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1. Introduction

The theory of fuzzy set, pioneered by Zadeh[11], has achieved many successful applications in practice. As a generalization of
fuzzy set, Zadeh[12, 13, 14] introduced the concept of interval-valued fuzzy set, after that, some authors investigated the topic and
obtained some meaningful conclusions.The theory of fuzzy topological spaces was introduced and developed by Chang[2].
Topology of interval valued fuzzy set has been investigated by Tapas kumar mondal and S. K. Samanta[9] in the year 1999. In
1993 Gau and Buehrer [3] introduced the concept of vague set which was the generalization of fuzzy set with truth membership
and false membership function. The vague set theory has been investigated by many authors and has been applied in different
fields. In classical topology, the concept of generalized Volterra spaces was initiated and studied by Milan matejdes [6,7].Later
Thangaraj and Sundarajan[10] established the concept of fuzzy Volterra spaces. The purpose of this paper is to further extend the
concept of vague set theory by introducing the notion of Interval valued vague set and Inteval valued vague Volterra spaces along
with some interesting properties. Several examples are given to illustrate the concept.
2. Preliminaries:

Definition 2.1: [11] Let X be a non-empty set. A fuzzy set A drawn from X is defined as A ={< x, z5(x) > x € X}, where
#p X —[01]is the membership function of the fuzzy set A.
Definition 2.2: [4] Let [I] be the set of all closed subintervals of the interval [0,1] and s =[x , 4, 1< [1], Where x| and , are

the lower extreme and the upper extreme, respectively. For a
set X, an IVFS A is given by equation A ={<x,up(x)>/x e X}where the function x, : X — [I]defines the degree of

membership of an element x to A, and x5 (x) = [ o (X), 1o (¥)]1s called an interval valued fuzzy number.

Definition 2.3: [3] A vague set A in the universe of discourse U is characterized by two membership functions given by:
(i) A true membership function ty U —>[01] and

(ii) A false membership function fp:U —[0]]

where th () is a lower bound on the grade of membership of x derived from the “evidence for x”, 5 (%) is a lower bound on
the negation of x derived from the “evidence for x”, anth(X) + A <1 Thus the grade of membership of u in the vague set A
is bounded by a subinterval [t (01— f 5 (X)] of [0,1]. this indicates that if the actual grade of membership of x is p(x), then,

taA(X) < () <1 fa(x) .The vague set A is writtenas , _ {<x [tA(X),l— fA(x)]>/u c U}Where the interval [tp (01— f (0] is
called the vague value of x in A, denoted by Va(X)-
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Definition 2.4: [1] Let A and B be VSs of the form A= {<x [tA(x),l— fA(x)]>/x € x} andB = {<x,[tB(x),1— fB(x)]>/x € X}
Then

(i) Ac B ifandonlyif t,(x) <tg(x) and 1 f,(x) <1- fg(x)forall xe X

(i) A=B ifandonlyif AcB and Bc A

(iii) A - {<x FA0)L—taA())/x € x}

(iv) ans- {(x,nin(tA(x),tB(x)),mn(l— fA00L- g (00)) /x e x}

(V) auB = {<x,(tA(x)vtB(x)),(l— fA(0v1-fg(0))/xe X

For the sake of simplicity, we shall use the notation A = <x,tA,1— fA> instead of A= {<x [tA(x),l— fA(x)]>/x € x}.

Definition 2.5: [5] A vague topology (VT in short) on X is a family 7 of VSs in X satisfying the following axioms.
(i)0,1e7

(i) G NG, e Tlfor any Gy,Gy et
(iii) UG e+ for any family {Gi Ji e J}(; r

In this case the pair (X T) is called a Vague topological space (VTS in short) and any VS in 7 is known as a Vague open
set(VOS in short) in X. The complement A°of a VOS Aina VTS (X, 7 ) is called a vague closed set (VCS in short) in X.

Definition 2.6: [8] An interval valued vague sets A" over a universe of discourse X is defined as an object of the form
~V . . (13 1

AT ={< X ’[T;‘:V (xj), FKV (xj)] >, xj € X}where T;{\V : X > D([0,1]) and FE\V : X —> D([01]) are called “ truth membership
function” and “false membership function” respectively and where D[0,1] is the set of all intervals within [0,1], or in other word
an interval valued vague set can be  represented by A — [(xj ), [eg, 1191, [vq, Vo 11 >, X € X where

0<u <wp, <1 and 0<v; <v, <1. For each interval valued vague set AY, 7 (%) =1t 5 (X)) =V 7 (%) and are

called degree of hesitancy of x; in AY respectively.
3. Interval valued vague topological spaces:

Definition 3.1: An interval valued vague topology (IVT in short) on X is a family 7 of interval valued vague sets(IVS) in X
satisfying the following axioms.
o,1e7

(i) GlﬂGZ Eflforany Gy,Gy et
(i) yg,; e forany family {g. jicg}c .

In this case the pair (X, 7)) is called an interval valued vague topological space (IVTS in short) and any IVS in 7 is known as
a Interval valued vague open set(IVOS in short) in X.
The complement 4 of a IVOS A ina IVTS (X, 7 ) is called an interval valued vague closed set (IVCS in short) in X.

Example 3.2: Let X={a,b}, - {(x,[[0.3,0.41,[05061} [[0.4,05],[07,0.8]))} B = {(x,[[04,051,[0.6,0.71] [[05,06],[0.7,081])} Then
the family = = {0, A, B,1} of an interval valued vague sets in X is an interval valued vague topology on X.

Definition 3.3: Let A = {<x,[t,§(x),t‘,i LI (02— T (x)]>} and B = {<x,[t|é(x),tg LI fg (01— fg (x)]>} be two
interval valued vague sets then their union, intersection and complement are defined as follows:

: L u L u
(i) AUB={<x, [t () ta g COLIL= fa g (01~ fq g (0] >/x € X}where

taup (9 = Max{ts (.15 (O}, ta g () = max{ta (0.tg (x)} and

1- f/';UB(x) — max{1- fx (01— fy (O} 1- fXUB(x) —mex{1- 2 (01— fg (O}
(i) ANB={< x,[tknB (x),tLAJnB(x)],[l— fALnB (01— meB(x)] > /x e X}where

tanp (9 = Mt (0.t5 (I}, tang () = minft, (9).tg ()} and

L g () = minfl— T (01~ fg (0} 1 f g (x) = mingl— 12 (01~ fg (x)}

(iii) AS ={< x,[f £ (0, Fp (OLIL—tR () A—ta ()] > /x € X}.
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Theorem 3.4: Let (X,z) be alVS and let A, B e IV (X).Then the following properties hold.

() 0cAcy

(i) AUB=BUA; ANB=BNA,

(iii) ABc AUB; ANBc A B,

(iv) ANU;jBj) =Uj(ANBj)and AU(N;B;) =N;(AUB;),

(v) 0°=1:1%=o,

(vi) (A9)C = A,

(VII) (UI Ai)c = ml Aic and (ml Ai)c = UI Aic

Proof: Obvious.
Definition 3.5: Let (X, 7 ) be an interval valued vague topological space and A :{<x, [tk,tl',;l 11— f:\‘,l— fg ]>} be a IVS in X.
Then the interval valued vague interior and an interval valued vague closure are defined by

IVint(A)= U{G/Gisan IVOSin X and GC A}
Ivel(A) =N {K/Kisan IVCS in X and AC K}

Note that for any IVS A in (X, 7 ), we have IVcl(A®) = (IVint(A))° and V int(A%) = (IVcI(A))C. and Ivcl(A) is an IVCS and
IV int(A) is an IVOS in X. Further we have, if Ais an IVCS in X then IVcl(A)=A and if A'is an IVOS in X then IVint(A)=A.

Example 3.6: Let X={a,b} and let ={0,A B1}is an IVT on X, where A= {<x,[[0.2,0.3],[0.4,0.5]], [[0.3,0.5],[0.6,0.7]])} and
B = {(x[l03041 105061} [l0.405],[07.08])]  Here  the  open sets are OLA and  B. If

F = {{x[l0.2.051,106,081} [[0.3.041,[05,0.31))} is a IVT on X then,
IV int(A) =U {G/Gis an IVOS in X and G C F}=0
Ivel(A) =N {K/Kisan IVCS in X and FC K}=1

Theorem 3.7: Let (X, 7 ) be a IVS and let A, B IV (X).Then the following properties hold.
(i) IVint(A) c A

(i) Ac B = IVint(A) c IVint(8)

(iii) Aisainterval valued vague open set <= IV int(A) = A

(iv) IVintQVint(A)) = IV int(A)

(V) IVintQ) =0, IVint@) =1

(vi) IVint(ANB) = IVint(A) N IV intB)

Proof: The proof is obvious.

Theorem 3.8: Let (X, 7 ) be a VS and let A, B e IV(X).Then the following properties hold. (A) < IVcl(A)

(i) Ac B = IVcl(A) c IVcl(B)

(if) Ais avague Closed set << IVcl(A) = A
(iif) 1Ivel(IVel(A)) = IVcl(A)

(V) 1vel(0) = 0, Ivel(®) =1

(V) Ivel(AUB) = Ivcl(A) U Ivel(B)

Proof: The proof is obvious.

4. Interval valued vague Volterra space:
Definition 4.1: An interval valued vague set A in an interval valued vague topological space (X, 7 ) is called an interval valued
vague dense if there exists no interval valued vague closed set B in (X, 7 ) such that Ac B 1.

Definition 4.2: An interval valued vague set Ain an interval valued vague topological space (X, 7 ) is called an interval valued
vague nowhere dense set if there exists no interval valued vague open set Bin (X,7) such that B < IVcl(A). That

is, IV int(IVcl(A)) = 0.

Theorem 4.3: If Ais an interval valued vague dense and interval valued vague open set in an interval valued vague topological

space (X, 7 ) then AC is a interval valued vague nowhere dense set in(X, 7).
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Proof: Let Abe an interval valued vague dense and interval valued vague open set in(X,z). Then we have

IVEl(A) =1and IV int(A) = A. Now we have to show that IV int(Vcl(AS)) = 0. Let 1Vel(AS) = IV int(a))® = A® which implies

that IV intaVel(A%)) = IV int(A®) = (Ivel(A)® =1° = 0 Thatis, IV int(Vcl(A®)) = 0. Hence AC is interval valued vague nowhere
dense setin(X, 7).

Theorem 4.4: Let A be an interval valued vague set. If A is an interval valued vague closed set in (X, 7 ) with IV int(A)=0 ,
then A is an interval valued vague nowhere dense setin (X, 7).

Proof: Let Ais an interval valued vague closed set in (X, 7). Then Ivcl(A) = A. Now IV int(IVcl(A)) = IV int(A) = 0.and hence A
is an interval valued vague nowhere dense setin (X, 7).

Theorem 4.5: Let A be an interval valued vague closed set in (X, 7 ), then A is an interval valued vague nowhere dense set in
(X,7)ifand only if IVint(A) =0.
Proof: Let A be an interval valued vague closed set in(X, 7 ), with IV int(A) = 0. Then by theorem 4.4, A is an interval valued

vague nowhere dense set in(X,7 ). Conversely, let A be an interval valued vague nowhere dense set in
(X, 7).Then IV int(Ivcl(A)) = 0 which implies that IV int(A) = 0. Since A is an interval valued vague closed, IVcl(A) = A.

Theorem 4.6: If Ais an interval valued vague nowhere dense set in interval valued vague topological space (X, 7 ), then
IVcl(A) is also a interval valued vague nowhere dense set in (X, 7).

Proof: Let A be an interval valued vague nowhere dense set in a (X, 7). Then, IV int(IVcl(A)) = 0. Now IVcl(IVcl(A)) = IVcl(A) .
Hence IV int(vel(IVcl(A))) = IV int(IVcl(A)) = 0. Therefore 1vcl(A) is also a interval valued vague nowhere dense setin (X, 7).

Definition 4.7: An interval valued vague topological space (X, 7 ) is called an interval valued vague first category set if
o0

A= 'Ul(Ai ), where Ay’s are interval valued vague nowhere dense sets in (X, 7 ). Any other interval valued vague set in (X, 7 ) is
i=

said to be of interval valued vague second category.

Definition 4.8: An interval valued vague set A in an interval valued vague topological space(X, 7 ) is called an interval valued
o0

vague Gg-setsin (X, 7 ) if A= _ﬂl(Ai)where A erforiel.
1=

Definition 4.9: An interval valued vague set A in an interval valued vague topological space(X, 7 ) is called an interval valued
[e0]

vague F -setsin (X,7)if A= _Ul(Ai)Where AiC er foriel.
1=

Definition 4.10: An interval valued vague topological space (X,7 ) is called an interval valued vague Volterra space if
N

IVcI(_ﬂ1 Aj) =1, where A;’s are interval valued vague dense and interval valued vague G 5-Setsin (X, 7).
i=

Example 4.11: Let X={ab}. Define the interval valued vague sets A, B, C and D as
follows, A — £« x,[[0.4,0.6],[0.8,0.9]] [0.2,0.3],[0.6,0.7]] 5}+ B = {< x,[[0.4,05],[0.7,0.8]} [[0.3.041.[0.6,0.8]] 5}

C ={< x [[04,05],[0.7,08]} [[0.2,03],[0.6,0.71] 532" D = {< x,[[0.4,06],[0.8,09]} [[0.3.0.41, [0.6,0.8]] >}

Clearly r ={01, A, B,C, D}is an interval valued vague topology on X.

thus (X, 7 ) is an Interval valued vague topological space. Let E ={ANBNC}, F ={ANBND}and G ={ANBNC N D}where
E, Fand G are Interval valued vague G g -sets in (X, 7 ). Also, we have IVcl(E) =1, IVcl(F) =1 IVcl(G) =1. Also we have
IVCI(E N F NG) =1. Therefore, is an Interval valued vague Volterra space.

Theorem 4.12: An interval valued vague topological space (X, 7 ) is an interval valued vague Volterra space, if and only if
N

v int(U1 Aj) = 0, where A;’s are interval valued vague dense and interval valued vague G s -setsin (X, 7 ).
1=

Proof: Let (X, 7 ) be an interval valued vague Volterra space and A;’s are interval valued vague dense and interval valued vague
N N N

G s -sets in (X,7).Then  we have IVcI(_ﬂ1 A;) =1.Now IV int(Ul(Ai )C) = (IVcI(_ﬂlAi ))C = 0 .Conversely, let
1= 1= 1=

N
IVint(Ul(Ai)c) =0, where Ays are interval valued vague dense and interval valued vague Gg-sets in (X,z). Then
1=

N N
(IVcI(_ﬂ1 A ))C =0 implies IVcl(N A;) =1. Hence (X, 7 ) is an Interval valued vague Volterra space.
1= 1=1
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N

Theorem 4.13: Let (X, 7 ) be an interval valued vague topological space. If IV int(U1 Aj) =0, Aj’s are interval valued vague
1=

nowhere dense and an interval valued vague F_ -setsin (X,7), then (X,7) is an interval valued vague Volterra space.

N N N
Proof: Let v int(Ul Aj) = 0, then this implies that, (IV int(U1 A ))C =1 (i.e.) IVcI(_ﬂl(Ai )C) =1. A’s are interval valued vague
1= 1= 1=

nowhere dense and an interval valued vague F, -sets implies that A; ‘s are interval valued vague dense and an interval valued

N
vague G -sets in(X, 7 ) and also |Vc|(_ﬂl(Ai )C) =1.Then (X, 7)) is an interval valued vague Volterra space.
1 |:

Definition 4.14: Let A be a vague first category set in an interval valued vague topological space (X, 7 ). Then A is called an
interval valued vague residual sets in (X, 7).

Definition 4.15: An interval valued vague topological space (X, 7 ) is called an interval valued vague &, -Volterra space

N
if IVcI(_ﬁ1 Aj) =1,where Ay’s are interval valued vague dense and interval valued vague residual sets in(X, 7 ).
i=

N
Theorem 4.16: Let (X, 7 ) be an interval valued vague &, -Volterra space, then IV int(U1 Aj) = 0,where Aj’s are interval valued
1=

vague first category sets such that IV int(A;) =0in (X, 7).
Proof: Let Aj’s (i=1 to N) be interval valued vague first category set such that IV int(A;) = 0 in(X, 7 ). Then A is interval valued

vague residual sets such that IVcl(A;) =1 in(X, 7 ). Thatis A ‘s are interval valued vague residual and interval valued vague

N
dense sets in (X, 7). Since (X, 7 ) is an interval valued vague &, -Volterra space, |Vc|(ﬂl(ﬂi) =1land hence therefore, we have
1=

N
v int(U1 Aj) = 0 where A;’s are interval valued vague first category sets such that, IV int(A;) =0 in(X, 7).
1=

Theorem 4.17: If each interval valued vague nowhere dense set is an interval valued vague closed set in an interval valued vague
Volterra space in (X, 7 ), then (X, 7 ) is an interval valued vague &, -Volterra space.

Proof: Let A;’s (i=1 to N) be interval valued vague dense set and interval valued vague residual set in (X, 7). Since A;’s are
[e0]

interval valued vague residual set, (A;)'s are interval valued vague first category set in(X, 7 ). Now A; = 'UlBij' where Bj;’s are
1=

interval valued vague nowhere dense set in (X, 7). By hypothesis, an interval valued vague nowhere dense set Bjj’s are interval

valued vague closed sets and hence (Aj)'s are interval valued vague Fo sets in(X, 7). This implies that A;’s are interval valued

vague G g-sets in (X, 7). Hence A’s are interval valued vague dense and interval valued vague G g -sets in (X, 7). Since (X, 7)

N N
is an interval valued vague Volterra space, |Vc|(_ﬂl Aj) =1. Hence |Vc|(_ﬂl Aj) =1, where A’s are interval valued vague dense
1= 1=

and interval valued vague residual sets in(X, z ) implies that (X, 7 ) is an interval valued vague &, -Volterra space.

Definition 4.18: Let(X, 7 ) be an interval valued vague topological space. Then(X, 7 ) is called an interval valued vague baire
[e 0]

space if 1V int(U1 Aj) = 0where A;’s are interval valued vague nowhere dense sets in (X, 7 ).
1=

Theorem 4.19: Let(X, 7 ) be an interval valued vague topological space. Then the following are equivalent
(i) (X, 7 ) is an interval valued vague Baire space.

(if) IVint(A) = 0, for every interval valued vague first category set Ain(X, 7).

(iii) IVcl(B) =1, for every interval valued vague residual set B in(X, 7 ).

e 0]
Proof: (i)=> (ii) Let A be an interval valued first category set in (X, 7 ). Then A = _ulAi , where A;'sare interval valued vague
1=

o8]
nowhere dense sets in (X, 7 ).Now IV int(A) = IV int(ulAi) =0Since(X, ) is a interval valued vague baire space. Therefore
1=

IV int(A) = 0.
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(if) = (iii) Let Abe a interval valued vague residual setin(X,z ) . Then B is a interval valued vague first category set in(X, 7).

By hypothesis IV int(BC) = 0which implies that(IVcI(B))C =0 . Hence IVcl(B) =1.
0

(iii)=> (i) Let Abe a interval valued vague first category set in(X, 7 ). Then A= U A;, where A;'sare interval valued vague
i=1

nowhere dense sets in (X, 7). Now Ais a interval valued vague first category set implies that A%is a interval valued vague

residual set in(X, ). By hypothesis, we have IVel(A®) = 1which implies that (IV int(A))© =1. Hence IV int(A) =0. That is,
o0
v int(ik_)l Aj) =0, where A;'sare interval valued vague nowhere dense sets in (X, 7 ). Hence(X, ) is a interval valued vague

baire space.
0

Theorem 4.20: If_u1 A;, s the interval valued vague set, A;'sare interval valued vague nowhere dense sets in an interval valued
1=

vague baire space in(X, 7 ), then (X, 7 ) is an interval valued vague &, -Volterra space.
Proof: Let (X, 7 ) be an interval valued vague baire space and A;’s (i=1 to N) be interval valued vague dense set and interval

valued vague residual set in (X, z ). Since A;’s are interval valued vague residual set, (AiC )'s are interval valued vague first

0

category set in(X, 7). Now AiC = .UlBij, where Bjj’s are interval valued vague nowhere dense set in(X, 7 ). By hypothesis
i=

(Aic) is a interval valued vague nowhere dense sets in(X, 7 ). Let (B,)’s be an interval valued vague nowhere dense sets in (X, 7 )

in which the first N interval valued vague nowhere dense sets be (AiC) . Since (X, 7) is an interval valued vague baire space,

© N o © N

IV int(U (B,,)) = 0.But IV int(U A%) < IVint(U_B,)and IVint(U B,) =0.Then IVint(U A°) =0.
=1 =1 1 a=1 a=1 1=l 1

N
Therefore IVcI(_ﬂ1 Aj) =1where Ay’s (i=1 to N) are interval valued vague dense set and interval valued vague residual set in
i=

(X, T Therefore (X, 7 ) is an interval valued vague &, -Volterra space.

N
Theorem 4.21: If an interval valued vague &, -Volterra space is an interval valued vague baire space, then IVf:I(_ﬂ1 Aj) =1,where
1=

where Ay’s (i=1 to N) are interval valued vague residual set in(X, 7 ).
Proof: Let A;’s (i=1 to N) are interval valued vague residual set in(X, 7 ). Since(X, 7 ) is an interval valued vague baire space, (by

theorem 4.19) IVcl(Aj) =1V i. Then Ay’s are interval valued vague dense set and interval valued vague residual set in
N N

(X, 7).Since (X, 7 ) is an interval valued vague &, -Volterra space, |Vc|(_ﬂ1 Aj) =1 .Therefore, |Vc|(_ﬂ1 Aj) =1 where Aj’s (i=1 to
1= 1=

N) are interval valued vague residual set in(X, 7).

N
Theorem 4.22: If _nl A;, is an interval valued vague residual set in an interval valued vague baire space (X, 7 ), where A;’s (i=1
1=

to N) are interval valued vague residual sets, then(X, 7 ) is an interval valued vague &, -Volterra space.

Proof: Let A’s (i=1 to N) be interval valued vague dense and interval valued vague residual sets, then (X, 7). Then, by
N

hypothesis, ﬂlAi is an interval valued vague residual set in (X, 7 ).Since (X,7) is an interval valued vague baire space,
1=

N N
therefore (by theorem 4.19) IVcI(_ﬂ1 Aj) =1. Hence IVcI(_ﬂ1 Aj) =1, where A’s are interval valued vague dense set and interval
1= 1=

valued vague residual set in (X, 7 ). Therefore (X, 7 ) is an interval valued vague &, -Volterra space.
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