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1. Introduction
For any graph 'G', the set of vertices is denoted by V(G) and the edge set by E(G). The order and size of G are denoted by p and g
respectively. For a vertex veV(G), the open neighborhood N(v) is the set of all vertices adjacent to v, and N[v] = N(v) U{v}, is
the closed neighborhood of v. The degree d(v) of a vertex v is defined by d(v) = [N(V)|.
A subset S of vertices in a graph G in called a geodetic set if every vertex not in S lies on a shortest path between two vertices
from S. A subset D of the set of vertices G is called dominating set if every vertex not in D has atleast one neighbour in D.
1.1 Geodetic dominating set

A set of vertices S in a graph G is a geodetic dominating set if S is both a geodetic set and a dominating set. The
minimum cardinality of geodetic dominating set of G is its geodetic domination number, and is denoted by v4(G). A geodetic
dominating set of size y4(G) is said to be a y4(G)- set.
2. Geodetic dominating sets of path

Let Dy(Py, i) be the family of geodetic dominating sets of P, with cardinality i. We investigate the geodetic dominating
sets of the path P,. We need the following lemmas to prove our main results in this section.
Lemma 2.1

Yg(Pn) =

"

5
By Lemma 2.1, and the definition of domination number , one has the following lemma:
Lemma 2.2

Dy(Pn, i) = ifand only ifi>nori< [“;ﬂ
A simple path is a path in which all internal vertices have degree two.
Lemma 2.3
Let Py, n >2 be the path with | V (Py)|=n
(i) If Dg(Pn1,-1) =Dg (Pn_s, i -1)= @ then Dy(Py 2, i-1) = .
(i) If Dg(Pn.1, i -1) 3 @ ; Dg(Pn-3, i -1) @ then Dy(Pn-2, i -1) = ®.
(iii) 1f Dg(Pn.1, i -1) = @; Dg(Pn-2, i -1) = ®;Dg(Pr-3, 1 -1) = @ ; Dg(Prs, 1 -1) = @ ;
Dy(Pn-s, i -1) = @ then Dy(Py, 1) = .
Proof
(1) 1f Dg(Pn.y, i -1) = ® and Dy(Pp.5, i -1) = @

theni1<(n5+1—| ori-1>n-1and
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i-1< P;l—‘ ori-1>n-3.

Therefore, i—1< P5_1—| ori-1>n-1

Therefore, i—1< [2—‘ or i —1>n-2 holds.

Therefore, Dg(P,-2,i—1)=d.
(ii) If Dg(Pn-1, i -1) % @ and Dg(Py.3, i -1) = ®,

then P;l—‘ <i-1<n-land P;l—‘ <i—-1<n-3Therefore, P;l—‘silsn—:%

Therefore, [g—i <[n;1—‘ <i-1<n-3<n-2

Therefore, [g—i <i-1<n-2
Hence, Dy(Pn 2, i —1) = ®.

(iii) 1f Dg(Py-1, i -1) = ®; Dg(Prz, i -1) = @; Dg(Pps, i -1) = ; Dg(Prs, i -1) = d and Dg(Pys, i -1) = o then

i—1<P]5+1—‘ ori-1>n-1;

i-1< 2—’ ori-1>n-2;

i-1< ns—l_‘ ori-1>n-3;

i-1< n-2

—’ ori-1>n-4;

i—-1< n;?,_‘ ori-1>n-5

Therefore, i — 1 < P;?’—‘ ori-1>n-1.

Therefore, i < ‘Vns?’—‘ +1l ori>n

Therefore, i < "ngz_‘ or i >n.

Therefore, Dy(Pn, i) = @

Hence, the theorem.

Lemma 2.4
Let P, n > 2 be the path with [V(P,)| = n. Suppose that Dy(P,, i) # @, then we have,

(i) Dg(Pn1, i-1) = Dy(Ppp, i -1) = Dg(Pp.3, i-1) = Dg(Pna, 1-1) = @ and Dgy(Pp.s, i -1) # @ iff n=5k + 3, i =k +1, for some positive
integer k.

(ii) If Dg(Pn-2, i-1) = Dg(Pn.s, i -1) = Dg(Py -4, i -1) = Dg(Ppos, i -1) = @ then Dy(Pp.q, i -1) = @ iffi=n.

(iii) Dg(Pn.1, 1 -1) # @; Dg(Pn2, i -1) # @; Dg(Pn.s, i-1) # @ ; Dg(Pn.g, i -1) # ® and Dg(Pps, i -1) = D iff i =n- 3.

(iv) Dg(Pn.1, i-1) = @; Dy(Prez, i -1) # @; Dy(Ppez, i -1) # @ ; Dg(Png, i -1) # @ ; Dy(Ppros, i-1) = @ iff n = 5 k and

i = 2k for some k € N.
(V) Dg(Pn-y, i -1) # @; Dy(Pn.p, i -1) # @; Dy(Ppeg, i -1) # @ ; Dg(Ppos, i -1) # @ ; Dy(Pys, i -1) = D

iff (n;l—‘+lsi <n-4.

Proof
(i) Since, Dg(Pn.1, i-1) = Dg(Pn-2, i -1) = Dg(Pn.3, i -1)= Dg( Pp-s, i —1) = @, by Lemma 2.2,

i—1>n—1ori—1<(n;1_‘,

i-1>n-2o0ri-1< n ,
5
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i-1>n-3ori-1< (n;l_‘ and

i—1>n—4ori—1<[n;2—’

Therefore, i-1 < "nsz_‘ ori-1>n-1

If i-1>n-1theni>n
Therefore, Dy(Pn, i) = ® which is a contradiction.

Therefore, i - 1 < ’Vn g 2—‘

n-2

Therefore, i < ’Vn —‘+ 1, and since Dy(P,, i) # ®,we have P;—‘ <i< [ —’ + 1 which implies thatn =5k + 3and i = k

+ 1 for some ke N.
Conversely assume n =5k + 3 and i = k + 1 for some k eN.
By Lemma 2.2,

YolPy) = ( ne 21

Therefore, Dg(Pr1, i -1) = Dg( Py 131, K) = @,

. 5k +3+2| _|5k+5
since k < =
5 5

Similarly, Dy(Py.2, i - 1) = @ ; Dg(Pp.3, 1 - 1) = ®
and Dy(Pp.q, 1 -1) = D.
Dg(Pns, i -1) = Dy( Py45.5, k + 1-1) = Dg( Py, , K),

since k > ’VSK_Z-'-Z—‘ = ‘75k—‘
5 5

Therefore, Dy(Pp.s, i -1) # ®.
Hence, Dy(Py.1, i -1) = @; Dg(Ppp, i -1) = D ;
Dy(Pn-3, i -1) = @; Dg(Pp.4, i -1) = @ and Dy(Py.s, i -1) = ®.
(ii) Since Dy(Py. 2, i- 1) = @; Dg(Pp-5,1-1) = D ;
Dy(Pn.4, i -1) = @ and Dy(Py5, i -1) = @
By Lemma 2.2,

i-1>n-2o0ri-1< n—
5

Ifi—-1< n theni-1 < n+l
5 5

Therefore, by lemma 2.2,Dy(Py.1, i -1) = @, which is a contradiction.
Sowehavei—-1>n- 2

ie,i>n-1
Therefore, i >n

Since, Dg(Py.1, i -1) # @, then ‘Vn;l—‘ <i-1<n-1

Therefore, i <n.

Hence, i =n.

Conversely, if i = n, then Dy(Pn.2, i -1) = Dg(Pn—2, N -1) = @,
Dy(Py3, i -1) = Dy(Pn3, n-1) = @,
Dy(Ph-4,i-1) =Dy(Py.4,n-1) = @,
Dy(Pn-5, i - 1) = Dg(Pn.5, n - 1) = ® and
Dy(Pn-1,1-1) = Dg(Ppn.1, n-1) = D.

Since, Dg|Pn.q, n-1|= 1.

(i) Since, Dg(Pp.s, i -1) = @, by Lemma 2.2,

i—-1>n-5or i1<[n;3—‘.
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Since, Dg(Pp.z, i -1) # @, [H <i-<n-2

ie i—1< PSB—’ is not possible.

Therefore, i—1>n-5

Therefore, i—-1>n-4

Buti-1<n-4

Therefore,i=n-3

Conversely, suppose i =n- 3, then

Dg(Pn-1, i -1) = Dg(Pp.1, N -4) = @,

Dy(Pn-2, i -1) = Dg(Pn-p, N -4) = @,

Dy(Pn-s, i -1) = Dg(Pn.3, N -4) = @,

Dy(Pn-a, i -1) = Dg(Pp.4, N-4) = D,

but Dy(Pys, i-1) = Dy(Pys, N -4) = .

By Lemma 2.2,

Dy(Pn-1, 1 -1) # @, Dg(Pp.2, 1 -1) # @, Dg(Pn.3, i -1) = O,
Dy(Pnos, 1 -1) = ® and Dy(Py.s, i -1) = D.

(iv) Since Dy(Pp.q, i-1) = @, by Lemma 2.2,

i-1>n-10ri-1<’rn;1—‘

Ifi—1>n—1theni—1>n-2, by Lemma2.2,
Dy(Pn-2, 1 - 1) = Dg(Ppe3, i - 1) = Dg(Pp.a, 1 -1) = Dg(Pn.5, i -1) = @ which is a contradiction.

Therefore, i -1 < [n ;1—‘

i < ’Vn +l—‘ +1.
5
Buti -1> {2_‘ , because Dy(Py.p, i -1) = @

Therefore, i —1> [2—‘ +1

Hence, n +1<i< m +1
5 5

This holds only if n = 5k and i = 2k for some k N.

Conversely, assume n = 5k and i = 2k for some k ¢ N, then by Lemma 2.2,

Dy(Pn1, - 1) =®; Dy(Py. 21 - 1)  @; Dg(Pn.31 - 1) = o,

Dg(Pn-41i - 1) = ®and Dy(Py.si - 1) = ®.

(v) Since Dg(Py.1,i-1) # @ ; Dy(Pp., i - 1) # @ ; Dy(Py.3, i - 1) # @, Dg(Pp- 4, i - 1) # ® and Dy(P. 5, i - 1) # @ then we have

n+1 <i-1<n-1; Anfgi—lsn—Z
5 5

n-1
5

n—?f‘ <i-1
5

n+1

i—1

IN
IN

n-—3: ’Vn_sz—‘silgn—4and

IN

n->5.

n+1

—‘gilgn—Sandhence’r —‘ +1<i<n-4

Therefore, (n;l—‘ <i-l1<n-1land [%—l <i-1<n-2,

h-1 <i-1<n-3: [n_z—‘si1Sn—4 and (n_?’—’silsn—s.
5 5 5

From these, we obtain that Dg(Pn.1, i - 1) # ®; Dg(Ph-2, i- 1) # @ ; Dg(Pn.3,i-1) @ ; Dg(Pp.4, i - 1) = @ and Dy(Pn.s, i - 1) = ®.
Lemma 2.5

Foreveryn>4andi> P;Z—’;
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(i) If Dg(Pn- 2, i - 1) = Dg(Pn-3, i - 1) = Dg(Pp- 4, i - 1) = Dg(Pn.5, i - 1) = @ and Dg(Pn. 1, i - 1) @ then Dy(Py, i) = Dg(Pn, n) =
{{1,2,3,..., n}}.
(ii) If Dg(Pa-s,i-1) = @ ; Dg(Pr-2, i - 1) # @, Dy(Pp 1, i-1) = @ then Dy(Py, i) = {[n] — {3, x e [N 1}.
(iii) If Dg(Pn.1, i - 1) @ ; Dg(Pp-2, i - 1) @; Dg(Pn-3, i - 1) = @, Dg(Pn-4, 1 - 1) @ ; Dg(Pr-5, i - 1) = @
then Dg(Pn, i)={Xau{n} x1e Dy(Pn.1, i-1)} U
{Xu {n- 1} Xoe Dy(Pn.2, 1 - 1)}u
{xsu {n- 2}/ X3 Dg(Pn-3, i - 1)}U
{{n - 23U (X4~ X3)/ Xae Dy(Pna, i - 1)}0
{{n- 1}U (X5~ Xs)/, Xs€ Dy(Pn-5, i - 1)}
Proof
(i) We have Dg(Pn.2, i -1) = Dy(Pns, i -1) =Dg(Pacin, i -1) = Dg(Pn.s, i -1) = @ and Dg(Py.1, i -1) = ® by Lemma 2.4 (ii) we have i = n
Therefore, Dy(Pn, i) = Dg(Pn, n) = {{ 1,2,3, ...,n }}.
(ii) If Dg(Pn-3, i -1) = @; Dg(Pn-2, i-1) = ®;Dg(Pn1, 1 -1) = @,
by Lemma 2.4 ,i=n-1.
Therefore, Dy(Pn, i) = {[n] — {x}, xe[n]}.
(iif)Suppose Dy(Pn.1, 1 -1) = @, Dg(Pp-2, 1 -1) = @,
Dy(Pn-3, i -1) = ®, Dg(Pn.4, i -1) = @ ; Dg(Pn.s, i -1) = .
Let X;e Dg(Py., i -1), then n- 2 or n- 3 is in x,.
Ifn—2orn-3 e x; then x;u{n} € Dy(Pn, i).
Let X, Dg(Pn-2, 1 -1), then n- 3 or n- 4 is in x,.
Ifn—3orn-4 e x;then Xxou{n-1} e Dy(Py, i).
Now let x3e Dgy(Pn.3, i -1), thenn- 4 or n- 5 is in xs.
Ifn—4o0rn-5 e x3 then xau{n-2} € Dy(Py, i).
Now let X4e Dg(Pn-s, i -1), then n- 5 or n- 6 is in x,.
Ifn—5 e x4 then xsu{n} e Dy(Pn i). IfN—6 € x4
then Xs{n-1} e Dgy(Py, i).
Thus,we have {x;u{n}/ x1e Dg(Pn-1, 1 -1)} U
{Xou{n-1}/ e Dg(Pn-2, i-1)} U
Xs{N-2} X3e Dy(Pns, i -1)} U {{n-2} U
(Xa= X3)/ Xae Dg(Pnea, i -1)} U {(n-1) U
(X5~ Xa)/ Xs€ Dg(Pns, i -1)} = Dg(Pn, 1)) ... (2.5)
Ifn e Y thenY = xyu{n} for some x;e Dy(Pn.1, i-1).
If ng Yand n—1 Y then Y =xau{n-1}, for some X,e Dy(Pn-2, i -1).
IfngY,n-1lgYandn—-2 e Ythen Y = xsu{n-2},for some xse Dy(Pns, i -1).
IfngY,n-1gV¥Y,n-2¢Yand n-3 Y, thenY =x,u{n} for some Xsc Dy(Pn.4, i-).
IfngY,n-1g¥Y,n-2¢Y ,n-3¢Y, n—-4¢cY and n—5¢ Y thenY = (Xs- Xs) U {n-1}, for some Xse Dy(Ppn.4, i-1),
Xse Dg(Pn-S: i '1)
So, Dg(Pn, |) o= {Xlu{n}/ X1e Dg(Pn-lx i '1)} )
{xou{n-1} Xe Dg(Pn2, 1 -1)} U
{a{n-2}/ xs Dy(Pra, i-1)} U
{{n-2} U (xa- X5)} Xae Dg(Pras, i -1)} U
{{n-1} U (Xs- Xa)/ Xs€ Dy(Pns, i -1)} < Dy(Pn, 1).......(2.6) From ( 2.5) and ( 2.6), we have,
Dy(Pn, 1) = {xaAn} x1e Dy(Pn-1, 1 -1)} U
{x2u{n-1} xae Dy(Pn2, i -1)} U
{xau{n-2}/ x3€ Dy(Pns, i -1)}
{{n-2} U (X4~ X3)/ Xae Dy(Pna, i -1)} U
{{n1} U (Xs Xs)/ Xs€ Dg(Pns, 1 -1)}.
I11. Geodetic Domination Polynomial of Path (P)
n

Let Dg(Pnx) = Z dg(Pn,i) X' be the geodetic domination polynomial of a Path P,. In this section, we derive an expression
| n+2
1%

for Dy(Py, X).
Theorem 3.1
a) If Dy(Py, i) is the family of geodetic dominating sets with cardinality i of P,,, then
dg(Pn, i) = dg(Pn-g, i-1) + dg(Pn-2, i -1) + dg(Pp-s, i -1)+
dg(Pn.a, i -1)+dg(Pns, i -1), where
dg(Pn, i) = | Dg(Pn, D).
b) For everyn > 5,
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Dy(Pn, X) = x [D (Pr-1, X) + Dg(Pn-2, X) + Dg(Pr-3, X) + Dg(Pn.4, X) + Dg(Pn-s, X)] with initial values
Dy(P2, x) = x
g(Ps, X) = x +x
Dy(Ps, X) = X'+ 23 + x4
Proof
a) Suppose (iv) of theorem 2.5 holds, from (iv),
we have Dy(Pp, i) = {Xau{n} x1e Dg(Pna, i -1)} U
{Xou{n-1}/ e Dg(Pno, 1-1)} U
{Xsu{n -2} x3e Dy(Pr-z, 1 -1)} U
{(X4. X3) U{n-Z}/ Xae Dg(Pn.4, i '1)} U
{ (%sXa)uAn -1} Xse Dy(Pys, i -1)}
Therefore, Dg|(Py, i) |=|Dg(Pn-1, i -1) | U
IDg(Pn-2, i-1)| UIDg(Pn-s, 1-1)| U
IDg(Pn-s, 1 -1)| U |Dg(Ph-s, i -1)|.
Therefore, 3 dg(Pn,i) = dg(Pr-1, i-1) + dg(Pr-2, i -1) + dg(Pn-z, 1 -1) + dg(Ppes, 1 -1)+dg(Pr-s, i -1)
Therefore we have the theorem
(i) dg(an |)X = g(Pn 1 i-1) X + dg(Pn 2, 1-1) X +
dg(Pr-3, i -1) X + dg(Pp-a, i -1) X' +dg(Pres, i -1) X
Y dg(Pn, X = ng(Pn L i-1) X+ ng(Pn 2, 1-1) X+
ng(Pn 3 i l) X + zdg(Pn 4y '1) X +ng(Pn 5 [ l) X
Y dg(Po, D)X = X dg(Pra, 1 -1) X + X2 dg(Pra, i -1) X +
XY dg(Pra, i -1) X"+ X2dg(Pra, i -1) X + X dg(Prs, 1 -1) X
>dg(Ch, 1) = X [Dg(Ps-, X) + Dg(Pn-, X) + Dg(Pn., X) +
Dg(Pn_, X) + Dy(Pn-, X)]
= Dg(Pn, 1) = X [Dg(Pn-1, X) + Dg(Pn-2, X) + Dg(Pn.3, X) +
g(Pn 4 X) + D@,(Pn 5, X)] with initial values.
g(Pz, X) = x
Dy(Ps, x) = x + %
Dy(Pa, x) = x* + 23 + X
We obtain dg(Py, i) 1 < n < 12 as shown in the table

n 2|131(14/|5 6 7 8 9 10 | 11 | 12

1 |0

2 1

3 1)1

4 1121

5 313

6 2161|4 1

7 1(8(10 |5 1

8 9118 | 15 6 1

9 8|27 |33 21 7 1

10 6134 |60 |54 |28 |8 1

11 3137|093 114 | 82 36 9 1

12 134|126 | 206 | 196 | 118 | 45 | 10 | 1
In the following theorem we obtain some properties of dg(P, i)

Theorem 3. 2

The following properties hold for the co efficient of Dgy(Pp, X).
(i) dg(Pn, n) =1 foreveryn> 2.

(ii) dg(Py, n-1) = n-2 for every n > 3.

(iii) dy(Py, N-2) = % ["’— 5n + 6] for every n > 4.
(iv) dg(Py, n-3) = % (n®-9n®+ 26n — 36) for every n > 5.

(V) dg(Py, n-4) = 2714 (n*—14n%+ 71 n*-202n + 360) .

Proof
(i) dg(Pn, n) = {[n]}, we have the result.
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(ii) dy(Pn, n-1) = n-2, for every n > 3.
Since Dg(Pn, n-1) = {[n] — {x}, xe [x],
we have dy(Py,, n-1) = n- 2.
(iif) By induction on n, the result is true forn =4
L.H.S = dy(4, 2) = 1 (from table).

RH.S= %(42 _5(4) +6)=1

Therefore, the result is true forn =4 .
Now, suppose that the result is true for all numbers less than n, and we prove it for 'n".
By theorem 3.1, we have
dg(Pn, N-2) = dg(Pn-1, N-3) + dg(Pn-2, N-3) + dg(Pn.3, N-3) +dg(Pp-a, N-3) + dg(Pp-s5, N-3)

% [(n—1)°-5(n— 1)+6] + (N—2) -2 + 1

% [n’-2n +1-5n + 5 +6 + 2n— 6] .

% [n*-5n + 6] .

Hence, the result is true for all n.
(v) By induction on n, the result is true for n = 6.
L.H.S = dy(Pg3) = 2 ( from table)

RH.S= %(63—9x62+26x6—36)

=2
Therefore, the result is true for all natural numbers less than n.
By Theorem 3.1, we have,
dg(Pn, N—3) = dg(Pn_1, N—4) + dg(Pr_2, N—4) + dg(Pn_s, N—4)+ dg(P_s, N—4) + dg(Pn-s, N—4) =
(n-1)° —9(n -1)® +26(n -1) - 36 L -2)%-5(n-2)+6 N
6 2

(n-3)-2+1

%[(n3—3n2+3n—1)—9(n2—2n+1)+26n—26—36)+

% (W% — 4n + 4-5n + 10 + 6) +n—4)]

%[(n3—3n2+3n—1—9n2—18n—9+26n—26—36)+
1
E(n -9n+20) +n-4

% [ n®—12n° + 47n-72-3n" — 72n + 60 + 6n — 24 ]

1

6
Hence, the result is true for all n.
(vi) By inductionon n. Letn =7.

L.H.S = dy(P73) = 1 ( from table)

[ (n®—9n? + 26n-36 ]

RH.S= i (74 — 14x7° + 71x7°—202x7 + 360)

=1
Therefore, the result is true forn=1.
Now, suppose that the result is true for all natural numbers less than n.
dg(Pn,n—4) = dg(Pn_y, N = 5) + dg(Pn_z, N = 5) + dg(Pn_s, n — 5)+
dg(Prs, N = 5) + dg(Pns, N —5)
_(n-1)* —14(n -1)% +71(n -1)® - 202(n —1) + 360 .
24

%[(n—2)2—9(n—2)2+26(n—2)—36)] "

%((n72)375(n73)+6))+(n—4)72+1
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n* —18n® +119n® —390n+ 648 n® —15n% +74n -132 n? —11n +30
= 24 + 5 + 6 +n-5

:% [n-18n° + 119n% — 300n+648 +4n° — 60N + 206 — 528 +

12n% - 132n + 460+ 24n— 120]
_n* —14n° +7n% — 2020 + 360
24
Hence the result is true for all n.
Theorem 3.3

3n 3n-5
z dg(Pi,n):Sz dy(P,n-1) foreveryn>4.
i=n i=4

Proof
Proof by induction on n.
First suppose that n = 4. Then

12 7

D d (P.4) =45=5 " d (4,3).

i=4 i=4

3k 3k 3k 3k 3k

D dPL=Dd (g k-1 D d (P k-1)F D dy(Pg k-DF D d (P, k-1)+
i=k i=k i=k i=k i=k

3k
D dy(Ps.k-1).
i=k

3(k-1) 3(k-1) 3(k-1) 3(k-1)

=5 > d(P_y.k=2)+5 D d(Ppk=-2)+ 5 d(Pgk-2)+5 > d (P_sk-2)+
i=k-1 i=k-1 i=k—1 i=k-1
3(k-1)
5 Y. dy(P_s.k-2).
i=k—1
3(k-5)
=5 > dy(P.k-1).
i=k-1
We have the result.
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