46471 Etebong P. Clement / Elixir Statistics 106 (2017) 46471-46478

Available online at www.elixirpublishers.com (Elixir International Journal)

Statistics

IS5M: 2229-712X

Elixir Statistics 106 (2017) 46471-46478

Generalized Chain Ratio-Product Estimator for Estimating Population
Mean With Auxiliary Variate

Etebong P. Clement
Department of Mathematics and Statistics, University of Uyo, Uyo, Nigeria.

ARTICLE INFO ABSTRACT
Article history: This paper provides a unified framework for chain ratio-product estimation and proposes
Received: 2 January 2016; a generalized chain ratio-product estimator for estimating population mean in stratified
Received in revised form: sampling. The bias and variance expressions of the proposed estimator have been derived
25 April 2017; under large sample approximation. Asymptotic optimum estimator (AOE) and its
Accepted: 6 May 2017; approximate variance estimator are derived with conditions for allowable departure
identified. Some existing estimators in theory are obtained and shown to be particular
Keywords members of the proposed estimator under certain restrictions. Analytical comparisons of
Analytical Comparisons, the AOE with other existing estimators showed that the AOE is substantially more
Asymptotic optimum efficient under certain realistic conditions.
estimator, © 2017 Elixir All rights reserved.

Optimality conditions,
Particular Members,

Permissible Departure.

Introduction

It is well known in survey sampling that the ratio and product estimators most practically have the limitation of having
efficiency not exceeding that of the regression estimator.

To address this problem, most survey statisticians have carried out researches towards the modification of the existing ratio
and product estimators to provide better alternatives and improve their precision. Among the authors who have proposed various
improved ratio and product estimators include; Kadilar and Cingi [1], Singh [2], Singh and Ruiz Espejo [3], Singh and
Vishwakarma [4,5], Singh et al [6], Sharma and Tailor [7], Onyeka [8], Tailor [9], Choudhury and Singh [10], Khare and Sinha
[11], Sharma, Verma, Sanaullar and Singh [12], Singh and Audu [13], Khare, Srivastava and Kumar [14], Clement [15,16] and
Clement and Enang [17,18].

In the progression for more precise and improve ratio and product estimators, this paper aims at providing a unified
framework for chain ratio-product estimation and proposes a generalized chain ratio-product estimator for estimating population
mean in stratified sampling.

Consider a finite population U of N elements U = (U, U,, ..., Uy) which consist of H strata with N, units in the hth stratum
from which a simple random sample of size n, is taken without replacement. The total population size be N = ¥H_, N, and the
sample size n = YH_, n,,, respectively. Associated with the ith element of the hth stratum are y,; and x;; with x,; > 0 being
the covariate; where y,,; is the y value of the jth element in stratum h, and xj; is the x value of the jth element in stratum h,
h=1,2,..,Hand i =1,2,..,N, where y and x are the study variable and auxiliary variable respectively. For the hth stratum,
let w, = N, /N be the stratum weights and f, = n;, /N, , the sample fraction.

Let the hth stratum means of the study variable Y and auxiliary variable X (yh = Z?z"l Yhi/Mn; Xp = Z?zhl xhi/nh) be the

unbiased estimator of the population mean (Y, = Z?’:h1}’hi/Nh: X, = 2?211 Xpi/Np) of y and x respectively, based on n,
observations.

2. Review of existing estimators
This section gives a review of some existing estimators in the literature with their variance expressions.

2.1 Stratified sampling estimator
The stratified random sampling estimator for population mean () according to Cochran [19] is defined as:

— H —
Vst = Lh=1 Wh¥h @)
with its variance estimator given as:
= H 2., 2 2
Var(¥s) = Xh=1WrYrYh Chy (2)
Tele:
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2.2 Hansen-Hurwitz-Gurney estimator
Hansen, Hurwitz and Gurney [20] proposed the separate ratio estimator for (y) as

(S —_ (X 3
yfe) Z'if=1 WhYh (;:) ®
with its variance estimator as:

4
var(y¢”) = SH., w2y, Y2[CE, + C&,(1 - 2Ky)] )

2.3 Murthy estimator
Murthy [21] proposed the separate product estimator for (y) as:

=) _ yvH = (%n ()
Yp = Zh=1WiYn (,—(h)
with its variance estimator as:

6

Var(7) = S, w2yn VZ[CE, + CB(1 + 2Ky)] ©)

2.4 Vishwakarma - Singh estimator
Vishwakarma and Singh [22] proposed a separate ratio-product estimator for population mean in stratified random sampling

as:
=(S) _ vH = X X ()
YRp = Zh=1Wh¥n {ah ;: +(1 - ay) )—(—:}

with its variance estimator as:

S2 [ A2 2 8
var (7)) = ZH_ w2y, Yi [Chy + Cha(1 — 20)((1 — 2aty) + 2Ky)] ®)
2.5 Kadillar and Cingi estimators

Kadillar and Cingi [1] suggested the chain ratio estimator as given by:
X\ 2 9)
=(C) _ yH = (X
with its variance estimator as:
(10)

C —
var(75”) = SH, wly, YZ[CE, + 4CE (1 + Ky)]
And the chain product estimator as given by:

_ _ (%2 (11)
(C) = Y -1 Wn¥h (;—l;)

W|th its variance estimator as:

Var( (C)) Zh 1Wth Yh [Chy+4-Chx(1 Kh)] (12)

3. Suggested estimators
Motivated by Kadilar and Cingi [1] and Vishwakarma and Singh [22], this paper introduces the following new ratio-product-
type estimators for estimating population mean Y in stratified sampling as:

3.1 Partial chain ratio-product estimator

Vi = Zhe lwth{ah \/ﬁ+(1 o) ( )} (13)

where q, is a real constant to be determined such that the variance of 755)6) is minimized.

In order to obtain the first degree of approximation of the bias and variance (or MSE) expressions for the proposed estimators
the following definitions are established:

¥ = Yn (1 + epy) } (14)
Xp = Xp (1 + epy)
E(ef) =vnCh ) (15)

E(ef,) = vnChy
E(enx€ny) = YhPhxyCnxChy >
E(eny) = E(eny) =0
E(enxery) = E(ehxely) =0
E(enyer) = E(enyery) = 0
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Kh = (PhxyChy/Chx) (16)
ty = (S5,/%)
i = (S5/%3)
thy = phxyshxshy
5121x = —Z 1 (Xni — Xp)? ) ()
Slzny N_Z (th ?h)z

1 _ _
Shxy = mzi=1(xhi —Xh) (Yhi — Yn)

w=(G)=G-%)

Expressing (13) in terms of the e's in (14) gives

—(PC o -1 1 18
Y;({p ) = = Yhos WiV (1 + epy) {“h(l +en) 2+ (1 —a,)(d+ ehx)z} (18)
It is assumed that |e},, | < 1 so that expanding (1+e )_% and
hx

(1+e ); as a series in power of e,,, multiplying out and retaining terms of the e's to the second degree, gives

h

“H
—(PC
Y( ) = Z Wth 1 + epy + ehx + ehxehy —ehx + ap ( efy — €nx — ehxehy)]

h=1

~(PC) (19)

Yre' — Y = XHa WiYh [(eny + 2eny + 2€nx€ny — 3€hy) + an(3€hr — €nx — enxeny)]
Taking expectation of both sides of (19) and using the results in (15), gives the bias of 7559 to the first order of

approximation (i.e. to terms of order o(n;’l) ) as:

PC T 20
Blas(y( )) = Yhe1 WnYh VuCix[kn(G — an) + 2(4ay, — 1)] (20)
Squaring both sides of (19) and retaining terms to the second degree, gives

2

PC T T 1 1 1

(YI(lP ) Y) = [ E Wth [(ehy + Eehx + Eehxehy) + ay (Eelzlx — €px — ehxehy)]
h=1

H
(YI(III)JC) _)2 = Z WiYy {ehy + eny G - O(h)}
h=1

) -
=(PC) _ g\~ _ yH 292 (o2 1 1 2
(yRP - Y) = Yh=1Wn Yp {ehy + (5 - ah)[(g - ah)ehx + zehxehy]}
Taking expectation of both sides of (21) and using the results in (15), gives the variance of 71(5,6) to the first order of
approximation (i.e. to terms of order o(n,‘,l) ) as:

2

(21)

c v 22
Varyy) = S Wivh (Chy + G — an) (G — an) + 2K,]CF,) )
The Var(yg;f)) in (22) is minimized when
1+ 2Ky
= < 2 )
= Op,opt (say) (23)

Substituting the value of ay, ,,,, in (23) fore, in (13) gives the partial chain ratio-product asymptotically optimum estimator
(AOE) for population mean (Y) in stratified sampling as:

Vap = TH_y Wh ¥ {(1+2Kh) (z_:) + (1_:Kh) ()%)}

Similarly, substituting the value of ay, ., in (23) for e, in (22) gives the variance of asymptotically optimum estimator
c L . PO ac-
(AOE)(y(P ) ont (or minimum variance of y.(;l; )) as:

(24)

PC
Var(si”) = iy Wivash(1 - o) (25)
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3.2 Chain ratio-product estimator

2 \2 (26)
—(C X
Voo = Yi 1Wth{“h( h) +(1-ay) (,—(—i) }
where a,, is a real constant to be determined such that the variance of 7;53 is minimized.
Expressing (26) in terms of the e's in (14) gives
—(C 27
Vi = 2ot Wi Y (1 + eny) {an (1 + ep) 2 + (1 — o) (1 + e3,)%} @0
It is assumed that |e,,| < 1 so that expanding (1 + ej,)~2 and
(1 + ey,)? as aseries in power of e, multiplying out and retaining terms of the e's to the second degree, gives
H
7O =% WY, [1 2 2 2 4 4
WY [1+ €hy T 2€py + 2epyepy + epx + an(2ef, — dep, — ehxehy)]
h=1
(28)

=0 _ ¢ _

Vrp — Y = Zhe1 WaYh [(eny + 2eny + 2epgeny + efy) + ay(2efy — 4epy — 4epgeny )]
Taking expectation of both sides of (28) and using the results in (15), gives the bias of 71(1‘1:)) to the first order of approximation

(i.e. to terms of order 0(“1_11) ) as:

. C < 29
Bias(Tap ) = Zhot Wa¥a YnChyl2Kn + 2an(1 — 2Ky) + 1] )
Squaring both sides of (28) and retaining terms to the second degree, gives

2
2
c —_— —
(YI({P) ) = [z Wth [(ehy + 2ehx + Zehxehy + eﬁx) + ah(zeﬁx - 4ehx - 4ehxehy)]
h=1
(30)

© _y H 292 (2 2
(Ve - ) = T W2VZ {e2, + (1 — 20,)[(1 — 2at) 4ef, + 4epyen, |}
Taking expectation of both sides of (30) and using the results in (15), gives the variance of 7553 to the first order of
approximation (i.e. to terms of order o(ngl) ) as:

Var(7ye) = YH W2YZ {C2, + (1 — 2a)[(1 — 2a) + K ]4CE,} (31)
The Var(y]gf,)) in (31) is minimized when
2 + Ky
“n = ( 4 )
= Qp,opt (say) (32)

Substituting the value of ey, in (32) for &, in (26) gives the partial chain ratio-product asymptotically optimum estimator
(AOE) for population mean (¥) in stratified sampling as:

- \2 _ 2 \2 (33)
_(C) 2+Kph\ [/ Xh 2—-Kp Xh
A COIGEICIIN
Similarly, substituting the value of a,,,, in (32) for a;, in (31) gives the variance of asymptotically optimum estimator
(AOE) (7 (C) (or minimum variance of 7;53 as:

Var(y[({%)) ot = 21?:1 Wlf Yhslzly(l - plzlxy)

(34)

4. Generalized chain ratio-product estimator
The aim of this paper is to provide a unified framework for chain ratio-product estimation in stratified sampling.
Consequently, following from section 3, a generalization to the proposed chain ratio-product estimators is established as follows:
Following Kadilar and Cingi [1], let the generalized chain ratio estimator be defined as:

%, \ An (35)
_(GC) Xh
= Yh=1 Wh ¥n ( )
and let the generalized chaln product estimator be defined as:

Py

_(GC) Xp)*h

= Yh-1Wh Yh( )

Hence a generalized chain ratlo—product estimator is proposed as given by:
Z.\An 2 \A

—(GC) _ vH — Xh gp\h

Yrp = Xh=1Wh ¥n {ah (g +(1-ay) %

where a, is a real constant to be determined such that the variance of yfgf)is minimized and 4, is a scalar satisfying the

condition 0 < 4, <«

(36)

@37)
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4.1 Bias and Variance estimator for the proposed estimator
Expressing (37) in terms of the e's in (14) gives

}_,I({(I;)C) Yho1 Wi (1 + eny){on (1 + ep) ™0 + (1 — o) (1 + )} (38)

It is assumed that |e,, | < 1 so that expanding (1 + ey,,)~*» and (1 + ey, )*» as a series in power of e, ., multiplying out and
retaining terms of the e's to the second degree, gives
_ A(p—1) ,
—(GC) _ h{Ah —
Yrp Z Wi Yh [1 + €py + Apenx + Apepxepy + — ¢ by + on(Apef, — 2Apepy — 2A,€pxeny)
h=1

—(GC) (a2- Ah) 2 (39)

v H v 2
Yrp — Y = 2h=1WhYn [(ehy + Apenx + Apenxeny + ehx) + Apaty (efx — 2epy — zehxehy)]
Taking expectation of both sides of (39) and using the results in (15), gives the bias of ifgf) to the first order of
approximation (i.e. to terms of order o(n,‘,l) ) as:

_ _ A
EFSO —Y) = Z W, Y, E [(Ahehxehyu —2a) + ?heﬁx(lh —1)+ Z(xh)]
h=1
. Y A 40
Bias(7i5 ) = ZFs Wn Vo YnCh |Ankn(1 — 2a) + 2 {(A — 1) + 2} (“0)
Squaring both sides of (39) and retaining terms to the second degree, gives

H
—\2 —
(Yr(zic) ) = [Z Wi Y [(eny + Anenx + Anenxeny + €fy) + o (Anefy — 2Anenx — 2Anenxeny)]
h=1

.2 _ (41)
(FEO V) = TH_, W2VZ e, + (1 — 2a)[(1 — 2a) el + 2Mpeneeny])

Taking expectation of both sides of (41) and using the results in (15), gives the variance of ylggc) to the first order of
approximation (i.e. to terms of order o(ngl) ) as:

Var(Fel) = Y, W2y, Y2 {Chy + (1 —2a,)CE,[(1 — 2a)AF + 224Ky |} (42)

4.2 Optimal conditions for the proposed estimator
To investigate the optimality conditions for the proposed estimator, let

OVar(y(Gc))

aah
So that

<)‘h + Kh)
A, = |——
h 22

= Op,opt (say) (43)
Substituting the value of a, o,,in (43) for ay, in (37) gives the generalized chain ratio-product asymptotically optimum estimator
(AOE) for population mean (Y) in stratified sampling as:

T = Thy Wa i | () (2)" o (B ()" @

Similarly, substituting the value of ay, 4, in (43) for ay, in (42) gives the variance of asymptotically optimum estimator
60 ini i ~(60) as:
(AOE) (75! ont (or minimum variance of YO as:

=0

GC 45
var(yl(lP )) = Zl}ll:lwl%YhSlzly(l - plzlxy) “2)
opt
4.3 Permissible departure
Let K}, be defined such that K = K, (1 + By). then
o = Ky +2n)  ((Kp+2y) + KBy
h 22, 22
o = (Kh + )Lh) + KhBn
h 22, 22,
KnB 46
oy = (Ot ope + #hh) (46)

Substituting (46) into (42), gives
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H
—(GC o
Var(7e?) = > Wy Y2 {C, + KECE(BE - 1)}
h=1
Using the results in (16), gives

H
Var7e?) = > WEvSh[(1 - phy)+BE0Ey]
h=1

=(GC)\ _ vH 2 2 2 2
Var(YRP ) = Zh=1 Wa¥nSiy (1 — pigy ) (1 + 7)
where
Qz _ Bﬁpﬁxy

2o —
(1 - pﬁxy)
Following from (47), it is deduced that

Var(7p) = Var(ve”) = Zhoa Wivushy (1 - phy) 0

(47)

(48)

It follows that to ensure only a small increase in the variance |@,| must be in the neighbourhood of zero if p,,,, is large but

can depart substantially from zero if p,,,, is moderate.

5. Some existing members of the proposed generalized chain ratio-product estimator

In this section it is shown how the existing estimators mentioned in section 2 fit into the proposed estimator. A summary of

these estimators with the prescribed restrictions is provided in Table 1.

Table 1: Some existing members of the proposed estimator

SINo. | ay | Ay Estimator
L 0 [0 | Zi_ WiV
Unbiased stratified sampling
_ (X
2. LAl i w,y, (;:)
Classical ratio
3. O |1 |2t w,y, (;—:)

Classical product

4 1 ]2 — (%2
Zh-1Wan (;:)
Chain ratio

5 0 |2 = (%)?
Zh-1Wan (;T:)
Chain product

6 (248 1

_ X X
Yho1 WnVh {“h;: + (1 —ay) )—(—:}

Separate ratio-product

" n % Yho1Wrn {dh\/@ + 1 —ay) (;—:)}

Partial chain ratio-product

8 ap 2 H — Xn 2 %\ 2
Lh=1Wh¥n {ah (a) + (1 —ap) (X_h) }
Chain ratio-product

9 1 | A | o — (X
Yh=1 Wi (;h)
Generalized chain ratio

10. 0 | A

= \Ap

H v, (X
Yh=1 W_h Yn (,—(h_)
Generalized chain product

Table 1 shows that by altering the values of a;, and 4, in equation (37), the existing estimators listed in section 2 become

special cases as shown in section 5.

6. Comparisons
From (2), (4), (6), (8), (10) and (12), it is established that

(M) Var(yl({(l;,c))opt < Var(yg) if
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> Wiy, V2Ch,phy > 0
) Var(yl(fc)) < Var(ylgs)) It
opt

Z wivh Ye [Cc (1 — 2Ky) + CFypiyy] > 0

|Chx(1 2Kh)| < Chyphxy I(h > or Chx(l ZKh) >0 0< Kh <=z 1
Or equivalently,

min {O, %} < K, <max {0, %}
(iii) var(yl(g’o)opt < Var(yl(’S))

> wiva VR [CE(1 + 2Ky) + Gy oy > 0

h=1

|CR(1 + 2Ky)| < CFpfyy  Kn <30MCE,(14+2Kp) 20,3 <Kp <0
Or equivalently,

mm{1 0} <K,< max{ 0}
() Var(y(Gc))Opt < Var(yl(zc))

> Wi [4CEA + Ky) + Cypy] > 0

h=1

[4C3.(1 + Kp)| < Chyplny  Kn>10r4€5,(1+K,) 20,0 <Kp<1
Or equivalently,

min{1,0} < K;, < max{1,0}

> wiva VE[4CE(1 — Ky) + Chyphy] > 0

h=1

|4¢2.(1—Kp)| < €l pt,, Kn>1014C2 (1-K,) 0,0 <K, <1
Or equivalently,

min{0, 1} < K;, < max{0, 1}

(vi) Var(yl(g,c)) < Var(y(s))
opt

Z WY V2[Ch(1 — 200)((1 = 2a1) + 2K} + Chyply] > 0

|chx(1 20){(1 — 2a,) + 2Kp}| < CRypiyy -
Ky > 0,0, =30r (1 —2ay) 20,

Ky > ap —30r (1 —2ap) + 2K, =2 0

Or equivalently,

min {0, ap —%} <Kp< max{O, ap — %}
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7. Conclusion

This paper has provided a unified framework for chain ratio-product estimation and proposed a generalized chain ratio-
product estimator for estimating population mean in stratified sampling. Analytical comparisons showed that the estimator of
variance of the proposed generalized chain ratio-product estimator is more efficient than the estimators of variance of the unbiased
stratified sampling estimator  (y,), classical ratio estimator (yﬁf))’ classical product estimator(ygf))‘ chain ratio estimator

—© . . 0 . . _® . - . .
(yR ) chain product estimator (yp ) and the separate ratio-product estimator (pr) under certain realistic conditions. It is

observed that the new estimator is very attractive and should be preferred in practice as it provides consistent and more precise
parameter estimates.
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