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1. Introduction

In statistical surveys, when subpopulations within an overall population vary, it is advantageous to sample each subpopulation
(stratum) independently. Stratification is the process of dividing members of the population into homogeneous subgroups before
sampling. The strata should be mutually exclusive: every element in the population must be assigned to only one stratum. The
strata should also be collectively exhaustive: no population element can be excluded. Then simple random sampling or systematic
sampling is applied within each stratum. This often improves the representativeness of the sample by reducing sampling error.

The method of systematic sampling was first studied by Madow and Madow [1] and is widely used in survey of finite
populations. Systematic sampling is a method of selecting sample members from a larger population according to a random
starting point and a fixed, periodic interval. Typically, every “nth” member is selected from the total population for inclusion in
the sample population. Systematic sampling is still thought of as being random, as long as the periodic interval is determined
beforehand and the starting point is random.

Systematic sampling has got the nice feature of selecting the whole sample with just one random start. Apart from its
simplicity, which is of considerable importance, this procedure in many situations provides estimators more efficient than simple
random sampling and/or stratified random sampling for certain types of population [Cochran [2]; Gautschi [3]; Hajeck [4]].

The most challenging limitation of the ratio and product estimators is that of having efficiency not exceeding that of the
regression estimator. Consequently, most authors have carried out researches towards the modification of the existing ratio and
product estimators to provide better alternative estimators. Among these authors include; Singh and Vishwakarma [5, 6], Singh et
al.[7], Sharma and Tailor [8], Onyeka [9], Tailor [10], Choudhury and Singh [11], Khare and Sinha [12] and Singh and Audu [13].

Clement and Enang [14] observed that most of these alternative estimators depend on some optimality conditions that are
hardly satisfy in practice and suggested the use of calibration estimation to address these problems. Deville and Sarndal [15] first
presented calibration estimators in survey sampling and calibration estimation has been studied by many survey statisticians. A
few key references include [Arnab and Singh [16], Estavao and Sarndal [17], Kott [18], Singh [19, 20], Sarndal [21], Kim and
Park [22], Clement et al. [23], Clement and Enang [24, 25] and Clement [26]].

In stratified random sampling, calibration approach is used to obtain optimum strata weights for improving the precision of
survey estimates of population parameters. Kim, Sungur and Heo [27] , Koyuncu and Kadilar [28] defined some calibration
estimators in stratified random sampling for population characteristics and Clement et al [29] defined calibration estimators for
domain totals in stratified random sampling.

This paper introduces the theory of calibration estimator to ratio estimation in stratified systematic sampling scheme and
proposes calibration ratio-type estimator for estimating population mean ¥ of the study variable y using auxiliary variable x.

2. Calibration Estimation in Stratified Systematic Sampling
Consider a finite population U of N elements
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U= (U1, Uz,...,UN) (1)
Suppose the finite population of equation (1) consists of H strata with N}, units in the hth stratum from which a simple random
sample of size n,, is taken without replacement. The total population size be N = ¥H#_, N, and the sample size n = YH_ n,,
respectively. Associated with the ith element of the hth stratum are y,; and x;; with x;; > 0 being the covariate; where y,,; is
the y value of the ith element in stratum h, and x,; is the x value of the ith element in stratumh, h =1,2,..,H and i =
1,2,..,N, where y and x are the study variable and auxiliary variable respectively. For the hth stratum, let W, = N, /N be the
stratum weights and £, = n;,/N,, , the sample fraction.

Let the hth stratum means of the study variable y and auxiliary variable x (yh = Z?fl Vui/ M ; X = Z:Z’l xm/nh) be the
unbiased estimator of the population mean (yh - Z?,:hlyhi/Nh: X, = Z?’:"l xhi/Nh) of y and x respectively, based on n,
observations.

Let Yoy be the mean of a systematic sample in stratum h, then the estimate of the population mean ¥ in stratified systematic
sampling scheme is given by (Cochran [2]) as:

}_’stsy = ZH:I whysyh )

2.1The proposed calibration ratio-type estimator
Solanki et al. [30] proposed a ratio-type estimator in simple random sampling without replacement (SRSWOR) as given by:
= x\* 5(x-X) (3)
t(a,8) =y {2 (?) exP[(ﬂ)‘() }
Following the Solanki et al. [30] ratio-type estimator, if &¢(a,8) is modified such that 4, and
- (fs_yh)“h exp ( 8, (fsyn-xh)) replaces the number 2 and (3) exp [J(f—%)] respectively in equation (3)[see Etuk et al. [31]],

X (Esyh"'}_(h) X (x+
then an alternative ratio estimator of mean ¥ in stratified systematic sampling is proposed as:
_ _ Toyn\ Fh (Zsyn—Xn) 4)
H Xsyh syh—2Ah
= Yp W {,1 -r (_) ex (8 — )}
yR,stsy Zh_l hysyh h h X, P\On (xsyh +Xh)

The class of ratio estimators as proposed in equation (4) is a modification of the Solanki et al. [30] ratio-type estimator of equation
(3) for suitably chosen scalars A, ry, , ap, 6, such that 4, and r;, satisfies the condition A, =1+1r, ; —0o<r, <o

Adapting the family of estimators of equation (4) to calibration estimation in stratified systematic sampling gives
_ _ Zoon\ Fh Fsyh—X %)
Yrstsy = -1 @hVsyn {Ah —Th ( Yih) exp (5h %)}
with the new weights Q;, called the calibration weights. The calibration weights Q; are chosen such that a chi-square-type loss
functions of the form:

w= " (@h-wn)® (6)
h=1"w,qy

is minimized subject to a calibration constraints of the form:

Zg:l Q';tysyh =X )

Minimizing the loss function (6) subject to the calibration constraints (7) leads to the calibration weights for stratified systematic
sampling given by

Q;l =Wp + ()_( - Zg:l Wy 7syh)
Substituting (8) into (5) gives

H H _
., - _ QnWh Xgyn
yR,stsy = wp + X - Wh Xsyh H —_ 2 X
= ] Yh=1 QnWrXsyn .
¥ AN (Zsyn—Xn) 9
Ap—T1 (xiy") ex <8 Sosyh Th/
ysyh{ h h Xn P\%hn (Esyh+Xh)
Setting the tuning parameter @, = x_.} in equation (8) and substituting the results in equation (9) gives the proposed

QnWh Ysyh (8)
Eg=1 th/Vhfsyh2

syh
calibration ratio-type estimator under the stratified systematic sampling as:
— The1Wh Ysyh v { Xoyn \ T (Xsyn—Xn) (10)
F =X 4, — 71 (_y) exp |6, ——=
y R,stsy Zl;llzl Wh Xsyn h h X, P h (xsyh T Xh)

2.2. Bias and variance estimator for the proposed estimator
Let yoon =Y, (1+ep) and Xsyn = Xp (1 + eq) (11)
/1h=1+rh ; —1SThSOO
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E(el) = E(eo) =0 (12)
E(e%) = eh{l + (nh - 1)px}ci21x
E(ef) = 0n{1+ (ny — Dppy}Ci,

1 1
E(eleo) = eh{l + (nh - 1)phx}i{1 + (Tl - 1)phy}2pxychxchy J

where
N,-1 sz Shy Chy Shxy
O = ( ) . Cz = —_x ; CZ == K ; = H
h N, e =32 Chy = YZ h = Phxy - Cir Phxy StxShy
1 N - i d
Shx = o1 iz (Xni — Xn)?; Sty = = St Vhi — Yh)z o

1 N — —
Shxy = _Nh_12i=h1(xhi —Xn) Vhi —Yn)
Expressing (5) in terms of the g's in (11) gives

Piege)
21
-1 _
Vrstsy = Zh=1 2 Yh {lh -1+ e1)aheXPhTe1 (1 + 591) } + Zh-121Yneo {Ah -1+

-1
el)“hexp% (1 + %el) }

Viestsy = Z 2,7, (1 + e9) {ah

(13)

it i i ap -1 1 ies i
Now, it is assumed that |e;| < 1 so that expanding (1 + e,)%", ( 1 ) and exp i1 Speq (1 41 ) as a series in power

1+-e4
2
of e,, multiplying out and retaining terms of the e's to the second degree, gives
—x S H T rn, 2oy +8y) (Zah+8h—2)e2 (14)
YRstsy = Y = Xh=1WnYn [{— 2 (e1 + PR e1‘30) + eo]

Taking expectation of both sides of (14) and using the results in (12), gives the bias of VR stsyl0 the first order of approximation
(i.e. to terms of order o(n;*) ) as:

. — . rh(Zah + Sh) 2 (Zah + 8h — 2)
E(Wrstsy = Y) = Z Q4 Yh Y l— — 5 Cix 2 + Ky
h=
. — S 2 rn,2ap+8y) /(2ap+8,-2)+4K 15
BlaS(YR stsy) = le-ll 1 'Q'th thhx [_ . zh . ( . h4 h)] (15)
Ifa, = ——6 then the Bias(¥g s, is equal to zero. Therefore, the estimator y .., With o — _ 15, isalmost unbiased.
2

Squaring both sides of (14) and retaining terms to the second degree, gives
. < o2 | 2oy +8,)%e 2
(Fstsy — Y) = Yh-1 QY3 [—h o -1 2oy + 8p)egep + eo]

Taking expectation of both sides of (16) and using the results in (12), gives the variance of Vrstsy 10 the first order of
approximation as:

(16)

_ 25 " r,(2ap+8y) " 17
V(Vrstsy) = Zh=1 'Y 0P {P 2Chy + " [rh2an + 8x) — 4Knp*1Chy 4
Setting the tuning parameter Qn = —-1 in equatlon (8) and substituting for Q;, in equation (17) gives

(18)

V(Vrstsy) = (;—t) S WEVE0,ey {p 2 Chy + 5 (17 — 4Knp*1CE,}

Where g = r,(2ap + 6p) @ =1+ (N, — 1) ppye 0, = (:th) st = 2nAWiXp' | _ (1+(np—Dppy 3
i p = {1+(nh—1)phx}

2.3 Optimal conditions for the proposed calibration ratio estimator
To investigate the optimal condition for the proposed calibration ratio-type estimator
let,

av(yx,stsy _

= Qp,opt (say) (19)
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Substituting the value of ay,,,, in (19) for a;, in (5) gives the calibration asymptotically optimum estimator (CAOE) for
population mean (Y) in stratified systematic sampling as:

2p*Kh—8hrh) _ (20)

x Xg iy ()_(S -X )
yR,Stsy - Zh 1 QhYsyh {)\'h - rh ( yh)( “rh exp (8h ()_(Si:‘l‘)_(:))

Similarly, substituting the value of &, ,,, in (19) for a,, in (17) gives the variance of calibration asymptotically optimum estimator

(CAOE) V o, (Fi s15y) (OF minimum variance of yp, o) as:
opt(YR stsy) Zh 1 Q;;ZYh eh(ph{p*zchy — Kj P*chzxx} (21)

Setting the tuning parameter Qn = —S—;h in equation (8) and substituting for Q;l in equation (21) gives

o2 (22)
— _(X H 2 *2Q2 2

Vopt(YR,stsy) - ()7_“) Zh:l Wh 9h(php Shy{1 - phxy}

Following from the above, the following theorem is established:

Theorem
Given

. aon) " (%syn — Xa)
yR,stsy = Z ﬂhysyh {Ah (__yh) exp <6h (E:zh + )_(h)>}

Then to first degree of approximation

opt(}'R,stsy) = V(YR,stsy)
with equality holding if

Zp*Kh—6hrh)
ap=|\———
h ( 2rp

where
. X \2 - . 1 . :
V(Vrstsy) = (,e(—t) S WEVE0,0, {p"2Chy + 5 (17 — 4Knp*1CE,}

. X \? . N =1,Qan+6p) @, =1+ Ny —1Dppy
Vopt(yR,stsy = ()—A{_st) 2}7:1W}%0hfphp Zslzzy{l - p%lxy} g . . n) On . Phax

0, = (Nh_l)';_(st = 2}7:1 WX, 'p* _ {1+(nh_1)Phy}%

npNp
1+(np—-1)ppy

3. Adaptation of existing estimators to calibration estimation
This section adapts some existing estimators relevant to the study to calibration estimation under the stratified systematic
sampling.

3.1 Calibration Stratified Random Sampling Estimator
The classical stratified random sampling estimator is given by:

Vst = z Wyryn

Adaptmg th|s estimator to Calibration estimation gives

Vot = Lhet1 hTh (23)
where 2}, are the calibration weights as earlier defined
Expressing (23) in terms of the e’s in (11) gives
Voo — Y = Xh-1 QnYn €o (24)
Let
2 (25)
E(e3) = ( - ) Chy

Squaring and taklng expectation of both sides of (24) and using the results of (25) gives the variance of Vit to the first order of
approximation as

V() = Zh=1 24°vn Yy Ciy (26)
where _ ( 1 1 )
Yh= w  Nn
Setting the tuning parameter Q,, = ——1 in equation (8) and substituting for @, in equation (26) gives
@7)

ey _ ( X\ vH 2., Q2
V(s = (77_“) 2h=1 Wk YnShy
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3.2 Calibration Stratified Systematic Sampling Estimator
If ¥,y is the mean of a systematic sample in stratum h, then the estimate of the population mean ¥ in stratified systematic

sampling scheme is given by Cochran [2] as:
— H —
Ystsy = Zh:l whYsyh (28)
Adapting this estimator to Calibration estimation gives
—x _ H * —
YStsy - Zh:l ﬂh)’syh
where 02, are the calibration weights as earlier defined
Expressing (29) in terms of the ¢’s in (11) gives
—=x v H * Yy
Ystsy — Y = Zh:l!zhyh €o (30)
Squaring and taking expectation of both sides of (30) and using the results of (12) gives the variance of yz,, to the first order of
approximation as

= H *2 *2 @2
V(ystsy) = Zh:l'Qh 0p Pn Shy (31)
Setting the tuning parameter Q,, = fs_ylh in equation (8) and substituting for Q;, in equation (31) gives

(29)

X \2 32)
= _ (X H 2 *2 Q2
V(Ystsy - ()7_“) Zh:l Wh 9h Ph Shy
3.3 Calibration Swain Ratio Estimator
Swain [32] introduced the classical ratio estimator in systematic sampling as given by:
— = ( X ) (33)
yS,sy YSy Xsy
We modify this estimator under the stratified systematic sampling as:
— _ wH — X (34)
yS,stsy - Zh:l Wh ysyh (7_)
syh
Adapting this estimator to Calibration estimation gives
X 35)
yS,stsy Zh=1 h ysyh Xsyh
where 2}, are the calibration weights as earlier defined
Expressing (35) in terms of the e’s in (11) gives
(36)

—x% vV H * Y 2
Vsstsy — Y = Xp=12xrYn (eo —e;—ejeg+ (391/2))
Squaring and taking expectation of both sides of (36) and using the results of (12) gives the variance of Vs stsy 1O the first order of
approximation as

v H *2 *2 c2 22 *
V(Fsstsy) = Zhe1 2520n @n{pi Shy + RiStx — 2RiP1Shay} (37)
Setting the tuning parameter Q,, = fs‘ylh in equation (8) and substituting for €, in equation (37) gives

V(yS,stsy = ()—}_ﬂ) Zg:l Wﬁeh Ph {phzsiy + R%S%lx - 2thhshxy}

4. Empirical Study
To judge the relative performances of the proposed calibration ratio estimator over members of its class, data statistics given in
table 1 was considered.

Table 1: Data Statistics
Parameter | Stratum1 | Stratum 2 | Stratum 3 | Total

N, |6 8 11 N =25
ny 3 3 4 n=10
X, |e6s813 10.12 7.967 X = 8.3792
Y, 417.33 503.375 | 340.00 7 = 410.84
Sae | 159712 | 13266 | 38.438 S = 59.7368

2
Shy | 74775467 | 25011370 | 6588560 | 52 — 1237702
Shxy | 1007.0547 | 5700.1629 | 1404.71
Phxy |09215 |09738 | 0.8827

5%y = 2524.79

p =0.9285
Yn 0.1667 0.2083 0.1591
5 R =49.0309
Wi 0.0576 0.1024 0.1936
p* =0.9409

Phx 0.8378 0.9042 0.7875
Phy 0.7036 0.7634 0.7875
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Two measuring criteria; variance and percent relative efficiency (PRE) were used to compare the performance of each estimator.

H
Var(ys) = 2 WiYhSh, =8274.8790
h=1

2 H
X
V(ys) = <c—> Z WZy,Sh, = 7,889.2696

st h

. X\’
V(ystsy = )c(_
st

— 2 H
—% X * *
V(¥5stsy) = <§—> > W0, 01 {0i2Sh, + RSk, — 2RupiSisy) = 3,768.7418
st/ p=1
H

i
W;05 pi2Sh, = 27,266.3554
h=1

Vope (Vi ( X
opt\YRstsy) = |\ =—
p stsy X,
The percent relative efficiency (PRE) of an estimator @ with respect to the usual unbiased estimator in stratified random sampling
(¥5¢) s defined by

— \ _ Var(ye) (39)
PRE(0,y,) = Var@) X 100
The percent relative efficiency of the usual unbiased estimator in stratified sampling (y,,), Calibration stratified random sampling
estimator (y%,), calibration stratified systematic sampling (y;tsy), calibration Swain ratio estimator (y;my), and the proposed

calibration ratio-type estimator in stratified systematic sampling (y;e stsy) with respect to y,,were computed and presented in
table 2.

2
) Z W7 0,01p*2Sh, {1 — piyy} = 2,675.3892
/" h=1

Table 2: Performance of estimators from analytical study
Estimator | Variance PRE(6,y,,)
v 8274.8790 100
Vst
%

Y5, |7.889.2696 | 104.8878
Vsesy | 272663554 | 30.3483
Vsstsy | 37687418 | 219.5661
proposed | 26753892 | 309.2963

4.2 Discussion of Results
Numerical results from Table (2) show that the proposed estimator (yRmy) has 209 percent gains in efficiency while the

Calibration stratified random sampling estimator (y,) has 5 percent gains in efficiency; this shows that the proposed
estimator (yp ) is 204 percent more efficient than the Calibration stratified random sampling estimator (yg,). Similarly, the

proposed estimator (y;msy) is 89 percent more efficient than the calibration Swain ratio estimator in stratified systematic
sampling (y;my). Again, in using the proposed estimator (ykmy), one will have 279 percent efficiency gains over the

calibration stratified systematic sampling (y;tsy)'
5. Conclusion

This paper introduces the theory of calibration estimator to ratio estimation, proposes calibration ratio-type estimator in
stratified systematic sampling. It derives the estimator of variance for the proposed estimator and analyses its properties. Analysis
showed that the estimator of variance of the proposed calibration ratio-type estimator in stratified systematic sampling is more
efficient than the estimators of variance of the unbiased estimator in stratified sampling (y,,), Calibration stratified random
sampling estimator (y;,), calibration stratified systematic sampling (), and calibration Swain ratio estimator in stratified

systematic sampling (y;stsy). It is observed that the new calibration ratio estimator is very attractive and should be preferred in
practice as it provides consistent and more precise parameter estimates.
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