p—k+2, where k is the number of pendant vertices in T.

Proof.

We have by Theorem 2.4, yq(T) = p—k+2. Therefore

P—K+2 < ydcea(T) @
Also, the set of all non-pendent vertices with any two pendent
vertices at distance d to each other forms a d.c.e.d set.
Therefore

ched(T) < p—k+2 (2)
From equations (1) and (2)

ched(T) = p—k+2

Theorem 3.4.

If G is a wounded spider with atleast two non-wounded
legs then yuced(G) = s + 2 where s is the number of support
vertices which are adjacent to non wounded legs.

Proof.

Let G be a wounded spider. Let u be the vertex of
maximum degree A(G), and S be the set of support vertices
which are adjacent to non wounded legs. The set S U {u} U
{v} where e(v) = 4 is a minimum distance closed eccentric
dominating set. Hence yqced(G) = s + 2 where s = [S|.

Theorem 3.5.

If G is a 2-self centered graph with a dominating edge

which is not in a triangle then ygceq(G) = 4.

Proof.

Let uv ¢ E(G) be a dominating edge of G which is not in a
triangle and let wu and vx ¢ E(G) then D = {u, v, w, X} is a
minimum distance closed eccentric dominating set. Hence
ched(G) =4

Theorem 3.6.

Let G be a 2-self centered graph then ygea(G) < 25(G) + 1.
Proof.

Let v € V(G) such that deg v = §(G) . Let S = {v} U N(V)
is an eccentric dominating set.

Consider x e N(v) such that x has no eccentric vertex in N(v).
Then x has eccentric vertex y in  NyV). Let
S < Na(v) such that vertices in N(v) have their eccentric
vertices in S. Thus D = {v} u N(v) u S form a distance
closed eccentric dominating set. Hence, yyeed(G) < 1 + §(G) +
8(G) =1 + 25(G).

Theorem 3.7.

If G is a graph and radius two §(G) > 2 and u is a central
vertex with <V —  N[u]> is connected then
Ydeed(G) < P — 8(G)/2.

Proof.

Let u e V(G) such that e(u) = 2 and deg(u) > 2. Clearly
V — N(u) is a dominating set of G. But vertices in N(u) may
have their eccentric vertices in N(u) only. Let S be the subset
of N(u) such that vertices in N(u) — S have their eccentric
vertices in S. Then [V — N(u)] u S is an eccentric dominating
set of G. Let v e N(u) and is also in a diametral path passing
through u. Then [V — N(u)] U S {v}isa D.C.E.D set.
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de

ched(G)Sp_degu"' gu+1

=p-—deg(u)/2 +1

ched(G) < p _8(_2G)+1'
Theorem 3.8.

Let G be a graph of order p. If r(G) = 1, then ygeed(G) <
n-t+4.

2
Proof.

Let u ¢ V(G) such that e(u) = 1. Let t be the number of
vertices with eccentricity 1. E; = {v ¢ V(G) / e(v) = 1}.
Therefore |E;| = t, u dominates all other vertices, and for t—1
vertices u is an eccentric vertex.

Let E; ={v ¢ V(G) / e(v) = 2}. Therefore |E;j=p —tand
vertices of E, have their eccentric vertices in E; only. Let S <«
E, such that S contains eccentric vertices of elements of E, —
S. Then D = {u} u {S} is an eccentric dominating set of G.
If S contains two non adjacent vertices then D is also a
distance closed set otherwise let v ¢ E, such that v is not
adjacent to atleast one element of S. Then D U {v} is a
distance closed eccentric domianting set. Hence ygeeq(G) <1 +

1+ n-t = n-t+4.

2 2
Theorem 3.9.
Let G be a graph with radius r(G) > 2. Then yyeq(G) < p
—AG) +2.
Proof.

Let u ¢ V(G) such that deg u = A(G). Consider V — N(u).
Since r(G) > 2, vertices in N(u) have their eccentric vertices in
V — N(u) only. Hence V — N(u) is an eccentric dominating set
of G.

Consider N(u), if N(u) is complete, (V — N(u)) u {v},
where v e N(u) and degree > 2 is a distance closed eccentric
dominating set. If N(u) is not complete, let X, y ¢ N(u) such
that x and y are not adjacent in N(u). Then (V — N(u)) u {X,
y} is a distance closed eccentric dominating set. Hence
ched(G) <p-AG)+2.

Remark 3.1.

(1) yacea(G) = 2 if and only if G is complete.

(i) If G = K, then ygeeq(G) > 3.

Theorem 3.10.

Ifr(G) =1, d(G) = 2 and ye4(G) = 2, then yucea(G) = 3.

Proof.

1ed(G) = 2. Let D ={X, y} be ayeg-set, E; ={v e V(G) / e(v) =
1} and E; = {v ¢ V(G) / e(v) = 2}.

Case (i): e(x) = e(y) = 1. This is not possible.

Case (ii): e(x) =1, e(y) = 2.

In this case, y is eccentric to all other vertices of E,. Let w
e Ey wis not adjacent to y. Let S = {x, y, w}. This is a
minimum distance closed eccentric dominating set. Hence
ched(G) =3.

Case (iii): e(X) = 2 = e(y).

All the other vertices of E, are adjacent to either x ory. If
there is an z ¢ E; such that it is adjacent to both x and y then
X, y are not eccentric to z. Hence D is not a vyeg-set which is a
contradiction. Therefore, there is no z in E, which is adjacent
to both x and y.
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Subcase (i)

x and y are adjacent in G. Take S = {u, X, y} where e(u)
= 1. Sis a minimum distance closed eccentric dominating set.
Hence ygeed(G) = 3.
Subcase (ii)

x and y are not adjacent in G. In this case take S = {Xx, v,
z}, e(z) = 2. S is a minimum distance closed eccentric
dominating set. Hence ygceq(G) = 3.

Thus, we see that, when G is of radius one and diameter
2! ched(G) =3if Yed(G) =2
Corollary 3.1.
(i) If r(G) = 1 and G has a pendent vertex then ygeea(G) = 3.
(ii) If r(G) = 1 and E; is independent then ygceq(G) = 3.
Proof.
(i) Let u ¢ V(G) with e(v) = 1. Let v be the pendent vertex of
G. Then e(v) = 2 also v is eccentric to all other vertices of
eccentricity 2. Therefore {u, v} is an eccentric dominating set.
Let w ¢ V(G) such that e(w) = 2. Then D = {u, v, w} is a
distance close eccentric dominating set. Therefore yuced(G) =
3.
(ii) Let u € V(G) such thate(u) = 1. Letv,w ¢ E;. D ={u, v,
w} form a distance closed eccentric dominating set. Therefore
ched(G) =3.
Theorem 3.11.

If G is a ciliate on p vertices then yuceq(G) = p.
Proof

Since y4ci(G) = P, yaeea(G) is also equal to p. Therefore
ched(G) =p.

A graph with ygq = p is called a O-distance closed
dominating graph.
Theorem 3.12.

There is no graph G such that both G and G are O-

distance closed eccentric dominating graphs.
Proof.

Since all the 0-D.C.D graphs are with diameter > 3 and
there is no graph for which both G and g are with diameter >

3 we have the result.
Theorem 3.13.
IfG =K, + Ki + Ky + ,, then y(G) = 2, ye(G) = 4,

'chI(G) =4, 'ched(G) =4

If G =K, + Ky + Ky + Ky, n>2 then y(G) = 2, ye4(G) = 2,

chI(G) =4, ched(G) =4.
Proof.

Proof is obvious.
Theorem 3.14.

For a bicentral tree T with radius 2, yeeq(T) < 4.
Proof.

All the four vertices of a diametral path form a distance
closed eccentric dominating set. Hence the theorem follows.
Theorem 3.15.

For a bicentral tree T, with radius two which is not a path
(1) yaced(T) = yea(T) + 1, if there exists atleast one peripheral
vertex with support vertex S such that deg S = 2.

(1)) yacea(T) = yeu(T), if degree of every support vertex is
greater than two.

Proof.

(i) Let T be a bicentral tree. In this case, diam(T) =3, T =

+K; + Ky, K, forn,m>1, whenn, m=1.
Yed(T) =3, chI(T) =4. Hence ched(T) = Yed(T) +1

M. Bhanumathi and Sudha Senthil / Elixir Dis. Math. 101 (2016) 44033-44037

(i) When n, m > 1, v4ei(T) = 4, yea(T) = 4. Hence yyeea(T) =
’Yed(T)'
Theorem 3.16.

For a unicentral tree T, with radius two which is not a
path.

(1) yaced(T) < yea(T) + 2, if there exists atleast one peripheral
vertex with support vertex s such that deg s = 2.

(i) yaced(T) < yea(T) + 1, if degree of all the support vertices
are greater than two.

Proof.

In this case, diam(T) = 4, and let T = Ps. Let S be the set
of all support vertices of T and let v be the central vertex of T.
Case (i)

Subcase (a)

If there exists only one peripheral vertex with degree of
its support = 2. Let x be a peripheral vertex and it is eccentric
to all other vertices except its support. Let y be the peripheral
vertex with degree of its support greater than 2. Then S U {x}
is ayeg-set of Tand S U {X} U {v, X} is @ yqcea-set of T. Hence
Ydeed(T) < yed(T) + 2.

Subcase (b)

If there exists two peripheral vertices with degree of their
support = 2, then the degree of v is greater than or equal to
two. Let x and y be two peripheral vertices and u, w be their
supports such that deg u = deg w > 2. x or y is eccentric to
each other vertices. Then {v} U {X, y} is a yes-set of T and S
U {v} U {X, Y} is a yaceq-set of T. Hence ygeea(T) < yea(T) + 2.
Case (ii)

If degree of all support vertices are greater than two then
S U {X, y} is a yeg-set of T, where x and y are two peripheral
vertices at distance 4 to each other, and S U {X, y} u {v} be
the yqeeg-set of T. Here v is the central vertex of T. Hence
Ydeed(T) < yea(T) + 1.

Theorem 3.17.

If H is any self-centered unique eccentric point graph with
m vertices and G = H o 2Kj, then yueed(G) = 2n/3 where n =
3m.

Proof.

If H is any self centered unique eccentric point graph,
then every vertex of H is an eccentric vertex. Hence m is even
and G has 3m vertices. Let vy, vy, ..., vy, represent the vertices
of Hand {vi,v/} fori=1,2, ..., mbe the vertices of m copies

of 2K;. Then in G, v/,v! are adjacent to v; and if v; is the
eccentric vertex of v; in H, then v/, v/ are eccentric vertices of
vjin G and v,v! are eccentric vertices of v;. It is clear that

v Vin} U X1, X2y .
minimum distance closed eccentric dominating sets of G.
Hence vygeea(G) = 2n/3.

Remark 3.2.

If H is self centered but not a unique eccentric point graph
then yueea(G) need not be 2n/3 where G = H o 2K;. For
example, when G = Cs 0 2Ky, y4eea(G) = 8 < 2n/3 = 10.
Conclusion

Here we have evaluated the distance closed eccentric
domination number of some families of graphs and also
studied some bounds for the distance closed eccentric
domination number of graph.

Vi, Vz, , Xm} where x =v/ or v/ are
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