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Introduction

In 1965, Zadeh [15] introduced the notion of a fuzzy subset of a set, fuzzy sets are a kind of useful mathematical structure to
represent a collection of objects whose boundary is vague. Since then it has become a vigorous area of research in different
domains, there have been a number of generalizations of this fundamental concept such as intuitionistic fuzzy sets, interval valued
fuzzy sets, vague sets, soft sets etc [7]. Lee [9] introduced the notion of bipolar valued fuzzy sets. Bipolar valued fuzzy sets are an
extension of fuzzy sets whose membership degree range is enlarged from the interval [0, 1] to [-1, 1]. In a bipolar valued fuzzy
set, the membership degree 0 means that elements are irrelevant to the corresponding property, the membership degree (0, 1]
indicates that elements somewhat satisfy the property and the membership degree [-1, 0 ) indicates that elements somewhat
satisfy the implicit counter property. Bipolar valued fuzzy sets and intuitionistic fuzzy sets look similar each other. However, they
are different each other [9,10]. Anitha.M.S., Muruganantha Prasad & K.Arjunan[1] defined as bipolar valued fuzzy subgroups of a
group. We introduce the concept of (a, )-level subsets of bipolar valued fuzzy subsemirings of a semiring are discussed. Using
these concepts, some results are established.
1. PRELIMINARIES:
1.1 Definition:

A bipolar valued fuzzy set (BVFS) An X is defined as an object of the form A = { < x, A*(x), A (x) >/ xe X}, where A": X—
[0, 1] and A" : X— [-1, 0]. The positive membership degree A*(x) denotes the satisfaction degree of an element x to the property
corresponding to a bipolar valued fuzzy set A and the negative membership degree A (X) denotes the satisfaction degree of an
element x to some implicit counter-property corresponding to a bipolar valued fuzzy set A. If A*(x) # 0 and A (x) = 0, it is the
situation that x is regarded as having only positive satisfaction for A and if A" (x) = 0 and A™(x) # 0, it is the situation that x does
not satisfy the property of A, but somewhat satisfies the counter property of A. It is possible for an element x to be such that A*(x)
# 0 and A" (x) # 0 when the membership function of the property overlaps that of its counter property over some portion of X.
1.2 Example:

A={<4a05,-03><b,0.1,-0.7> <¢c, 0.5 -0.4 >} is a bipolar valued fuzzy subset of X ={a, b, c }.
1.3 Definition:

Let R be a semiring. A bipolar valued fuzzy subset A of R is said to be a bipolar valued fuzzy subsemiring of R (BVFSSR) if
the following conditions are satisfied,
(i) A'(x+y)>min{ A"(x), A’(y) }
(i) A'(xy) = min{ A" (x), A" (y) }
(i) A (x+y) <max{ A" (x), A" (y) }
(iv) A" (xy) <max{ A" (x), A" (y) } forall xand y in R.
1.4 Example:

Let R=2Z3={0, 1, 2 } be a semiring with respect to the ordinary addition and multiplication. Then A ={<0, 0.5, - 0.6 >, <
1,0.4,-05>,<2,0.4,- 05>} isabipolar valued fuzzy subsemiring of R.
1.5 Definition:

Let A= (A", A") be a bipolar valued fuzzy subset of X. For . in [0, 1] and B in [-1, 0], the (c, B)-level subset of A is the set

A p={xeX A'(X) =z aand A (x) <P }.
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1.6 Example:
Consider theset X ={0,1,2,3,4 }.
Let A={(0,05,-0.1),(1,0.4,-0.3),(2,0.6,-0.05),(3,0.45,-0.2), (4,0.2, -0.5) } be a bipolar valued fuzzy subset of
Xand o= 0.4, =-0.1. Then (0.4, -0.1)-level subset of Ais Aga,01y={0,1,3}.
1.7 Definition:
Let A= (A", A") be a bipolar valued fuzzy subset of X. For o in [0, 1], the A"-level a-cut of A is the set P(A ", o) = { xeX:
A'x)>a}.
1.8 Example:
Consider theset X ={0,1,2,3,4}.
Let A={(0, 0.5 -0.1), (1, 0.4,-0.3), (2,06, -0.05), ( 3,0.45,-0.2), (4, 0.2, —0.5) } be a bipolar valued fuzzy subset of
X and o= 0.4. Then A*-level 0.4-cut of A is P(A*,0.4)={0,1,2,3}.
1.9 Definition:
Let A= ( A", A") be a bipolar valued fuzzy subset of X. For B in [-1, 0], the A™-level B-cut of A is the set N(A™, B) = { xeX:
A(X)<B}
1.10 Example:
Consider theset X ={0,1,2,3,4 }.
Let A={(0,0.5,-0.1), (1, 0.4, -0.3), ( 2, 0.6, -0.05), ( 3, 0.45, -0.2), (4, 0.2, —0.5 ) } be a bipolar valued fuzzy subset of X
and B=-0.1. Then A™-level —0.1-cut of AisN(A-, -0.1)={0,1,3,4}.
1.11 Definition:
Let A =( A", A™) be a bipolar valued fuzzy subset of X and o in [ 0, 1—sup { A*(X)} ], B in [-1—inf { A" (X)}, 0]. Then T =¢

T*, T~ is called a bipolar valued fuzzy translation of A if T"(x) = T "4, (x) = A*(X)+ o, T(X) = T/;A(x) = A (x) + B, forall x in

X.
1.12 Example:

Consider theset X ={0,1,2,3,4}.

Let A={(0,0.5,-0.1), (1,0.4,-0.3), (2, 0.6, -0.05), ( 3, 0.45, -0.2), (4, 0.2, —0.5) } be a bipolar valued fuzzy subset of X
and o= 0.1, p = —0.1. Then the bipolar valued fuzzy translation of Ais T = TA(O,L 01)={(0, 0.6, -0.2), (1, 0.5, -0.4), (2, 0.7,
-0.15), ('3, 0.55, -0.3), (4, 0.3, -0.6) }.
1.13 Definition:

Let X and X' be any two sets. Let f : X— X' be any function and let A be a bipolar valued fuzzy subset in X, V be a bipolar

valued fuzzy subset in f(X) = X', defined by V*(y) = Sup A'(X) and V(y) = mf A(x), forall x in X and y in X'. A is called
xef(y) xef(y)

a preimage of V under f and is defined as A*(x) = V*(f(x) ), A (x) = V (f(x) ) for all x in X and is denoted by (V).

2. Properties:

2.1 Theorem: Let R and R' be any two semirings. The homomorphic image of a bipolar valued fuzzy subsemiring of R is a

bipolar valued fuzzy subsemiring of R'.

2.2 Theorem: Let R and R' be any two semirings. The homomorphic preimage of a bipolar valued fuzzy subsemiring of R' is a

bipolar valued fuzzy subsemiring of R.

2.3 Theorem: Let R and R' be any two semirings. The antihomomorphic image of a bipolar valued fuzzy subsemiring of R is a

bipolar valued fuzzy subsemiring of R'.

2.4 Theorem: Let R and R' be any two semirings. The antihomomorphic preimage of a bipolar valued fuzzy subsemiring of R' is

a bipolar valued fuzzy subsemiring of R.

2.5 Theorem: Let A =( A", A") be a bipolar valued fuzzy subsemiring of a semiring R. Then for o in [0, 1] and B in [-1, 0] such

that oo < A*(e) and B > A" (e), A(aﬁ) isa (o, B)-level subsemiring of R.

Proof: Forall xand yin A, 5, we have, A"(x) > acand A"(x) < B and A"(y) > a.and A"(y) <p.

Now A*(x+y) > min{A"(x), A*(y) } > min {a, o}= a,

which implies that A*(x+y) > a..

And A*(xy) > min{A*(x), A*(y)} > min{a, o} = a,

which implies that A*(xy) > a.

Also A (xty) < max { A (x), A(y) } <max { B, B} =B,

which implies that A™(x+y) < B.

And A"(xy) <max { A°(x), A(y) } <max{p, B} =8,

which implies that A™(xy) < B.

Therefore x+y, Xy in A(a,ﬂ)' Hence A(aﬁ) isa (a, B))-level subsemiring of R.

2.6 Theorem: Let A =( A", A™) be a bipolar valued fuzzy subsemiring of a semiring R. Then for o, § in [0, 1], B, ¢ in [-1, 0], o<
A'(e), 5<A'(e)p=A(e) 0 > A(e), 5 < aand B < ¢, the two (a, B)-level subsemirings A, ; and A ;) of A are equal if and
only if there is no x in R such that o > A"(x) > § and B < A™(X) < ¢.

Proof: Assume that A, 5= A -

Suppose there exists x in R such that o > A*(x) > & and B < A°(X) < ¢.
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Then A, s < Ay implies x belongsto A ), butnotin A, 5.
This is contradicTon to A, 5= A5 4 -

Therefore there is no x in R such that o > A*(x) > & and B < A™(X) < ¢.
Conversely, if there is no x in R such that o > A*(x) > & and B < A (X) < ¢.

Then A, 5= As, » (By the definition of (o, B)-level subset ).

2.7 Theorem: Let A = ( A", A™) be a bipolar valued fuzzy subsemiring of a semiring R. If any two (o, B)-level subsemirings of A
belongs to R, then their intersection is also (a, B)-level subsemiring of A in R.

Proof: Let o, 8in [0, 1], B, ¢ in [-1, 0], a< A*(e), < A'(e),

B>A"(e) o >A(e).

Case (i): Ifa>A'(x)>5and B <A(x) < ¢, then A, Ay -

Therefore A, 5N A= Aupyr but A, g isa(a, B)-level subsemiring of A,
Case (ii): If o < A*(x) < & and B > A (X) > ¢, then A(6¢)<;A(aﬂ)'

Therefore A, 50 As 5= As gy DUt A is a (o, B)-level subsemiring of A.
Case (iii): If oo < A"(x) < 8 and B < A(X) < ¢, then A(M)c;A(M).

Therefore A 5 N A 5= A gy o but A s isa(a, B)-level subsemiring of A,
Case (iv): If o> A"(x) >3 and B > A"(x) > ¢, then A, ;< A p) -

Therefore A, N A gy = Ay but Ay, 4 isa (o, B)-level subsemiring of A.

Case (v): If o= o and B =B, then A, 5= Ay

In other cases are true,

So, in all the cases, intersection of any two (o, B)-level subsemirings is a (o, B)-level subsemiring of A.

2.8 Theorem: Let A = ( A", A") be a bipolar valued fuzzy subsemiring of a semiring R. The intersection of a collection of (o, B)-
level subsemirings of A is also a (o, B)-level subsemiring of A.

2.9 Theorem: Let A = ( A¥, A™) be a bipolar valued fuzzy subsemiring of a semiring R. If any two (a, B)-level subsemirings of A
belongs to R, then their union is also (o, B)-level subsemiring of A in R.

Proof: Let o, 8in [0, 1], B, ¢ in [-1, 0], a< A*(e), < A'(e),

B>A(e) d=>A(e).

Case (i): If o> A"(x) > 8 and B <A™(x) < ¢, then A, , < A

Therefore A, 5 U A 4= As g0 but A isa(a, B)-level subsemiring of A.
Case (ii): Ifa < A"(x) <8 and B> A™(x) > ¢, then A5 5 c A, 4

Therefore A, 50 A 5= Ay g but A, s isa(a, B)-level subsemiring of A.
Case (iii): If oo < A"(x) < S and B < A" (X) < ¢, then A(M)QA((Z 8-
Therefore A s U Ay 5= An.gr but A, 4 is a (o, B)-level subsemiring of A.
Case (iv): If o> A"(x) > 8 and B > A"(x) > ¢, then A, ;< A p) -
Therefore A, U As 5= A gy but A s isa(a, B)-level subsemiring of A,

Case (v): If a=§ and B = ¢, then A(a’ﬁ) = A(M) ,

In other cases are true,

so, in all the cases, union of any two (a., B)-level subsemirings is a (o, B)-level subsemiring of A.

2.10 Theorem: Let A = { A", A™) be a bipolar valued fuzzy subsemiring of a semiring R. The union of a collection of (a., B)-level
subsemirings of Alisalso a (o, B)-level subsemiring of A.

2.11 Theorem: The homomorphic image of a (o, B)-level subsemiring of a bipolar valued fuzzy subsemiring of a semiring R is a
(a, B)-level subsemiring of a bipolar valued fuzzy subsemiring of a semiring R'.

Proof: Let V = f(A). Here A = ( A", A") is a bipolar valued fuzzy subsemiring of R. By Theorem 2.1, V = ( V', V") is a bipolar
valued fuzzy subsemiring of R'. Let x and y in R. Then f(x) and f(y) in R".

Let A, sy be a (a, B)-level subsemiring of A.

That is, A*(x) > a.and A (x) < B; A*(y) > o and A (y) < B;

Af(x+y) > a, A (x+y) < B, A'(xy) > o, AT(xy) < B.

We have to prove that f(A, g)) is a (a, B)-level subsemiring of V.

Now V*( f(x)) > A*(x) > o which implies that V*( f(x) ) > a;

and V*( f(y)) > A*(y) > o which implies that V*( f(y) ) > c.
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Then V'(f(x)+f(y) ) = V'(fix+y) ) > A'(x+y) 2 o,

which implies that V*( f(x)+f(y) ) > a.

And V' (F(x)f(y) ) = V'(fixy) ) = A"(xy) > o,

which implies that V*( f(x)f(y)) > a..

And V( f(x)) < A"(x) < B which implies that V( f(x) ) <B;

and V'(f(y) ) < A (y) < B which implies that V™ ( f(y) ) <B.

Then V- (f(x)+f(y)) = V (flx+y) ) < A (x+y) <B,

which implies that V" ( f(x)+f(y) ) <B.

And V- (f)f(y)) = V(f(xy) ) < A (xy) <B,

which implies that V" ( f(x)f(y)) < B.

Hence f(A, p) is a (o, B)-level subsemiring of a bipolar valued fuzzy subsemiring V of R'.

2.12 Theorem: The homomorphic pre-image of a (o, B)-level subsemiring of a bipolar valued fuzzy subsemiring of a semiring R'
is a (o, B)-level subsemiring of a bipolar valued fuzzy subsemiring of a semiring R.

Proof: Let V = f(A). Here V = ( V¥, V") is a bipolar valued fuzzy subsemiring of R'. By Theorem 2.2, A = ( A", A™) is a bipolar
valued fuzzy subsemiring of R. Let f(x) and f(y) in R'. Then x and y in R. Let f(A, ) be a (o, B)-level subsemiring of V. That is
V' (f(x)) > acand V'( f(x)) < B; V'(f(y)) > aand V() ) <B; V(fx)+(y) ) = o, V (f)+(y)) < B, V'(f0f(y) ) > o,
V(f(X)f(y) ) < B. We have to prove that A, g is a (., B)-level subsemiring of A. Now A*(x) = V*( f(x) ) > o implies that A" (x) >
o,
A*(y) = V'( f(y) ) > a implies that A*(y) > a..

Then A" (x+y) = VI (f(x+y) ) = VI (f(X)+f(y) ) > a,
which implies that A*(x+y) > a..
And A"(xy) = V'(f(xy) ) = V'(T(x)f(y)) = o,
which implies that A*(xy) > o.
And A7(x) = V( f(x) ) < B implies that A"(x) < f3;
A (y) =V (f(y)) < B implies that A"(y) < B.
Also A (x+y) =V (f(xty) ) = V (f(x)+f(y)) <B,
which implies that A" (x+y) < .
And A"(xy) =V (f(xy)) =V (f()f(y)) <B,
which implies that A™(xy) < B.

Hence A, p) is a (a, B)-level subsemiring of bipolar valued fuzzy subsemiring A of R.

2.13 Theorem: The anti-homomorphic image of a (o, B)-level subsemiring of a bipolar valued fuzzy subsemiring of a semiring R
is a (o, B)-level subsemiring of a bipolar valued fuzzy subsemiring of a semiring R'.

Proof: Let V = f(A). Here A = ( A", A") is a bipolar valued fuzzy subsemiring of R. By Theorem 2.3, V = ( V*, V™) is a bipolar
valued fuzzy subsemiring of R'. Let x and y in R. Then f(x) and f(y) in R'. Let A, p)be a (a, B)-level subsemiring of A.

That is A*(x) > aoand A (x) < B; A'(y) > acand A (y) < B.
And A'(y+x) > acand A (y+x) < B, A'(yx) > a.and A" (yx) < B.
We have to prove that f(A, p) ) is a (o, B)-level subsemiring of V.

Now V*( f(x)) > A*(x) > o which implies that V*( f(x) ) > o;

and V*( f(y) ) > A*(y) > o which implies that V*( f(y) ) > o
Also V*(F(X)+f(y) ) = V'( fly+x) ) > A"(y+x) > 0,
which implies that V*( f(x)+f(y) ) > a..
And V*(f(x)f(y)) = V(flyx) ) > A*(yx) >
which implies that V*( f(x)f(y) ) > a.
And V7(f(x) ) < A"(x) < B which implies that V( f(x) ) <

and V ( f(y) ) < A (y) < B which implies that V" ( f(y) ) <B.
Also V' (f(x)+f(y) ) = V (fy+x) ) < A (y+x) < B,
which implies that V7 ( f(x)+f(y) ) <B.
And V' (f()f(y)) = V (flyx) ) < A"(yx) < B,
which implies that V™ ( f(x)f(y) ) <B.

Hence f(A. py) is a (a, B)-level subsemiring of bipolar valued fuzzy subsemiring V of R'.

2.14 Theorem: The anti-homomorphic pre-image of a (a, B)-level subsemiring of a bipolar valued fuzzy subsemiring of a
semiring R' is a (o, B)-level subsemiring of a bipolar valued fuzzy subsemiring of a semiring R.

Proof: Let V = f(A). Here V = ( V', V") is a bipolar valued fuzzy subsemiring of R'. By Theorem 2.4, A = ( A", A" ) is a bipolar
valued fuzzy subsemiring of R. Let f(x) and f(y) in R'. Then x and y in R.

Let f(A, g)) be a (o, B)-level subsemiring of V.

Thatis V*( f(x) ) > aand V7 (f(x) ) < B; V'(f(y) ) > a.and V( f(y) ) < B;

V' (f(y)+(x) ) > o, V(fly)+H(x) ) < B, V(fy)f(x)) > o, V(fyfx)) < B.
We have to prove that A, gy is a (o, B)-level subsemiring of A.

Now A*(x) = V*( f(x) ) > a, which implies that A"(x) > a;;

and A*(y) = V'( f(y) ) > a, which implies that A*(y) > a.

Then A" (x+y) = V' (f(x+y) ) = V( f(y)+f(x) ) > a,
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which implies that A*(x+y) > a.

And A" (xy) = V'(f(xy) ) = V'(fy)f(x) ) > o,

which implies that A*(xy) > o.

And A(X) = V' (f(x) ) < B which implies that A (x) <

and A™(y) = V' (f(y) ) < B which implies that A™(y) < B.

Also A(x+y) = V' (f(x+y) ) = V' (f(y)+f(x) ) < B,

which implies that A" (x+y) < B.

And A(xy) = V(f(xy) ) = V (f(y)f(x) ) < B,

which implies that A™(xy) < B.

Hence A, p) is a (a, B)-level subsemiring of bipolar valued fuzzy subsemiring A of R.

2.15 Theorem: Let A be a bipolar valued fuzzy subsemiring of a semiring R. Then for a in [0, 1], A*-level a-cut P(A*, o) isa A*-
level a-cut subsemiring of R.

Proof: For all x and y in P(A", o)) we have A*(x) > a.and A*(y) > o

Now A*(x+y) > min { A"(X), A*(y) }>min { o, a } = a,

which implies that A*( x+y) > a.

And A'(xy) > min { A"(x), A*(y) } >min { a, a } = a,

which implies that A*(xy) > o.

Therefore x+y, xy in P(A", a).

Hence P(A", ) is a A™-level a-cut subsemiring of R.

2.16 Theorem: Let A be a bipolar valued fuzzy subsemiring of a semiring R. Then for B in [-1, 0], A™-level B-cut N(A™, B) is a
A"-level B-cut subsemiring of R.

Proof: For all x and y in N(A™, ), we have A"(x) < and A™(y) < B.

Now A (x+y) <max { A(X), A(y) } <max { B, B} =B,

which implies that A" (x+y) < .

And A’(xy) <max { A°(x), A(y) } <max { B, } =B,

which implies that A™(xy) < B.

Therefore x+y, xy in N(A™, B).

Hence N(A", B) is a A -level B-cut subsemiring of R.

3 - Propertes of Bipolar Valued Fuzzy Translatons:

3.1 Theorem: If M and N are two bipolar valued fuzzy translations of bipolar valued fuzzy subsemiring A of a semiring R, then
their intersection M N is also a bipolar valued fuzzy translation of A

Proof: Let x and y belong to R.

LetM =T} = {(x A"(X) + o, A(x) + B )/ xeR } and

N :T(fﬁ) ={ (X, A"(X) +vy, A (x) + § )/ xeR } be two bipolar valued fuzzy translations of bipolar valued fuzzy subsemiring A =

(A", A ) of R.
Let C=MnNand C = {(x, C'(x), C'(x) )/ xeR }, where C*(x) =min { A"(X) + o, A"(X) + y } and C(x) = max {
A(X)+ B, A (xX)+ }.
Case (i): a<vyand p <3.
Now C*(x) = min{M*(x), N*(x)}
= min{A*(X)+a, A"(X)+y}= A" (X)+a. = M*(x) for all x in R.
And C(x) =max { M™(x), N"(x) }
=max {A(X)+B,AX)+3}=A(X)+d=N(x)forall xinR.
Therefore C =T(215) ={ (% A"(X) + a, AX+ § )/ xeR } is a bipolar valued fuzzy translation of bipolar valued fuzzy

subsemiring A of R.
Case (ii): a>yandf >3d.
Now C*(x) = min { M*(x), N*(x) }
=min { A*(X) + a, A"(X)+ 7} = A"(X) +y=N"(x) for all x in R.
And C(x)=max { M (x), N (x) }
=max {AX)+BAX)+3}I=A(X)+p=M(x)forall xinR.

Therefore C =T(fﬁ) ={(x, A"(X)+ v, A (X)+ B )/ xeR } is a bipolar valued fuzzy translation of bipolar valued fuzzy subsemiring

Aof R.

Case (iii): a<yandf >3.

Clearly C = T(gﬁ) ={({x A'(X) + o, A (X)+B ) / xeR} is a bipolar valued fuzzy translation of bipolar valued fuzzy subsemiring
Aof R.

Case (iv): a>yandp <3.

Clearly C =T(f’5) ={(x, A"(X)+ vy, A (X)+ 5 ) / xeR } is a bipolar valued fuzzy translation of bipolar valued fuzzy subs miring

Aof R.
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In other cases are true, so in all the cases, the intersection of any two bipolar valued fuzzy translations of bipolar valued fuzzy

subsemiring A of R is a bipolar valued fuzzy translation of A.

3.2 Theorem: The intersection of a family of bipolar valued fuzzy translations of bipolar valued fuzzy subsemiring A of a
semiring R is a bipolar valued fuzzy translation of A.

Proof: It is trivial.

3.3 Theorem: Union of any two bipolar valued fuzzy translations of bipolar valued fuzzy subsemiring A of a semiring R is a
bipolar valued fuzzy translation of A.

Proof: Let x and y belong to R.

LetM=T 2 = {(x A"(X) + o, A(x) + B )/ xeR } and

N :T(fﬁ) ={ (X, A"(X) +y, A(X) + 5 ) / xeR } be two bipolar valued fuzzy translations of bipolar valued fuzzy subs miring

A=(A", A)ofR.
Let C=MuNand C ={(x, C*(x), C’(x) )/ xeR }, where C*(x) = max { A*(X) + a, A*(X) + v } and C*(x) = Min {
A (X)+B, A(X)+d}
Case (i): a<yand B <3.
Now C*(x) = max { M*(x), N"(x) }
= max{A"(X)+a, A"(X)+ y}= A"(X)+ vy = N(x) forall x and y in R.
And C(x) = Min { M"(x), N"(x) }
= Min { A (x)+ B, A (x)+ 8} = A (x)+ p = M"(x) for all x in R.

Therefore C :T(;\ﬁ): { (X A"(X) +y, AX)+ B ) / xeR } is a bipolar valued fuzzy translation of bipolar valued fuzzy

subsemiring A of R.
Case (ii): o >yand B > 6.
Now C*(x) = max { M*(x), N"(x) }
=max { A"(X) + o, A"(X)+ y}= A"(X) + o = M*(x) for all x in R.
And C(x) = min{ M (x), N(x) }
=min {A (X)+p, A (X)+ 8} = A (X)+ 3 =N (x) forall x in R.
Therefore C =T(2,5) ={{(x A"(X)+ a, A (X)+ 5 )/ xeR } is a bipolar valued fuzzy translation of bipolar valued fuzzy subs miring

Aof R.
Case (iii): a<yandf >é.
Clearly C :T(A ={(x A"(X) +vy, A (X)+3 ) / xeR } is a bipolar valued fuzzy translation of bipolar valued fuzzy subs miring A

7.0)
of R.

Case (iv): a>yand B <34.

Clearly C =T(2ﬁ) ={{x A"(X) + o, A (X)+B) / xeR } is a bipolar valued fuzzy translation of bipolar valued fuzzy subs miring A

of R.

In other cases are true, so in all the cases, union of any two bipolar valued fuzzy translations of bipolar valued fuzzy subs
miring A of R is a bipolar valued fuzzy translation of A.
3.4 Theorem:The union of a family of bipolar valued fuzzy translations of bipolar valued fuzzy subsemiring A of a semiring R is
a bipolar valued fuzzy translation of A.
Proof: It is trivial.
3.5 Theorem: A bipolar valued fuzzy translation of a bipolar valued fuzzy subsemiring A of a semiring R is a bipolar valued
fuzzy subs miring of R.
Proof: Assume that T = ( T*, T~ ) is a bipolar valued fuzzy translation of a bipolar valued fuzzy subsemiring A = ( A", A") of a
semiring R.
LetxandyinR.
We have T (x+y) = A*(x+y) + a.> min{ A*(x), A*(y) } + o

=min { A"(X) + o, A"(y) + a }=min { T'(x), T"(y) }.
Therefore T*(x+y) > min { T"(x), T'(y) } forall xand y in R.
And T*(xy) = A*(xy) + o> min{ A*(x), A*(y) } + o
=min { A'(X) + o, A"(y) + a }F=min { T*(x), T'(y) }.
Therefore T*(xy) > min { T*(x), T*(y) } for all xand y in R.
Also T~ (x+y) = A"(x+y) +B < max{ A"(x), A"(y) }+ B
=max {A°(X) + B, A(y) + B }=max {T(x), T(y) }-
Therefore T"(x+y) < max{ T (x), T (y) } forall xand y in R.
And T"(xy) = A"(xy) +B < max{ A (x), A"(y) }+ B
=max { A () + B, A(y) + B }=max {T(x), T(y) }.

Therefore T™(xy) < max{ T (x), T (y) } forall xand y in R.
Hence T is a bipolar valued fuzzy subsemiring of R.
3.6 Theorem: Let (R, +, .) and ( R', +, .) be any two semirings and f be a homomorphism. Then the homomorphic image of a
bipolar valued fuzzy translation of a bipolar valued fuzzy subsemiring A of R is also a bipolar valued fuzzy subsemiring of R'.
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Proof: LetV =(V',V )= f(T(Q’ﬁ) ), where T((’:’/),) is a bipolar valued fuzzy translation of a bipolar valued fuzzy subs miring

A= (A", A")ofR.
We have to prove that V is a bipolar valued fuzzy subsemiring of R'.
For all f(x) and f(y) in R',

we have V[ f(x)+f(y)] = V' [ fix+y) 1= T % (x+y)
= A"(x+y) + o> min{ A(x), A"(y) } + o
= min{A*(x) +a, A*(Y) +o }=min {T 2 ), T (v) }
which implies that V' f(x)+f(y) 1> min { V*( f(x) ), V'(f(y)) } for all f(x) and f(y) in R".
And VT E)f()] = V[ fixy) 1= T (xy)
= A'(xy) + o> min{ A"(x), A"(y) } + a
= min { A*(x) +a, A'(Y) +a = min {T 2 ), T (y) }
which implies that V' f(x)f(y) ] > min { V*(f(x) ), V*( f(y) ) } for all f(x) and f(y) in R".
Also VT f()+f(y) 1= VT f(x+y) 1< T, A (x+y)
=A(x+y) + B <max { A (x), A°(Y) }+ B
=max { A ()+ B, A (y)+ B} =max {T;" (), T;* () }
which implies that V[ f(x)+f(y) ] < max { V°(f(x) ), V (f(y) ) } for all f(x) and f(y) in R'.
And VTT)f(y) 1=V Ifxy) 1< T, A (xy)
=A(xy) +B<max {A(x), A(y) }+B
=max { A (X)+ B, A )+ pr=max {T,* 0, T;* (v) }

which implies that V[ f(x)f(y) ] < max { V'( f(x) ), V ( f(y) ) } for all f(x) and f(y) in R'. Therefore V is a bipolar valued fuzzy
subsemiring of R'.

3.7 Theorem: Let (R, +,.) and (R', +, . ) be any two semirings and f be a homomorphism. Then the homomorphic pre-image of
bipolar valued fuzzy translation of a bipolar valued fuzzy subsemiring V of R' is a bipolar valued fuzzy subsemiring of R.

Proof: Let T = T(\;ﬁ) = f(A), where T(\;’ﬂ) is a bipolar valued fuzzy translation of bipolar valued fuzzy subs miring V = (V*, V™)

of R'. We have to prove that A = (A*, A™) is a bipolar valued fuzzy subsemiring of R.
LetxandyinR.

Then A"(x+y) = T, (f(x+y)) = T, (f(x)+f(y))
= VT f(x)+f(y) 1+ o= min { VI((x)), V'(f(y) ) }+ o
=min { V'(f(x)) + o, V'(f(y)) + '}
=min{ T, (f69), T, (f(y))}=min { A"(x), A’(y) }
which implies that A*(x+y) > min { A"(x), A*(y) } forall xand y in R.
And A"(xy) = T,V (f(xy)) = T,” (fx)f(y))
= VT X)f(y) 1+ o> min { V'((x)), V'(f(y) ) }+ o
=min { V'(f(x)) + o, V'(f(y)) + o }
=min{ T, (f69), T,” (f(y))}=min { A"(x), A’(y) }
which implies that A*(xy) > Min { A*(x), A"(y) } forall xand y in R.
Also A(x+y) = T, (f(x+y) ) = T, (F(x)+(y) )
=V F(x)+f(y) ] +B < max { V' (f(x) ), V (T(y)) } + B
=max { V (f(x)) + B, V(f(y)) + B }
=max { T,;" (), T," (f(y))}=max{ A(x), A(y) }
which implies A™(x+y) < max{ A"(x), A (y) } forall xand y in R.
And A"(xy) = TV (f(xy)) = T;" (F)f(y) )
= VT H(x)f(y) ] +B < max { V(f(x) ), V'(T(y)) } + B
= max { V'(f(x)) + B, V (f(y)) + B }
=max { T;" (f()), T;" (f(y))}=max{ A"(x), A(y) }

which implies A™(xy) < max{ A" (x), A (y) } forall xand y in R.

Therefore A is a bipolar valued fuzzy subsemiring of R.

3.8 Theorem: Let (R, +,.) and ( R, +, . ) be any two semirings and f be a anti-homomorphism. Then the anti-homomorphic
image of a bipolar valued fuzzy translation of a bipolar valued fuzzy subsemiring A of R is also a bipolar valued fuzzy
subsemiring of R'.



48427 V.Shanmugapriya et al./ Elixir Adv. Math. 110 (2017) 48420-48428
Proof: LetV =(V',V )= f(T(:/),) ), where T(:/),) is a bipolar valued fuzzy translation of a bipolar valued fuzzy subsemiring A =

(A", A7) of R.
We have to prove that V is a bipolar valued fuzzy subsemiring of R'.
For all f(x) and f(y) in R,

we have V' f(x)+f(y)] = V' fiy+x) 1> T 24 (y+x)
= A'(y+x) + a>min{ A*(y), A"(}) } + a
=min { A*(x) +o, A'(y) +a 3 =min {T 2, (), T (y) }
which implies that V' f(x)+f(y) 1> min { V*( f(x) ), V*(f(y) ) } for all f(x) and f(y) in R".
And V'TFO)fY] = V [ fyx) 12 T (yx)
= A'(yx) + a>min{ A"(y), A"(X) } + a
=min { A*(X) +o, A*(y) +a F=min {T 2 x), T2 (y) }
which implies that V' f(x)f(y) ] > min { V*(f(x) ), V*( f(y) ) } for all f(x) and f(y) in R".
Also VT f()+f(y) 1=V fly=) 1< T, A y+x)
=A(y+x) + B <max {A(y), A (X) }+B
=max { A ()+ B, A (y)+ B=max {T, " (x), T, () }
which implies that V[ f(x)+f(y) ] < max { V°(f(x) ), V (f(y) ) } for all f(x) and f(y) in R'.
And VTT)f(y) 1=V Ify) 1< T, A (yx)
=A(yx) +B<=max{A(x), A(y) } +B
=max { A(x) + B, A(y) + B}= max {T ;" (x), T,*() }

which implies that V[ f(x)f(y) ] < max { V'( f(x) ), V ( f(y) ) } for all f(x) and f(y) in R'. Therefore V is a bipolar valued fuzzy
subsemiring of R'.

3.9 Theorem: Let (R, +,.) and ( R', +, . ) be any two semirings and f be an anti-homomorphism. Then the anti-homomorphic pre-
image of bipolar valued fuzzy translation of a bipolar valued fuzzy subsemiring V of R' is a bipolar valued fuzzy subsemiring of
R.

Proof: Let T = T(\;’/),) = f(A), where T(\;ﬂ) is a bipolar valued fuzzy translation of bipolar valued fuzzy subs miring V = (V*, V™)

of R'. We have to prove that A = (A*, A™) is a bipolar valued fuzzy subsemiring of R.
LetxandyinR.

Then A"(x+y) = T, (f(x+y)) = T, (f(y)+f(x))
= VL Hy)+(x) ] + o> min { V'(f(y) ), VI(f(x) ) }+
=min {V'(f(x) ) + o, V'(f(y) ) + o }
=min{T," (f(x)), T," (f(y))} = min{A"(x), A"(y) }
which implies that A*(x+y) > min { A"(x), A*(y) } forall xand y in R.
And A"(xy) = T, (fixy)) = T,” (f(0)f(x))
= VT HY)X) ] + o= min {V'(f(y) ), VI(f() ) 3+
=min {V'(f(x)) + o, V'((y) )+ o }
=min { T, (f09), T,”" (f(y)) } = min { A"(x), A"(y) }
which implies that A*(xy) > min { A*(x), A"(y) } forall xand y in R.
Also A (x+y) = TV (f(xty) ) = T, (f(y)+(x))
=V Hy)+f(x) ] +B < max { V' (f(y) ), V (f(x)) } + B
=max { V (f(x)) + B, V(f(y)) + B }
=max { T;" (f()), T,;" (f(y)) } = max { A(x), A(y) }
which implies A"(x+y) < max{ A"(x), A (y) } forall xand y in R.
And A(xy) = T." (T(xy)) = T, (H(y)f(x))
= VT HY)(x) ]+ <max { V(f(y)), V(f(x) } + B
=max { V' (f(x)) + B, V(f(y)) + B }
=max { T;" (f09), T;" (1)) } = max { A (x), A(y) }

which implies A"(xy) < max{ A (x), A" (y) } forall xand y in R.
Therefore A is a bipolar valued fuzzy subsemiring of R.
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