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1. INTRODUCTION 

Zadeh [12] introduced the concept of a fuzzy set theory in the year 1965.He also extended this concept of a fuzzy set by an 

interval-valued fuzzy set, i.e., a fuzzy set with an interval-valued membership function. Many real life situations depend on the 

existing theories such as probability theory, theory of (intuitionistic) fuzzy sets, theory of vague sets and theory of rough sets 

which deals with a lot of uncertainties. However, all of these theories have their own difficulties which are pointed out in [11]. 

Maji et al. [10] and Molodtsov [11] suggested that one reason for these difficulties may be due to the inadequacy of the 

parameterization tool. To overcome these difficulties, Molodtsov [10] introduced the concept of soft set as a new mathematical 

tool for dealing with uncertainties that is free from the difficulties that have troubled the usual theoretical approaches. Molodtsov 

[25] pointed out several directions for the applications of soft sets. At present, works on the soft set theory are progressing rapidly. 

Maji et al. [9] described the application of soft set theory to a decision making problem. Maji et al. [10] also studied several 

operations on the theory of soft sets. 

In 1966, Imai and Is´eki [20, 21] derived a new form of algebra called BCK-algebras and BCI-algebras. These concepts were 

elucidated in two different ways: One of them is based on set theory; another is from classical and non-classical propositional 

calculi. We also encounter the fact that there is a close relationship between the notions of the set difference in set theory and the 

implication functor in logical systems. Since then many researchers have worked in this area [19, 21, 22, 23, 24]. Jun et al.  [18] 

applied the notion of soft sets to BCK/BCI-algebra and d-algebra. 

Smarandache [14] coined neutrosophic logic and neutrosophic sets to deal with truth, indeterminate and falsehood. Jun et al. 

[5] introduced a new notion, called a (internal, external) cubic set, and investigated several properties. [5] dealt with P-union, P-

intersection, R-union and R-intersection of cubic sets, and investigated several related properties and also expanded the concept of 

cubic sets to the neutrosophic cubic sets. Anitha & Nirmala [1] introduced neutrosophic soft cubic set (internal, external). [1] 

Dealt with P-union, P-intersection, R-union and R-intersection of neutrosophic soft cubic sets, and investigated several related 

properties.  

This paper applies the notion of neutrosophic soft cubic set to BCK/BCI algebras, and introduces the idea of neutrosophic soft 

cubic BCK/BCI-algebras.                        

2. PRELIMINARIES 

Definition 2.1[24]. In this section we include some of the elementary aspects that are necessary for this paper. 

Algebra (𝑋; ∗, 0) of type (2, 0) is called a BCI-algebra if it satisfies the following axioms, for all Xzyx ,,   

(i) 0)()()((  yzzxyx  

(ii) 0)((  yyxx   

(iii) 0 xx  

(iv) yxxyandyx  0*0  

If a BCI-algebra 𝑋 satisfies the following identity:  
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(v) 0)0()(  xXx  then X is called a BCK-algebra.  

Any BCK/BCI-algebra X satisfies the following conditions, for all  Xzyx ,,   

(a1) 0)0(  x  

(a2) ;0)()(,0)()(0)((  xzyzzyzxyx  

(a3) ),)()(( yzxzyx   

(a4) .0)()()((  yxzyzx  

 A fuzzy set in a set X is defined to be a function IX : , where 𝐼 = [0, 1]. Denote by 
XI the collection of all fuzzy sets in a set 

X. Define a relation  on 
XI as follows:  

 XI ,   .)()()( xxXx    

The join )( and meet )( of   and are defined by 

)},(),(min{)(

,)}(),(max{)(

xxx

xxx







  

respectively for all Xx . The complement   of denoted by c , is defined by  )(1)()( xxXx c   . 

For a family  ii | of fuzzy sets in X, we define the join )( and meet )(  operations as follows: 

 

 ,|)(inf)(

,|)(sup)(







 







 





ixx

ixx

ii
i

ii
i




 

respectively, for all Xx . 

Definition 2.2 ([6]).Let E be a universe. Then a fuzzy set  μ over E is defined by X = { μx (x) / x: x є E }where μx is called 

membership function of X and defined by μx : E → [0,1]. For each x ∈ E, the value μx(x) represents the degree of  x belonging to 

the fuzzy set X. 

Definition 2.3 ([3]). Let X be a non-empty set. By a cubic set, we mean a structure  in which A is an 

interval valued fuzzy set (IVF) and μ is a fuzzy set. It is denoted by . 

Definition 2.4 ([10]).Let U be an initial universe set and E be a set of parameters. Consider A ⊂ E. Let P( U ) denotes the set of all 

neutrosophic sets of U. The collection ( F, A ) is termed to be the soft neutrosophic set over U, where F is a mapping given by F : 

A → P(U). 

Definition 2.5 ( [5] ).Let X be an universe. Then a neutrosophic (NS) set λ is an object having the form 

 λ = {< x : T(x),I(x),F(x) >: x ∈ X}  

where the functions T, I, F : X → ]
–
0, 1+[ define respectively the degree of Truth,  the degree of indeterminacy,  and the 

degree of  falsehood of the element x ∈ X to the set λ with the condition. 
−
0 ≤ T(x) + I(x) + F(x) ≤ 3

+ 

Definition 2.6 ( [8] ).Let X be a non-empty set. An interval neutrosophic set (INS) A in X is characterized by the truth-

membership function AT, the indeterminacy-membership function AI and the falsity-membership function AF. For each point x ∈ 

X, AT (x),AI (x),AF (x) ⊆ [0,1]. 

Definition 2.7 [(1]). 

 Let X be an initial universe set. Let NC(X)  denote the set of all neutrosophic cubic sets and E  be the set of parameters. Let 

EA  then  )({),( iePAP }}:)(),(,{ AeXxxxAx iieie   , where        ,}/,{ )( ,, XxAAAxxA xxx
F

i
e

I

i
e

T

i
eie  is an 

interval neutrosophic set ,       }/(,{ )( ,, Xxxx xxx
F

i
e

I

i
e

T

i
eie    is a neutrosophic set. The pair ),( AP  is termed to be the 

neutrosophic soft cubic set over X where P is a mapping given by .NC(X)A  :P   

Definition 2.8([1]). 

Let X be a non-empty set. A neutrosophic soft cubic set ),( MP  in X is said to be 

• Truth-internal (briefly, T-internal) if the following inequality is valid  

     ),(),( xxx
T

i
e

T

i
e

T

i
ei AAEeXx 

                                                                                                                                 (2.8.1) 

• Indeterminacy-internal (briefly, I-internal) if the following inequality is valid  

,)()()((),( )xAxxAEeXx I

i
e

I

i
e

I

i
ei

                                                                                                                             (2.8.2) 

• Falsity-internal (briefly, F-internal) if the following inequality is valid  

     ).(),( xxx
F

i
e

F

i
e

F

i
ei AAEeXx 

                                                                                                                                 (2.8.3) 

If a neutrosophic soft cubic set  in X satisfies (2.1), (2.2) and (2.3) we say that ),( MP is an internal neutrosophic soft cubic in 

X . 
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Definition 2.9( [1]). 

Let X  be a non-empty set. A neutrosophic soft cubic set ),( MP in X is said to be 

• Truth-external (briefly, T -external) if the following inequality is valid   

     )),,((),( xxx
T

i
e

T

i
e

T

i
ei AAEeXx 

                                                                                                                                    (2.4) 

• indeterminacy-external (briefly, I -external) if the following inequality is valid  

     )),,((),( xxx
I

i
e

I

i
e

I

i
ei AAEeXx 

                                                                                                                                    (2.5) 

• falsity-external (briefly, F -external)  if the following inequality  is valid  

     )).,((),( xxx
F

i
e

F

i
e

F

i
ei AAEeXx 

                                                                                                                     (2.6) 

If a neutrosophic soft cubic set ),( MP  in X satisfies (2.4), (2.5) and (2.6), we say that ),( MP  is an external neutrosophic soft 

cubic in X. 

Definition 2.10 ([1]). 

Let } M  e  X}  x: > (x) (x), A  x,{<= )P(e { = M) (P, i
i

e
i

ei  and 

} N  e  X}  x: > (x) (x), B  x,{< = B = )Q(e { = N) (Q, i
i

e
i

eii   be two neutrosophic soft cubic sets in X. Let M and N be any two 

subsets of E (set of parameters), then we have the following 

1. N) (Q, = M) (P,   if and only if the following conditions are satisfied 

a) M= N and 

b) )Q(e= )P(e ii
 for all Mei 

 if and only if )()( xBxA ieie   and )()( xx ieie    for all Xx  corresponding to each Mei  . 

2. N) (Q,andM) (P,  are two neutrosophic soft cubic set then we define and denote P- order as N) (Q,  M) (P, P  if and only if the 

following conditions are satisfied 

c) M  N and 

d) )Q(e )P(e iPi  for all Mei   if and only if )()( xBxA ieie   and )()( xx ieie    for all Xx  corresponding to each 

Mei  . 

3. N) (Q,andM) (P,  are two neutrosophic soft cubic set then we define and denote   P- order as N) (Q,  M) (P, R  if and only if the 

following conditions are satisfied 

e) M  N and 

f) )Q(e )P(e iRi   for all Mei   if and only if )()( xBxA ieie   and )()( xx ieie    for all Xx  corresponding to 

each Mei  . 

Definition 2.11 ([1]) 

Let N) (Q,andM) (P, be two neutrosophic soft cubic sets (NSCS) in X where I and J are any two subsets of the parameteric set 

E. Then we define  R-union  of neutrosophic soft cubic set as ),(),(),( CHNQMP R   where NMC   

)( ieH  =























NMeifeQeP

MNeifeQ

NMeifeP

iiRi

ii

ii

)()(

)(

)(  

where )()( iRi eQeP  is defined as 

)()( iRi eQeP   = NM  e  X}  x: > )(x) (},(x) B(x), A max{  x,{< i
i

e
i

e
i

e    

where (x) B(x), A
i

e
i

e
 represent interval neutrosophic sets.  

Hence 

=)()( i
T

Ri
T eQeP    , NM  e  X}  x: > (x)) (},(x) B(x), A max{  x,{< i

T

i
e

T

i
e

T

i
e

T

i
e

                                    

 )()( I
iRi

I eQeP   ,  NM  e  X}  x: > )(x) (},(x) B(x), A max{  x,{< i
i

e
i

e

I

i
e

I

i
e

 II                                           

=)()( i
F

Ri
F eQeP     NM  e  X}  x: > )(x) (},(x) B(x), A max{  x,{< i

F

i
e

F

i
e

F

i
e

F

i
e

  . 

Definition 2.12 ([1]) 

Let N) (Q,andM) (P,  be two neutrosophic soft cubic sets (NSCS) in X where M and N are any subsets of parameter’s set E.  

Then we define  R-intersection of neutrosophic soft cubic set as ),(),(),( CHNQMP R   where NMC  ,    

)( ieH  = )()( iRi eQeP  and .JIei  Here )()( iRi eGeF  is defined as  

)()( iRi eQeP  =  )( ieH  = NM  e  X}  x: > )(x) (},(x) B(x), A min{  x,{< i
i

e
i

e
i

e
i

e   .  

where (x) B(x), A
i

e
i

e
 represent interval neutrosophic sets. Hence 

 )()( i
T

Ri
T eQeP , NM  e  X}  x: > (x)) (},(x) B(x), A min{  x,{< i

T

i
e

i
e

T

i
e

T

i
e

 T             



R. Anitha Cruz and F. Nirmala Irudayam / Elixir Appl. Math. 117 (2018) 50360-50369 50363 

 )()( i
I

Ri
I eQeP   , NM  e  X}  x: > )(x) (},(x) B(x), A min{  x,{< i

I

i
e

I

i
e

I

i
e

I

i
e

                   

 )()( i
F

Ri
F eQeP    NM  e  X}  x: > (x)) (},(x) B(x), A min{  x,{< i

i
e

F

i
e

F

i
e

F

i
e

 F  

Definition 2.12 ([2]) 

The complement of a neutrosophic soft cubic set 

} I  ie  X}  x: > (x)
i

e (x), 
i

eA  x,{<= )iF(e { = I) (F,  is denoted by CI) (F,  and defined as 

} I) ,c(F I) (F,{I) (F, cC  ,where )(: XNCIcF   and  

}. I  ie  X}  x: > (x) (x),A  x,{<= c))iF(e {( =c I) (F, c
ie

c
ie



    . I  e  X}  x>  1,1,1 ,],[],[],,[  x,{<

 I) (F,

i

c

111,111 






F

i
e

I

i
e

T

i
e

F

i
e

F

i
e

I

i
e

I

i
e

T

i
e

T

i
e AAAAAA 

 

3. NUETROSOPHIC SOFT CUBIC SET  ON BCK/BCI ALGEBRA 

Definition 3.1. A Neutrosophic soft cubic set  M)(P, over U is said to be Neutrosophic soft cubic BCK/BCI algebra over U based 

on a parameter
ie if there exists Mei  such that 

                                                                                                                             (3.1.1) 

                                                                                                                                 (3.1.2) 

where 
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}/,{ )((x)A
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i
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eie

ei







 

and       }/(,{)( (x) ,,
FI,T, Uxxx xxx
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i
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i
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i
eie
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(y)}A(x),min{A  y)(xA
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(y)}(x),max{  y)(x
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(y)},(x),max{  y)(x

 (y)}(x),max{  y)(x
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If  M)(P, is a NSCS BCK/BCI algebra over U based on all parameter, we say that ),( MP is a NSCS BCK/BCI algebra over U. 

Example3.2. Consider a BCK-algebra },,,0{ cbaU  with the following Cayley table. 

* 0 a b c 

0 0 0 0 0 

a a 0 0 a 

b b a 0 b 

c c c c 0 

Consider a set of parameters A={e1,e2,e3}. Let (P,M) be a Neutrosophic soft cubic set over U which is represented as the 

following tabular form. 
 

* 
P(e1) P(e2) P(e3) 

<Ae1(x*y),                λ e1(x*y) >                                         <Ae2(x*y),                λ e2(x*y) >                                         <Ae3(x*y),                 λ e3(x*y) >                                         

0 [.7,.9][.3,.5][.4,.6] [.1,.3,.5] [.6,.8][.4,.6][.2,.4] [.1,.3,.4] [.2,.5][.1,.2][.2,.4] [.4,.8,.7] 

a [.6,.8][.1,.2][.1,.4] [.3,.5,.6] [.5,.8][.3,.4][.2,.4] [.1,.3,.5] [.6,.8][.2,.3][.1,.4] [.3,.5,.6] 

b [.3,.8][.2,.5][.1,.3] [.2,.4,.7] [.1,.5][.3,.6][.1,.2] [.5,.4,.6] [.3,8][.2,.5][.1,.3] [.3,.7,.6] 

c [.1,.5][.3,.5][.2,.4] [.1,.3,.5] [.2,.3][.1,.2][.1,.3] [.2,.3,.4] [.5,.6][.3,.4][.1,.3] [.2,.4,.5] 

Then (P,M) is a NSCS BCK-algebra over U based on parameters e1and e2 but it is not a NSCS BCK-algebra over U based on 

the parameters e3 since  

b)(aFI,T,

3
e

= [0.4,0.8,0.7]  [0.3,0.7,0.6]= b)}(a),max{
ii ee  and/or  

b)(aA FI,T,

3
e

=[0.2,0.5][0.1,0.2][0.2,0.4]  [0.3,0.8][0.2,0.3][0.1,0.3]= (b)},A(a),min{A FI,T,FI,T,

ii ee
 

Proposition 3.3. 

If ),( MP is a NSCS BCK/BCI algebra over U based on a parameter
ie in M then  

U xallfor  (x) (0)and(x)(0) FI,T,FI,T,FI,T,FI,T, 
iiii eeee

AA  . 

 



R. Anitha Cruz and F. Nirmala Irudayam / Elixir Appl. Math. 117 (2018) 50360-50369 50364 

Proof. 

For any Ux we have 

 
 

U. xallfor  (x)(x))(x),(x),(

(x))}(x),(x),((x)),(x),(x),max{( 

(x)}(x),max{  x)(x (0)

 and 

(x)A

(x)]A(x),[A(x)],A(x),[A(x)],A(x),[A

  (y)]A(y),[A(y)],A(y),[A(y)],A(y),[Amin    

, (x)]A(x),[A(x)],A(x),[A(x)],A(x),[Amin

(x)}A(x),min{A  x)(xA(0)A

FI,T,FIT

FITFIT

FI,T,FI,T,FI,T,FI,T,

FI,T,

FF-II-TT-

FF-II-TT-

FF-II-TT-

FI,T,FI,T,FI,T,FI,T,
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Corollary 3.4. 

If ),( MP is a NSCS BCK/BCI algebra over U then .UxandM allfor  (x) (0)and(x)(0) FI,T,FI,T,FI,T,FI,T,  ieeee
eAA

iiii
  

Proof. 

Let ),( MP  be NSCS BCK/BCI algebra over U. For a parameter Mei  , FI,T,FI,T, [I]t][s,and[0,1]r   we define a set 

}r(x),t][s,(x)/{:),( FI,T,FI,T,FI,T,FI,T,
],[ 

iii ee
r

tse AUxMP   

If we put  

}r(x)/{:),(

and}t][s,(x)/{:),(

FI,T,FI,T,

FI,T,FI,T,
],[





ii

ii

e
r

e

etse

UxMP

AUxMPA



  

i.e 

}r(x),r(x),r(x)/{:),(

and}t][s,(x),t][s,(x),t][s,(x)/{:),(

FFIITT

FFIITT
],[





iiii

iiii

eee
r

e

eeetse

UxMP

AAAUxMPA



 

then  

}),(),(:),( FI,T,
t][s,

FI,T,
],[

r
ee

r
tse MPMPAMP

iii
  

Theorem 3.5. 

For a NSCS ),( MP over U, the following are equivalent 

1. ),( MP is a NSCS BCK/BCIalgebra over U based on the parameter Mei  . 

2. The sets }r(x)/{:),(and}t][s,(x)/{:),( FI,T,FI,T,FI,T,FI,T,
],[ 

iiii e
r

eetse UxMPAUxMPA  are sub algebra of U for 

FI,T,FI,T, [I]t][s,and[0,1]r  whenever they are nonempty. 

Proof. 

Assume that ),( MP  is a NSCS BCK/BCIalgebra over U based on the parameter Mei  . 

 Let FI,T,FI,T, [I]t][s,andUyx,  be such that 
],[),(, tse MPAyx

i
 . Then .t][s,(y)andt][s,(x) FI,T,FI,T,FI,T,FI,T, 

ii ee AA  

It follows from (3.1) that 
FI,T,FI,T,FI,T,FI,T,FI,T,FI,T, t][s,}t][s,,t]min{[s, (y)}A(x),min{A  y)(xA 

iii eee
 

Hence ,),(* ],[ tse MPAyx
i

 and therefore 
],[),( tse MPA

i

is subalgebra of U. 

Now let [0,1][r]andUyx, FI,T,  be such that ,),(, r
e MPyx

i
 then FIT

e
FIT

e ryandrx
ii

,,FI,T,,,FI,T, )( )(   . 

 Using (3.2) we have r   (y)}(x),max{  y)(x FI,T,FI,T,FI,T, 
iii eee  and so r

e MPyx
i

),(,  .  

Therefore r
e MP

i
),( is a sub algebra of U.   

Conversely. Suppose that the sets }r(x)/{:),(and}t][s,(x)/{:),( ,,FI,T,,,FI,T,
],[

FIT
e

r
e

FIT
etse iiii

UxMPAUxMPA    

are sub algebras of U  for all FI,T,FI,T, [I]t][s,and[0,1]r  whenever they are nonempty. 

Assume that there exists Uba , such that  b)(a FI,T, 
ieA (b)}(a),min{ FI,T,FI,T,

ii ee
A  . If we take  
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 T

a

T

a

T ,s (a) tA
ie  ,  IaI
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I ,s (a) tA
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F, ,s (a) tA
ie  and  T

b

T

b

T ,s (b) tA
ie  ,  I

b

I

b

I ,s (b) tA
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ie  ,  F
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F
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ie    

then,        ,s ,,smin ,s T
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T
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T
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0 ttt      T
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T
a ttss ,min,,min  , 
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b

F
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a

F
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b
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F
a ttss ,min,,min  . 

Hence we have the following three cases: 

(i) (a)    T
b

T
a

T
b

T
a ttandss ,mint,min s T

0
T
0   

(b)    I
b

I
a

I
b

I
a ttandss ,mint,min s I

0
I
0   

(c)    F
b

F
a

F
b

F
a ttandss ,mint,min s T

0
F
0   

(ii) (a)    T
b

T
a

T
b

T
a ttandss ,mint,min s T

0
T
0   

(b)    I
b

I
a

I
b

I
a ttandss ,mint,min s I

0
I
0   

(c)    F
b

F
a

F
b

F
a ttandss ,mint,min s T

0
F
0   

(iii) (a)    T
b

T
a

T
b

T
a ttandss ,mint,min s T

0
T
0   

(b)    I
b

I
a

I
b

I
a ttandss ,mint,min s I

0
I
0   

(c)    F
b

F
a

F
b

F
a ttandss ,mint,min s T

0
F
0   

For the First case we have  

 T

a

T

a

T ,s (a) tA
ie      T

b
T
a

T
b

T
a ttss ,min,,min    TT

b
T
a tss 0,,min  , 

 I
a

I
a

I ,s (a) tA
ie      I

b
I
a

I
b

I
a ttss ,min,,min    II

b
I
a tss 0,,min  , 

 F
a

F
a

F ,s (a) tA
ie      F

b
F
a

F
b

F
a ttss ,min,,min    FF

b
F
a tss 0,,min  , 

 T
b

T
b

T ,s (b) tA
ie      T

b
T
a

T
b

T
a ttss ,min,,min    TT

b
T
a tss 0,,min  , 

 I
b

I
b

I ,s (b) tA
ie      I

b
I
a

I
b

I
a ttss ,min,,min    II

b
I
a tss 0,,min  , 

 F
b

F
b

F ,s (b) tA
ie      F

b
F
a

F
b

F
a ttss ,min,,min    FF

b
F
a tss 0,,min  , 

And so 
]},,[min{ ,,

0
,,,,),(* FITFIT

b
FIT

ai tsse MPAba  but  

,),(*
]},,[min{ ,,

0
,,,, FITFIT

b
FIT

ai tsse MPAba  a contradiction. By the similar way (ii) and (iii) induce a contradiction. Thus 

(y)}A(x),min{A  y)(xA FI,T,FI,T,FI,T,

iii eee  Uy x,allfor  and  . 

Now Suppose (3.2) is false. Then (b)}(a),max{ r  b)(a FI,T,FI,T,FI,T,

iii eee   Uy x,somefor   and [0,1]r which 

implies 0),(,
r

e MPba
i

 but ,),(* 0r
e MPAba

i
 this is a contradiction and hence (3.2) is valid. Therefore ),( MP is a NSCS 

BCK/BCI algebra over U based on the parameter Mei  . 

Corollary 3.6. 

If a NSCS ),( MP over U is a BCK/BCIalgebra over U based on parameter Mei  then  

}r(x),t][s,(x)/{),( FI,T,FI,T, 
iii eee AUxMP  is a sub algebra of U for all FI,T,FI,T, [I]t][s,and[0,1]r  whenever it is 

nonempty. 

Theorem 3.7. 

The R-intersection of two NSCS BCK/BCI-algebra over U is also a NSCS BCK/BCIalgebra over U. 

Proof. 

Let ),( MP and ),( NQ  be NSCS BCK/BCI-algebra over U and let ),(),(),( NQMPCH R be the R-intersection of  

),( MP  and ),( NQ . Then NMC  .For any Cei  , if N\Mei  then 

)( ieH  = )()( iRi eQeP  and .JIei    

)( ieH  = NM  e  X}  x: > (x) (x), C  x,{< i
i

e
i

e   
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(y)}C(x),min{C

(y)}A(x),min{A 

y)(xP

y)(xy)(xC

FI,T,FI,T,

FI,T,FI,T,

FI,T,

ii

ii

i

ii

ee

ee

e

ee P







  

and 

(y)}(x),max{

(y)}(x),max{ 

y)(xP

y)(xy)(x

FI,T,FI,T,

FI,T,FI,T,

FI,T,

ii

ii

i

ii

ee

ee

e

ee P













  

Uy x,allfor   .Similarly, if M\Nei  then 

(y)}(x),max{y)(x and (y)}C(x),min{Cy)(xC FI,T,FI,T,FI,T,FI,T,

iiiiii eeeeee    Uy x,allfor   .  

Suppose that NMei
.Then 

(y)}C(x),min{C

(y)}C(x),min{C

(y)}B(x),min{A 

y)(x)()(y)(xC

FI,T,FI,T,

FI,T,FI,T,

ii

ii

ii

i

ee

ee

ee

iRie eQeP







  

and 

(y)}(x),max{

(y)}(x),max{

(y)}(x),max{

y)(x)()(y)(x

FI,T,FI,T,

FI,T,FI,T,

ii

ii

ii

i

ee

ee

ee

iRie eQeP















   

Uy x,allfor   .Therefore ),(),(),( NQMPCH R is a NSCS BCK/BCI algebra over U. 

 

4. SUBALGEBRAS OF BCK/BCI ALGEBRAS BASED ON  NEUTROSOPHIC SOFT CUBIC SET 

Definition 4.1 .  

A Neutrosophic soft cubic set  M)(P, over U is said to be Neutrosophic soft cubic  BCK/BCIalgebra over U based on a 

parameter
ie (briefly, e-Neutrosophic soft cubic subalgebra over U) if there exists Mei  such that 

                                                                                                                                         (4.1) 

                                                                                                                                             (4.2) 

Where 

     

            }/[[[,{

}/,{(x)A )(

],,],,],

,,
FI,T,

UxAAAAAAx

UxAAAxxA

xxxxxx

xxx

F

i
e

F

i
e

I

i
e

I

i
e

T

i
e

T

i
e

F

i
e

I

i
e

T

i
eeie

i







 

And 

      }/(,{ (x))( ,,
FI,T, Uxxx xxx

F

i
e

I

i
e

T

i
eeie

i
   

 

(y)}A(x),min{A  y)(xA

(y)},A(x),min{A  y)(xA

(y)},A(x),min{A  y)(xA

 (y)}A(x),min{A y)(xA

FFF

III

TTT

FI,T,FI,T,FI,T,

































iii

iii

iii

iii

eee

eee

eee

eee

 

































(y)}(x),max{  y)(x

(y)},(x),max{  y)(x

(y)},(x),max{  y)(x

 (y)}(x),max{  y)(x

FFF

III

TTT

FI,T,

iii

iii

iii

iii

eee

eee

eee

eee









 

If  M)(P, is a NSCS BCK/BCI algebra over U based on all parameter , we say that ),( MP is a NSCS BCK/BCI algebra over U. 
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Theorem 4.2. 

Let  M)(P, &  N)(Q, be NSCS subalgebras over U. If M&N are disjoint, then the R-union of  M)(P, &  N)(Q, is a NSCS 

over U. 

Proof. 

By definition 2.11 we can write as ),(),(),( CHNQMP R   where NMC   

)( ieH  =























NMeifeQeP

MNeifeQ

NMeifeP

iiRi

ii

ii

)()(

)(

)(  

Since φNM  either NMei  or MNei  for all Cei . If NMei  then )()( ii ePeH  is NSCS sub algebra 

over U. If MNei  then )()( ii eQeH  is a NSCS sub algebra over U. Hence ),(),(),( CHNQMP R  is a NSCS sub 

algebra over U. 

Theorem 4.3. 

Given a parameter Mei a NSCS  M)(P, over U is an e-NSCS subalgebra over U if and only if the sets  

 , ]},[)(| {: ],[ FI,T,
2

FI,T,
1

FI,T,
21   xAUxA

ii ee
                                                                                                                 (5) 

})(|{ )( FI,T,FI,T, txUxt
ii ee                                                                                                                                                  (6) 

are subalgebras of U for all FI,T,FI,T,
2

FI,T,
1 I ],[   and ]1,0[ t FI,T,   

Proof . 

Assume that a NSCS  M)(P, over U is an e-NSCS subalgebra over U and let Uyx , . 

If Uyx , allfor  ],[ 21 
ieA FI,T,FI,T,

2
FI,T,

1 I ],[  then 

],[)( FI,T,
2

FI,T,
1

FI,T, xA
ie

and ],[)( FI,T,
2

FI,T,
1

FI,T, yA
ie

 

From (4.1) and (4.2) 

 
 

 
)](,)([

 ])(,)([ ],)(,)([],)(,)([min

)}(),(),(min{)},(),(),(min{

                 (y)]A(y),[A(y)],A(y),[A(y)],A(y),[Amin    

, (x)]A(x),[A(x)],A(x),[A(x)],A(x),[Amin

(y)}A(x),min{A y)(xA

FI,T,
2

FI,T,
1

F
2

F
1

I
2

I
1

T
2

T
1

F
2

I
2

T
2

F
1

I
1

T
1

FF-II-TT-

FF-II-TT-

FI,T,FI,T,FI,T,
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yxyxyx

yyyxxx

iiiiii

iiiiii
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eeeeee

eeeeee

eee





















 

Hence   ],[, 21 
ieAyx  . Now if  )(, tyx

ie
for all ]1,0[ t,t,tt FIT  then 

t  )(,t)(  yandx
ii ee  .  

From (4.2) we have  

tt

ttt

yxyxyx

yyyxxx

iiiiii

iiiiii

ii

iii

eeeeee

eeeeee

ee

eee













FI,T,

FIT

FFIITT

FITFIT

FI,T,FI,T,

,,

 ))}()(()),(),(()),(),({(max 

     )}(),(),({max)},(),(),({max 

(y)}(x),max{ 

(y)}(x),max{ y)(x







  

And so y)(x, 
ieyx  .Therefore  ],[ 21

F,IT, 
ieA  and  )(,, tFIT

ei
  sub algebra over U. 

Conversely suppose that  ],[ 21
F,IT, 

ieA and  )(,, tFIT
ei
  are subalgebra over U for all FI,T,FI,T,

2
FI,T,

1 I ],[   and ]1,0[ t FI,T,  .   

Assume that there exist  , Uba  such that (b)}A(a),min{A b)(aA FI,T,FI,T,FI,T,

iii eee  . 

Let  

  ],[)( FI,T,
2

FI,T,
1

F,IT, aA
ie

,   ],[)( FI,T,
4

FI,T,
3

F,IT, bA
ie

, ],[b)(a FI,T,
2

FI,T,
1

F,IT, 
ieA then 

 
],[min],,min[

],[],,[min],[

FI,T,
4

FI,T,
2

FI,T,
3

FI,T,
1

FI,T,
4

FI,T,
3

FI,T,
2

FI,T,
1

FI,T,
2

FI,T,
1
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Hence ],[min ]and,min[ FI,T,
4

FI,T,
2

FI,T,
2

FI,T,
3

FI,T,
1

FI,T,
1    

Taking 

 

 

   ],[min
2

1
],[min

2

1

]},[,],[min{],[
2

1

(b)}A(a)min{Ab)(aA
2

1
],[

FI,T,
4

FI,T,
2

FI,T,
2

FI,T,
3

FI,T,
1

FI,T,
1

FI,T,
4

FI,T,
2

FI,T,
3

FI,T,
1

FI,T,
2

FI,T,
1

FI,T,FI,T,FI,T,
21












iii eee

 

It follows that 

 

  FI,T,
2

FI,T,
4

FI,T,
2

FI,T,
22

FI,T,
4

FI,T,
2

FI,T,
1

FI,T,
3

FI,T,
1

FI,T,
11

FI,T,
3

FI,T,
1

],[min
2

1
],min[

],[min
2

1
],min[








 

And so that ],[],[min],,min[ 21
FI,T,

4
FI,T,

2
FI,T,

3
FI,T,

1   > ],[ FI,T,
2

FI,T,
1  = b)(aF,IT, 

ieA .  21
F,IT, ,ba 

ieA  

On the other hand we know that 

],[]},[,],[min{],[(a) 21
FI,T,

4
FI,T,

2
FI,T,

3
FI,T,

1
FI,T,

2
FI,T,

1
F,IT,  

ieA  

],[]},[,],[min{],[(b) 43
FI,T,

4
FI,T,

2
FI,T,

3
FI,T,

1
FI,T,

4
FI,T,

3
F,IT,  

ieA  

which implies that  21
F,IT, ,b,a 

ieA .This is a contradiction and so (y)}A(x),min{A y)(xA FI,T,FI,T,FI,T,

iii eee   for all Uyx , . 

Now assume that (b)}(a),max{b)(a FI,T,FI,T,FI,T,

iii eee   for some Uba , then there exist ]1,0[ t FI,T,
0  such that 

(b)}(a),max{tb)(a FI,T,FI,T,FI,T,
0

FI,T,

iii eee   .Hence FI,T,
0t, ba but FI,T,

0t, ba  This is a contradiction and therefore 

(y)}(x),max{ y)(x
iii eee   for all Uyx , . Consequently,  M)(P, is an e-NSCS subalgebra over U. 

Proposition 4.4. 

Given a parameter Mei  if a NSCS  M)(P, over U is an e-NSCS subalgebra over U then  

U xallfor  (x) (0)and(x)(0) FI,T,FI,T,FI,T,FI,T, 
iiii eeee

AA  . 

Proof. 

For any Ux we have 

 
 

 (x)A

(x)]A(x),[A(x)],A(x),[A(x)],A(x),[A

(x)]A(x),[A(x)],A(x),[A(x)],A(x),[A

,(x)]A(x),[A(x)],A(x),[A(x)],A(x),[A
min

(x)}A(x),min{A  x)(xA(0)A

FI,T,

FF-II-TT-

FF-II-TT-
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FI,T,FI,T,FI,T,FI,T,

i

iiiiii

iiiiii

iiiiii

iiii
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eeeeee

eeeeee

eeeeee

eeee




























  

(x)(x)(x),(x),(

(x))}(x),(x),((x)),(x),(x),max{( 

(x)}(x),max{  x)(x (0)

FI,T,FIT

FITFIT

FI,T,FI,T,FI,T,FI,T,

iiii

iiiiii

iiii

eeee

eeeeee

eeee











  

U. xallfor    

Theorem 4.5. 

Let  M)(P, be a e-NSCS sub algebra over U for a parameter Mei  . If there is a sequence in U such that and 

]1,1[)(xA n
FI,T,

lim 


ie
n

 and 0)(xn
FI,T,

lim 


ie
n

 then ]1,1[(0)A FI,T, 
ie

and 0(0)FI,T, 
ie

. 

 

Proof. 

Since )(A(0)A FI,T,FI,T, x
ii ee  and )((0) FI,T,FI,T, x

ii ee   U xallfor   , 

We have 

)(A(0)A FI,T,FI,T, x
ii ee  , 

)((0) FI,T,FI,T, x
ii ee   ,  

for every positive integer n. Note that 
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]1,1[)(xA(0)A]1,1[ n
FI,T,FI,T,

lim 
 ii e

n
e

and 0)(x(0)0 n
FI,T,FI,T, 

ii ee  . 

Hence ]1,1[(0)A FI,T, 
ie

and 0(0)FI,T, 
ie

. 

Theorem 4.6.   

Given a parameter Mei if a NSCS  M)(P, over U is an e-NSCS subalgebra over U then the sets 

   (0))(|:and(0)A)(A|: FI,T,FI,T,FI,T,FI,T,

A FI,T,FI,T,
ii

ieii
ie

eeee
xUxUxUxU 


  are subalgebra of U. 

Proof. 

Let Uyx,  .If 
(0)A FI,T,yx,

ie

U then )(A(0)A)(A FI,T,FI,T,FI,T, yx
iii eee  . Hence 

(0)  (0)}(0),max{(y)}(x),max{ y)(x

and (0)A  (0)}A(0),min{A(y)}A(x),min{A y)(xA

FI,T,FI,T,FI,T,FI,T,FI,T,FI,T,

FI,T,FI,T,FI,T,FI,T,FI,T,FI,T,

iiiiii

iiiiii

eeeeee

eeeeee

 

  

Combining this and Proposition 4.5, we have (0) y)(x and (0)A  y)(xA FI,T,FI,T,FI,T,FI,T,

iiii eeee
  . This shows that 

 FI,T,A
yx

ie

U and FI,T,yx
ie

U


 . Therefore  
FI,T,FI,T,A

ieie

UandU


neutrosophic soft cubic subalgebras of U. 

Corollary 4.8. 

Given a parameter Mei if a NSCS  M)(P, over U is an e-NSCS subalgebra over U then the set 
FI,T,FI,T,A

ieie

UU


 is 

subalgebra of U. 

Proof. 

The proof is straight forward. 
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