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1. Introduction

In recent years, systems of high order ordinary differential
equations have been solved intensively by using approximate
iterative methods such as variational iteration method [1],
differential  transformation = method [2],  Adomian
decomposition method [3], the tanh method [4], Homotopy
analysis method [5], Homotopy Perturbation Method [6]. In
addition to these methods, the spectral methods are also used
to solving systems of linear differential equations. Chebyshev
collocation method [7] and Taylor collocation method [8] are
also applied to solve these systems of differential equations. In
order to solve differential equations, several integral
transforms were extensively used and applied in theory and
application such as the Laplace, Fourier, Mellin, Hankel ,
Sumudu transforms, Elzaki transform [9-10],and Aboodh
Transform[11-13] . Recently, New integral transform, named
as ZZ Transformation [14-17] introduce by Zain Ul Abadin
Zafar [ 2016] , ZZ transform was successfully applied to
integral equations, ordinary differential equations . In this
study, our purpose is to show the applicability of this
interesting new transform and its efficiency in solving the
linear system of ordinary differential equations.The plane of
the paper is as follows: In section 2, we introduce the basic
idea of ZzZ Transform , In Section3, ZZ transform is
demonstrated by applying it on many problems and conclusion
is given at the last section, respectively.
2. The ZZ Transform
Definition

Let f(t) be a function defined for all ¢ > 0. The ZZ
transform of f® is the function 7 (u, s)

defined by

Z(u,s) = H{f ()} = sfooo f(ut)e stdt

provided the integral on the right side exists. The unique
function f(t) in (2) is called the inverse transform of
Z(u, s) is indicated by

f@®) =HYZ(u,s)}

Equation (2) can be written as
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oo _s 1
H{f (D)} =2 [ f(H)e " dt @
ZZ transform of some functions :
H} =1 pgumy = H{e™} =2
E(sin(at)) = Z 1 22 , E(cos(at))
"~ s?2 + a?u?

ZZ transform of derivatives :
1)) let H{f(t)} = Z(u s) then

H{tf ™ (0)) = S 2(u, 5) — Tizh 5 F9 (0)
2)) (i)

H{tf(t)} = ﬁi (Z(u, s)) + —Z(u, s)
D Hier ) = ——( Z(u, s)) +2(u,s)
W HE @) =55 (2w ) -2 Z(us) +
-f(0)

3. System of Ordinary Differential Equations

In this section, the effectiveness and the usefulness of ZZ
transform is demonstrated by finding exact solutions for
System of Ordinary Differential Equations .
Example (1):

We consider a first —order linear system with constant
coefficients

dy;
;t = ay1y1 +azyz + 81(0)

dy, 2
% = az1y1 + azyz + 82(t) @)

with initial condition y, (0) = y,,2d y,(0) = y,,
where A1, Aq3, Azq , Ayp 2T€ CONStANES.
Solution

Let Yy, =A(y1) Y2 =A(y2) Gy =A(g1)
and Gy = A(9g2)
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Introducing the matrices

y=(1) yo= (1) 9@ =(9:9)

A= (all a12), dy; @)
a1 Qazp dt
dt | dy2
dt
We can write the above system in matrix differential system as
=Ay +g@®)Yo=Yo @

We take ZZ transform of the system with the initial conditions
to get

az u(s — a; Wy — apa,u*y; =

a1 u?g;(t) + azis u y1oaz,u(s — aj )y —

(s — a1 u)(s — azpuw)y,; = u(s — a;;u) g, (t) +
s(s —aq1u) ¥y

(5)

The solution of this algebraic system is,

[uﬁ(t)ﬂ}'m —2aju ]
—_— ugz(t)+s 2(s—azu)
yi(v) = gzs_au};zo udz =
uazq S—azzu]
[ﬁ(t)ﬂ'm —(s+uw)(s—ajqw)
— g2(t)y20 azq(su+u?)
Y2(v) = S—ajiu__ udiz
uazq S—llzzll]
(6)
Example (2): solve the system of ordinary differential
equation
& _ _ dz _ ©)
dt ’ dt
With initial condition
z(0) =0y(0)=1 (8)

Solution:
Applying ZZ transform for the equation (7) we have

dy) _ dz)
z{=z(-zy , z{Z}=z(»
we get
~y(w,s) —-y(0) = -Z(u,s)
EZ(u, s) — EZ(O) =y(u,s)
with the initial condition (8) we get
Sy(u,s) —2=—-Z(u,s) 2Z(u,s) = y(u,s)
u u u
SO
~y(us) + Z(u,s) =

s 9)
EZ(u, s)—y(u,s)=0

there fore _ s 52
Z(u,s) = 2z Z(us) = ZruZ

then  z(t) = sint. y(t) = cost (10)
Example (3)
Consider the system of ordinary differential equation

dx

—=2x-3y

dy =y-—2x
t > 0 (11)

With the initial condition x(0) = 8 . y(0) =3 (12)
Take ZZ transform of the system with the initial conditions
(12) to get
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Z(5) = 2(2x) - Z(3) (49

( ) =Z(y) —Z(2x)
we get
ix(u, s) — iX(O) =2X(u,s) —3Y(u,s) 14
~Y(us) — i y(0) =Y(u,s) —2X(u,s)
with the initial condition we get
iX(u, s) — 85 =2X(u,s) —3Y(u,s)
‘y(ws)-33=
u u

Y(u,s) —2X(u,s) (16)
Solve these equations for x and y we find:

(15)

_ 3s2-225u __  -2s s5 17)
Y(u' S) - (s—4u)(S+uw) T (s—4w) (S+uw)
By taking inverse ZZ transform we have:
y(t) = 5e7t — 2e*t (18)

Now solve equation (15) and (16) simultaneously from x(v)
we have

_ 852-17Su _ 3s 5s (19)

X(u' S) - (s—4uw)(S+u) - (s—4uw) (S+uw)

By taking inverse ZZ transform we have:

x(t) = 3e*' + 5e7t (20)

Example (4):

Solve the second order couplet differential system
d*x t>0 (21)
az 3x—4y=0

2
Tz P+ x4+ y=0
With the initial condition
x(0) = y(0) =0 ) =2 2=
y w® =2 L(0=0
(22)
Applying ZZ transform for the equation (21) we have
(23)

( )—3Z(x) 4Z(y) =

z( ) +Z(x) + Z(y) = Z(0)
we get
{i—zz X(u,t) — Z_Z X(0) —2x'(0) - 3X(u, t) —4Y(w,t) = 0

Z(0)

s? s? S o1 _
YW t) —=Y(0) -y O +X(ut)+Y(ut)=0

with the initial condition (22) we get

2
%X(u, t) —3X(ut) —4Y(u t) = 23
(24) s2
ﬁ Y(u, t) +
X(u,t) +Y(u,t) =0
Solve these equations for x and y we find:
25 -2 5 ) (25)
X(uls) - $2 2 = (5—4'u) (S+u)
(=)
By taking inverse ZZ transform we have
x(t) =tet+et
) =t( )soy——(dt2 3x)

y(t) = %(e‘ —e"t—tet —te?

Example (5)
Solve the second order couplet differential system

(26)



45775 Abdelbagy A.Alshikh and Mohand M. Abdelrahim Mahgoub / Elixir Appl. Math. 104 (2017) 45773-45776
y+z +y+z=1 (27)  z(x) = —(cosx + sinx) (40)
y' +z=c¢! 4. Conclusion
With the initial condition y In thiz_[%?per t v;/e use tZ'Z transfzozrmt to ?olve system_sdof
_ _1, _ 28 ordinary differential equations |, ransform  provides
g(lo) 1. z(0) 2 (28) powerful method for analyzing derivatives. It is heavily used
AO ultlpn 77 transf for th tion (27 h to solve ordinary differential equations, Partial differential
g PPIYINg ranstorm or the equation (27) we have - equations and system of ordinary differential equations.
ZyH+Z(Z)+Z(y)+Z(2) =Z(1) (29) Appendix (ZZ Transform of some Functions)
Z(y) +Z(2) = Z(e") f@©) A[f(1)] = k(v)
we get 1
Y (u,5) —2y(0) +=Z(us) - ~Z(0) + ¥ (u, s) +Z(w,8) = din(at) aus
1 2 2,2
s+ a“u
Y(u s) y(O) +Z(u,s) = P cos(ab &2
. ey .. (30) SZ _I_ aZuZ
with the initial condition (28) we get
s < B s et S
[;+ 1] Y(u,s)+[;+ 1]Z(u,s) =1+- _ s=ua
s 5 _s e
;Y(u,s) +2Z(u,s) TSU u s+ ua
_ _ (31) sinh at aus
Solve these equatlons for x and y we find: s2 — u2q?
Y(us) = _S M o s st (32) cosh at s°
(s- u)2 s—u s-u (S—u)? s-u - -
By taking inverse ZZ transform we have s% — u2a?
y(t) =1 —2e' + tet te® su
also (s — ua)?
25 s te—at su
Z(u,s) = §—u1 B (1) (s + ua)?
u ; 2 2,2
z(t) = 2e — tet (33) tsinh at o s°+u‘a
Examples 6: (s2 — u?a?)?
Solve the system of second order differential equations t cosh at —252u a?
z'+y =cosx (34) —
{ Y (s> —u?a?)?

With the initial condition

z(0)=-12'(0)=-1. y(0) =1 y'(0)=0
(35)

Solution

Applying ZZ transform for the equation (34) we have

Z(z"Y+Z(y'") = Z(cosx)
{Z(y”) —Z(z) = Z(sinx)
(36)

we get
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