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1. INTRODUCTION

Zadeh [12] introduced the concept of a fuzzy set theory in the year 1965.He also extended this concept of a fuzzy set by an
interval-valued fuzzy set, i.e., a fuzzy set with an interval-valued membership function. Many real life situations depend on the
existing theories such as probability theory, theory of (intuitionistic) fuzzy sets, theory of vague sets and theory of rough sets
which deals with a lot of uncertainties. However, all of these theories have their own difficulties which are pointed out in [11].
Maji et al. [10] and Molodtsov [11] suggested that one reason for these difficulties may be due to the inadequacy of the
parameterization tool. To overcome these difficulties, Molodtsov [10] introduced the concept of soft set as a new mathematical
tool for dealing with uncertainties that is free from the difficulties that have troubled the usual theoretical approaches. Molodtsov
[25] pointed out several directions for the applications of soft sets. At present, works on the soft set theory are progressing rapidly.
Maji et al. [9] described the application of soft set theory to a decision making problem. Maji et al. [10] also studied several
operations on the theory of soft sets.

In 1966, Imai and Is"eki [20, 21] derived a new form of algebra called BCK-algebras and BCl-algebras. These concepts were
elucidated in two different ways: One of them is based on set theory; another is from classical and non-classical propositional
calculi. We also encounter the fact that there is a close relationship between the notions of the set difference in set theory and the
implication functor in logical systems. Since then many researchers have worked in this area [19, 21, 22, 23, 24]. Jun et al. [18]
applied the notion of soft sets to BCK/BCl-algebra and d-algebra.

Smarandache [14] coined neutrosophic logic and neutrosophic sets to deal with truth, indeterminate and falsehood. Jun et al.
[5] introduced a new notion, called a (internal, external) cubic set, and investigated several properties. [5] dealt with P-union, P-
intersection, R-union and R-intersection of cubic sets, and investigated several related properties and also expanded the concept of
cubic sets to the neutrosophic cubic sets. Anitha & Nirmala [1] introduced neutrosophic soft cubic set (internal, external). [1]
Dealt with P-union, P-intersection, R-union and R-intersection of neutrosophic soft cubic sets, and investigated several related
properties.

This paper applies the notion of neutrosophic soft cubic set to BCK/BCI algebras, and introduces the idea of neutrosophic soft
cubic BCK/BCl-algebras.

2. PRELIMINARIES
Definition 2.1[24]. In this section we include some of the elementary aspects that are necessary for this paper.
Algebra (X; , 0) of type (2, 0) is called a BCl-algebra if it satisfies the following axioms, for all x y,ze X

(i) ((x*y) = (x*2)*(z*y)=0

(i) (x*x(x*y)*xy=0

(i) x*x =0

(iv) x*y=0andy*x=0=x=y

If a BCl-algebra X satisfies the following identity:
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(v) (Vxe X)(0%x)=0 then Xis called a BCK-algebra.

Any BCK/BCl-algebra X satisfies the following conditions, forall x y 7eX A
(al) (0xx)=0

(@2) ((x*y)=0=(x*2)*(y*2)=0,(z*y)*(2*Xx) =0,

@3) ((x*y)*z=(x*2)*y),

(@4) ((x*z)*(y*z)*(x*y)=0.

A fuzzy set in a set X is defined to be a function A : X — | , where I = [0, 1]. Denote by | * the collection of all fuzzy sets in a set

X. Define a relation <on 1% as follows:
(v, 1 e 1°) (A< e (vxe X)A0) < p(x)))
The join (v)and meet (v)of Aand . are defined by

Av p(x)=max{A(x), u(x)},

A A p(x)=min{A(x), 1(x)},
respectively for all x e X . The complement 4 of denoted by , ¢, is defined by (Vx e X)(ﬂc (x) zl_i(x))-

For a family {ﬂi lie A} of fuzzy sets in X, we define the join (v) and meet (A) operations as follows:
(_VA ﬂij(x)zsup{ﬂi (x)]ieA}

le
(_/X/lij(x)zinf{/li(x) lieA}

le

respectively, forall xe X .
Definition 2.2 ([6]).Let E be a universe. Then a fuzzy set p over E is defined by X = { px (x) / x: x € E }where p is called
membership function of X and defined by py: E — [0,1]. For each x € E, the value py(X) represents the degree of x belonging to
the fuzzy set X.
Definition 2.3 ([3]). Let X be a non-empty set. By a cubic set, we mean a structure 2 = {(x, A(x), u(x)) |x € X} in which A is an
interval valued fuzzy set (IVF) and p is a fuzzy set. It is denoted by(A., 1),
Definition 2.4 ([10]).Let U be an initial universe set and E be a set of parameters. Consider A c E. Let P( U ) denotes the set of all
neutrosophic sets of U. The collection ( F, A ) is termed to be the soft neutrosophic set over U, where F is a mapping given by F :
A — P(U).
Definition 2.5 ( [5] ).Let X be an universe. Then a neutrosophic (NS) set A is an object having the form
A= {<x:T(x),I(x),Fx)> x € X}

where the functions T, I, F : X — ]°0, 1+[ define respectively the degree of Truth, the degree of indeterminacy, and the
degree of falsehood of the element x € X to the set A with the condition.
0 <T(x)+1(x) + F(x) <3"
Definition 2.6 ( [8] ).Let X be a non-empty set. An interval neutrosophic set (INS) A in X is characterized by the truth-
membership function Ag, the indeterminacy-membership function A, and the falsity-membership function Ag. For each point x €
Xv AT (X),A| (X)vAF (X) c [011]
Definition 2.7 [(1]).

Let X be an initial universe set. Let NC(X) denote the set of all neutrosophic cubic sets and E be the set of parameters. Let

AcE then (P, p)={P(e; ) = {<X, Ae;(X), 4¢; (X) >: x € X}&; €A} where Ae; (X) ={< X, AeTI (x), Aeli (x), AeFi (x)>/xeX}, is an
interval neutrosophic set , Jey (X) ={< X, (2_; (X)’Z‘Li (X),ﬂ;(x)>/x e X} is a neutrosophic set. The pair (P, A) is termed to be the
neutrosophic soft cubic set over X where P is a mapping given by p: A — NC(X) .

Definition 2.8([1]).
Let X be a non-empty set. A neutrosophic soft cubic set (P,M) in X is said to be

e Truth-internal (briefly, T-internal) if the following inequality is valid

(VxeX.g €E) (AT (<4 ()< AT (X)), (2.8.1)
eIndeterminacy-internal (briefly, I-internal) if the following inequality is valid

(VxeX,g €E) (A;i' (x)gz;i (x)gpgi'(x)), (2.82)
«Falsity-internal (briefly, F-internal) if the following inequality is valid

(VxeX,ge E)(A;iF(x)S/IEi(x)g AgiF(x)). (2.8.3)

If a neutrosophic soft cubic set in X satisfies (2.1), (2.2) and (2.3) we say that (P,M)is an internal neutrosophic soft cubic in

X .
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Definition 2.9( [1]).
Let X be anon-empty set. A neutrosophic soft cubic set (P,M)in X is said to be

«Truth-external (briefly, T -external) if the following inequality is valid

(VxeX,g eE) (A (e (AT (0. AT (), 24)
eindeterminacy-external (briefly, | -external) if the following inequality is valid

(VxeX,g €E) (g (0= (A (0. A (), (25)
«falsity-external (briefly, F -external) if the following inequality is valid

(VxeX,g €E) (A (e (A (). AT (). (2.6)

i
If a neutrosophic soft cubic set (P, M) in X satisfies (2.4), (2.5) and (2.6), we say that (P, M) is an external neutrosophic soft
cubic in X.
Definition 2.10 ([1]).
Let (b, M) ={P(e;) = {< X, A, (), . (¥) >:xeX} & eM}and

Q, N)={Q(e;)=B; ={<x, Bei (X), e (X)>:xeX} e; eN} be two neutrosophic soft cubic sets in X. Let M and N be any two

subsets of E (set of parameters), then we have the following
1. (P,M) = (Q,N) ifand only if the following conditions are satisfied
a)M=N and
b) P(e;) =Q(e;) for all g eM if and only if Ae; (X)=Be; (X) and Ae; (X) = 1 (X) forall x e X corresponding to eache; e M .
2. (P,M)and (Q, N) are two neutrosophic soft cubic set then we define and denote P- order as (P, M), (Q, N) if and only if the
following conditions are satisfied
¢)M =N and
d) P(e,) <, Q(ei)for all g eM if and only if Ae; (X) = Be; (X) and Ae; (X) < ue;(x) for all xe X corresponding to each
e eM.
3. (P, M)and (Q, N) are two neutrosophic soft cubic set then we define and denote P- order as (P, M)cr (Q, N) if and only if the
following conditions are satisfied
e)M <N and
f) Pe))<r Q;) for all e;eM if and only if Ae(X)< Bej(x) andle(x)> se(x) for all xe X corresponding to
eache; e M .
Definition 2.11 ([1])

Let (P, M)and (Q, N) be two neutrosophic soft cubic sets (NSCS) in X where I and J are any two subsets of the parameteric set
E. Then we define R-union of neutrosophic soft cubic setas (P,M) ug (Q,N) = (H,C) where C=M UN
H(e) =(P(g) ifgeM-N

o) ifeeN-M

P(e) vg Q&) ifgeMnN
where P(g;) v Q(g;) is defined as
P(e) ve Q&) = {<x, max{Aei (x), Bei (x)},(}b/\yei )X)>:xeX} e;eMnN
where A, (x),B, (x) represent interval neutrosophic sets.
I I

Hence
PTe) veQ'(&) = {<x.max{A] (),B] (0}(2] Arul) (>:xeX}e;eMN,

P'e)vg Q') = {<x, max{AL. (x),BL_ (x)},(/i'e_ Ayg_ YX)>:xeX}e;eMnN
PPe)vaQ () = {<xmax{A’ (x,Bf (0} (2 Aul)x)>:xeX}e;eMNN -

Definition 2.12 ([1])
Let (P, M)and (Q, N) be two neutrosophic soft cubic sets (NSCS) in X where M and N are any subsets of parameter’s set E.

Then we define R-intersection of neutrosophic soft cubic setas (P,M) mg (Q,N) = (H,C) whereC=MnN,
H(e) = P(e;)Ar Q&) and g e | ~ J.Here F(e;) A G(e;) is defined as
P(e)Ar Qe) = He) = {<xminfA, (), Be 0O} (g v i1 JX) >:xeX} & eMNN-

where A, (x),B, (x) representinterval neutrosophic sets. Hence
1 I

pT (&) ~gr Q' (&) =1< x,min{A; ), B; (x)},({i vy;) X)>:xeX}e, eMnN,
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P'e) ~r Q' (&) = {< x,min{A'e (x), B'e (x)},u'e vy; JX)>:xeX} e, eMNN,
i i [ [

P (&) nr QT (&) = {<x,min{A'; (x),B';_ (x)},(/li_ v,uz) X)>:xeX} e;eMnN

Definition 2.12 ([2])
The complement of a neutrosophic soft cubic set
F. D ={F())={<x, Aei 9, lei (x) >:xeX} e;j el}is denoted by (F,1)¢ and defined as

FC={F.1)° =(FC, - }Where pC . - NC(x) &

F. 1) ={(FE)° ={<x, Agi ), zgi () >:xeX}eel}

F, N °=

{<x, ([1— AT AT -A - A L - AT L A;f]) (1—;@i - 1-Ag ) >xeX} e el.

3. NUETROSOPHIC SOFT CUBIC SET ON BCK/BCI ALGEBRA

Definition 3.1. A Neutrosophic soft cubic set (P, M) over U is said to be Neutrosophic soft cubic BCK/BCI algebra over U based

on a parameter g, if there exists e; M such that

ATy zminfAl Y 0, AT ), (3.1.1)

AP ey smax (AT (2, AL () (3.12)

where

AT () = ey () ={< X, A (), AL (x), A (x) > /x €U}

1
={ox [AT 0 AT (LA (0 A GOLEA, () A (1> 1 e UY
and T4 () = 2e; (X)={< X, (g, (). 2, (). 2% (x) > I x e U}
Al (= y)=min{Al (), AL O},
AT y) Z2min{ AT 00, AL )} = (AL (x* y) = min{AL 69, Ay )}
AL (x*y)=min{A{ (), AL N}

Ag, (x*y)<max{Ag (x), 4, )}
2 F o y) < max{Zg, (%), e, ()3 =1 Ae, (X * ¥) < max{Zg, (), Ze, 1)},
A, (< y) < max{Af (x), 25 ()}
If (P,M) isa NSCS BCK/BCI algebra over U based on all parameter, we say that (P, M) is a NSCS BCK/BCI algebra over U.

Example3.2. Consider a BCK-algebra U ={0,a,b, c} with the following Cayley table.

*10|la|b|c
0 0|00
a 0|0]a
a
c

b 0D
c c|O0

Consider a set of parameters A={e;,e,,es}. Let (P,M) be a Neutrosophic soft cubic set over U which is represented as the
following tabular form.

O |T| | O

P(ey) P(e,) P(es)
* | <Aei(x*y), Aey(x*y) > <Aey(x*y), A ex(X*y) > <Aes(x*y), A es(X*y) >
0 | [.7,.9][.3,.5][.4,.6] [.1,.3,.5] [.6,.8][.4,.6][.2,.4] [.1,.3,.4] [.2,5][.1,.2][.2,.4] [.4,8,.7]
a | [.6,8][.1,.2][.1,4] [3,5.6] | [5,81[.3,4][.2.4] [1,3.5] | [6,81[.2,3][.1.4] [.3,5,6]
b | [.3,81[.2,5][.1,.3] [2,4.7 | [15][.3,6][.1.2] [5.4.6] | [381.2,5][.1.3] [.3,7,6]
¢ | [.1,5][3,5][.2,.4] [1,3,5] | [2,3][.1,2][.1.3] [2,3.4] | [5,61[.3,4][.1,.3] [.2,4,5]

Then (P,M) is a NSCS BCK-algebra over U based on parameters ejand e; but it is not a NSCS BCK-algebra over U based on
the parameters e; since

ﬂ;’ 'Flaxh) = [0.4,0.8,0.7] £ [0.3,0.7,0.6]= max{4, (a),A4, b)}and/or
AT'F (axb) =[0.2,0.5][0.1,0.2][0.2,0.4] = [0.3,0.8][0.2,0.3][0.1,0.3]= min{A"F(a),AT"F (b)},

Proposition 3.3.
If (P,M)isaNSCS BCK/BCI algebra over U based on a parameter g; in M then

Ag,l,F(O)ZABTi,LF(X)and ,1;"F(o) g/lgi"'F(x) for all xe U -
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Proof.
Forany x e U we have

ALT(0)=AZM (x*x) = min{Al" T (x), AT ()}

=m in{[A;,T ()A; T OOHAL ()AL OTAL (X) ,AQ,F(X)]},
minfAT ).AT MIAL ()AL WA ()AL ()]

=[AT ()AL )AL ()AL COLLAT ().A; " (X)]

:A;, I,F (X)

and

ATV (0)= AT (x % ) < maxfal M (%), A0 F (x)}

= max{(4; ()., (X).4e, (X)), (X),4, (). (x))}

= (Zg, ()., (X). 4 (X)) = A" (x)forall x e U.

Corollary 3.4.
If (P,M)isa NSCS BCK/BCI algebra over U then A\;F,I,F(O)>A;F,I,F(X) and /IT'I’F(O) <1T,I,F(X) for alle; e Mandx € U
i T & B )

Proof.
Let (P,M) be NSCS BCK/BCI algebra over U. For a parameter e; eM , r <[0,1]and[s t]T,I,Fe[I]T,I,F we define a set

U, (M) i ={xeU/ A2 [s tT"" ", 5 (x) <r™'F }

If we put

A, (P,M)gq i ={x €U/ AL ()2[s,t]"* } and

2 (P.M) :={xeU/ A (x)<r"'"}

i.e

A, (P.M)q i={xeU /Al ()2[s,t]", AL (x)=[s,t], AL (x)=[s,t] } and
2 (PM) i={xeU/ A (x)<r", A (x)<r', 2 (x)<r" }

then

Ue, (P.M)fs i =AM (P M) g2 (M)}

Theorem 3.5.
For a NSCS (P, M) over U, the following are equivalent

1. (P,M)is a NSCS BCK/BClalgebra over U based on the parameter e, eM .
2. The sets A\ei (P, M)[s,t] : ={X cU /A;Ii',I,F(X)Z[S’t]T,I,F} and//tei (P, M)r :Z{X cU/ /»L;,I,F(X)SrT,l,F }are sub algebra of U for
re [0 l]and[S t]T,I,Fe[I]T,LF whenever they are nonempty.

Proof.
Assume that (P,M) is a NSCS BCK/BClalgebra over U based on the parameter g; eM .

Let x yeUand[s, t]""F e[™"" be such that x,ye A, (P.M) . Then A\;I;,I,F(X)z[s,t]T,l,F andA;li',l,F(y)Z[s,t]T,l,F .

It follows from (3.1) that

A;"'F(x *y)> min{A;’ "F(x) AeT "Foy)} min{[s "' st Py =[s T

Hence X*ye A\ei (P'M)[s,t] , and therefore Aei (P, M)[s,t] is subalgebra of U.

Now let X’yeuand[r]T,l,F E[O’]_]be such that X, ye/lei (P,M)", then ﬂ,;"":(x)s r™'"Fand l;"'F(y)S (TLF.

Using (3.2) we have Al"":(x*y)smax{/ll"‘F(x),ﬂl"'F(y)}Sr and so X:yeflei (P,M)" -

Therefore 2 (P,M)" isla sub algebra of U. | |

Conversely. Suppose that the sets Aei (P, M)[s,t] -={xeU //—\E,Ti"'F(X)Z[s,t]T"'F}andlei (P,M) :={xeU/ i;*"F(x)SrT"'F }
are sub algebras of U forall  _ [0,1]and][s, t]T,I,F E[I]T,I,F whenever they are nonempty.

Assume that there exists a,b €U such that AJ,I,F(a xb) = min{AsT"'F(a) ATVF ()3 - If we take
i i B
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A@ =10 A @=lsu] AT@ =L AT =[G A B) =] ] AT =[S ]
and AT(axb)=[st,t7 | Al (a*b)z[so,to]' A (a*b):[so,to]

then, [sg,tg]zmin{[sg,t;l [sgth]} :[min{s;,sg},min{tl,tg}]'

[s['),tg]zmin{[s;,t;]. [sLtk')B =[min{s;,sg},min{t;,tg}]

[sg,tg]z min{[si,t,fl [sgt,f]} :[min{saF,st},min{taF,tbF }]

Hence we have the following three cases:

) @ sT > mln{sa S }andtg < min{tl tg}
®) 5! >min {sa,sb }andtg <min {t; o }

© sf > min{saF,sbF }andtg < min{taF,tbF}
(@ 7 < min{s;,sg }andtg > min{taT tg}
(®) st < min{s;,st') }andt(') > min{t;,tg }

© §F < min{saF,sbF }andtg > min{taF,tbF}
(i) (@) T < min{s;,sg }andtg < min{t; tg}
®) 5! < min{s;,st') }andt(') < min{t;,tg }

© s < min{saF,sbF }andtg < min{taF,tbF}
For the First case we have

Ae(a) [a, aT] >[m|n{sa,sb}m|n{t ty }] >[m|n{sa,sb}tg]'
i(a):[sa,ta] [mln{sa,sb}mm{t tb}] >[m|n{sa,sb}to]'
/{(a)z[sg,tﬂ [mln{sa,sb}mln{ta,tb }] [mln{sa,sb .t ]
A;(b)z[sg,tg] >[m|n{sa,sb}m|n{ }] 2[m|n{sa,sb}t ]
Agi(b)z[s:),tt',] z[mln{sa,sb},mm{ta,tb}] [ {sa,sb} ]
/{i(b)z[sg,tg] z[min{sg,sf},min{t;tb }] 2[m|n{sa,sb}t0]

And so a*beA?i(P, but

a*bGEAei(P M) a contradiction. By the similar way (ii) and (iii) induce a contradiction. Thus

[mln{sT I, F T I, F}tT I, F] )

)[mm{ST LF ST FTF]

AeTi"’F(X*y)Z mm{A;"'F(X),A;"F(y)}andforallX,yeU :
Now Suppose (3.2) is false. Then /”LZ"‘F(a*b) -r> max{/g,LF(a),/g,l,F(b)} forsomex,yeU and re[0,1]which
implies a,be%i (P,M)" but a*be A\ei (P,M)" ’this is a contradiction and hence (3.2) is valid. Therefore (P,M)is a NSCS

BCK/BCI algebra over U based on the parameter e, eM .

Corollary 3.6.
IfaNSCS (P,M)over U is a BCK/BClalgebra over U based on parameter e; M then

Uei (P,M) ={xeU /A;"’F(X)Z[S, t],/I;"'F(x)Sr }is a sub algebra of U for all r e[0,1]and[s, t]T,l,F e[l]T,l,thenever it is

nonempty.

Theorem 3.7.

The R-intersection of two NSCS BCK/BCl-algebra over U is also a NSCS BCK/BClalgebra over U.
Proof.

Let (P,M)and (Q,N) be NSCS BCK/BCl-algebra over U and let (H,C)=(P,M); (Q, N)be the R-intersection of
(P,M) and (Q,N). Then C=M UN .For any e, eC. if e, eM\N then
H(e) = P(e)Ar Qg;) and g el nJ.
H(e) = {< x,Ce, (x),yei (X)>:xeX} eeMnN
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C,, (x*y)=F, (x*y)
=P (x*y)
=min{A;"F().AL"T ()}
=min{C""(x).CJ"" ()}
and
7o (X*Y)=P, (x*Y)
=P (x*y)
<max{A; " ()4 (v)}
— max{y T () 75 F ()}
forall x,yeU .Similarly, if e, N\ M then
C., (x*y) = mindCH*F () CIF (y)Jand , (¢ y) < maxgyr () 75 ()} forallx.yeU .

&

Suppose thate, <M ~ N -Then

C,, (x*y)=P(e)rg Q&) (X*Y)
>min{A;""(x),B; " (y)}
=min{Cl"""(x),CJ"*F (y)}
=min{C, (x).C, (¥)}

and

Ve, (X*Y)=P(&) Ar Q&) (X*Y)
< max{y" " ()15 T (Y)}
= max{y " ()7 ()}

=max{y, (x).7. (¥)}
forall x,yeU -Therefore (H,C)=(P,M) (Q, N)is a NSCS BCK/BClI algebra over U.

4. SUBALGEBRAS OF BCK/BCI ALGEBRAS BASED ON NEUTROSOPHIC SOFT CUBIC SET
Definition 4.1 .
A Neutrosophic soft cubic set (P,M) over U is said to be Neutrosophic soft cubic BCK/BClalgebra over U based on a

parameter g, (briefly, e-Neutrosophic soft cubic subalgebra over U) if there exists e; M such that

A, (x+y)zmin{A, (x). A, (¥)} (4.1)
A, (x*y)<max{i_(x).4, (¥)} (4.2)
Where

Ae; (X) = A;"’F(X) ={<x, AeTI (x), /-\e'i (x), A‘*T (x)>/xeU}

={<x TATT () AT oL LAS! () AT (LA (%) AZT (> /x € U}
And
Qe; (X)= ggv'vF(x) ={< x, (/1; (x),léi (x), ﬂeﬁ (x)>/xeU}
Ag (x *y)=min{A; (X),A; )}
Al O y) = min{ART (00, AT )= Ay (¢ + y) > minfAL (), Ag ()},
AL (x *y) = min{AL (X), A ()}

Jg, (x ) <max{Zg, (x), 2, ()},
2" (¢ y) < max{Ze, (X), A, ()} =1 4, (% * y) < max{Zg, (x), 2, )},

Jg, (¢ = y) <max{ g (), 4, )}
If (P,M) isa NSCS BCK/BCI algebra over U based on all parameter , we say that (P, M) is a NSCS BCK/BCI algebra over U.
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Theorem 4.2.
Let (P,M) & (Q,N) be NSCS subalgebras over U. If M&N are disjoint, then the R-union of (P,M) & (Q, N) is a NSCS

over U.

Proof.
By definition 2.11 we can write as (P,M) Ug (Q,N) = (H,C) where C=M UN
H(e) = [PE) ife,eM—N
lQ(ei) ifeeN-M
P(e) vg Q&) ife.eM NN

Since M NN =¢ either eeM-NOreeN-M for allei cC . If e eM—-N then H(e)=P(e) is NSCS sub algebra
over U. If g e N—M then H(e)=Q(e) is a NSCS sub algebra over U. Hence (P,M) uwg (Q,N) = (H,C)is a NSCS sub
algebra over U.

Theorem 4.3.
Given a parameter g < M a NSCS (P,M) over U is an e-NSCS subalgebra over U if and only if the sets

A 18, 8] ={x U | AT ()2[8F, 5 T3, S
A (1) ={xeU | T (x)<t™7} ©)

are subalgebras of U for all [51T,I,F 52T,|,F]E|T,|,F and tTLF [02]

Proof .
Assume that a NSCS (P, M) over U is an e-NSCS subalgebra over U and let x,yeU .

If x,yeU A\si [5,,5,]forall [51T,I,F’5;I',I,F]EIT,I,Fthen
L I e OB
From (4.1) and (4.2)
Al (xxy) = min{Al'F (x), AT ()}
= minfAT (0,AITCOHAL ()AL GOLAT (0.A:F (0T,
minfAT (v).A;TMIAL ()AL WIAF AL )]
=min{s] (x),6, (x), 6] ()}, min{s; (y),85(y). 5 ()}
= min{& (), 57 (V18! (), 531, [ (), 5 ()]}
=[5""F (x).8,"F (V)]
Hence X’yeAai [6,,5,] . Now if X,ye/%i (t) for all t=tT t' tF E[0’1]then

A, (X)<t and 4, (y) <t -
From (4.2) we have
Ao (xxy) <maxfi, (x).4, ()}
<max{Z, " (x),40 " ()}
=max{Z] (x), 4, (x), 25 (O} max{A; (v), 4 (¥). 4 ()}
=max{(4, (x), A, (Y)),(Ze, (X), 2, (¥)), (A (X) 25, (¥))}
=tT,t'tF
—tTWF _¢
And so Xyel (X*y).Therefore A;I;,I,F[é‘l,é‘z] and lzi,l,F 0 sub algebra over U.
Conversely suppose that AET.’I’F[51,52] and /g_,l,F(t) are subalgebra over U for all [51T,I,F’6;',I,F]€|T,I,F and tTIF e[01]:
Assume that there exist a,b U such that AT*"F(a* b) > min{Ag,l,F(a) AT,I,F(b)}.
Let
A @) =077 AT 0) =D T ] AT (axb) =[o]F, 87t then
677, 6T 1< minfy I *F 7 LI i

=min[y"*",y L minly, Lyt
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Hence 5J,|,F < min[]/ir’l’F,]/;—’I’F]andé‘;—'”: < min[}/g,l,F,}/"{,l,F]
Taking

[,,7,] = %(A;"’F(a* b) +min{AL"F (a) + AT (b)})

1 -
LT o L )

= (AT mingy T e 67 4 minfy 2 0)
It follows that

min J:I',I,F,y;’,l,F] >7y = %(51T,I,F N min[le,l,F,yél',l,F])> 51T,|,F

) 1 .
min[J'F, 711> 7, =5(5§"’F +min[yJF, 71 F])s 5T

And so that ik y L min[ Yy > [, 5,17 60, 6717 A (axb) - axbe A;I;,I,F[Tl 1T2:|
On the other hand we know that
AF@ =07y 1= min{ L LD L T2 g 7

AT =Dy 1= ming L s L s 12 [, 7]
which implies that abe A;’I'F[Tl ,Tz]'ThIS is a contradiction and so A;"'F(x* y)> min{AeTi’l’F(X)vAeTi'l'F(Y)} forall x,yeU .

Now assume that ﬂ;"'F(a* b) > max{}t;’"F(a),/lli"'F(b)}for some a,beU then there exist tg"'F e[0] such that
A;"'F(a*b)ztg"’F >max{ﬂ;"'F(a),ﬂ;"'F(b)}'Hence abetg,l,Fbut a’betg,l,F This is a contradiction and therefore
/1% (x*y)< max{ﬂei (X)a;tei (y)}for all x,yeU . Consequently, (P,M) is an e-NSCS subalgebra over U.

Proposition 4.4.
Given a parameter e eM ifa NSCS (P,M) over U is an e-NSCS subalgebra over U then

A\;I;,I,F(O)Z'%T,I,F(X)and l;’I’F(O) ggzl"":(x) for all xe U -

Proof.
Forany x e U we have

AT'F(0)=AT'F (x*x) = min{AT'F (x), AT (x)}

) min{[[AeT 00.A;T CONAL 00.AL COLAS (x),A;F(x)]l}
[AT 00, ALT COLIAL 00.AL COAT ()AL (]

SIAT ()AL LA (09.A; (OTIAT (9. AL (9]

= AI'F(x)

ATV (0)= A0F (x x) < max Al (x), 40 F (x)}

= max{(2] (x).2, (%), (). (9.2 (X).25 (x)))

= (AT (0,2 (), (x) = AT (x)

forallxe U.
Theorem 4.5.
Let(P,M) be a e-NSCS sub algebra over U for a parametere, € M - If there is a sequence in U such that and

lim AT (x,) =[11] °M 1im 257 (x,) =0 N AZY(0) =[1] 2™ 27 (0) =0

Proof.
Since AT (0)= AT (x) and AYF0) <27 (0) forallxe U,
We have
A;"'F (O)ZAeTi’I’F(X) '
/1;'"F (0) Sﬂ;"'F (x) "
for every positive integer n. Note that
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[LU>AF0)> lim A (x,) = (L1129 0 < 274 (0) < AT (x,) =0
1 n—oo 1 1 1

Hence A;’I’F(O) :[1,1] and X;IF(O) =0

Theorem 4.6.
Given a parameter geMif a NSCS (P,M)over U is an e-NSCS subalgebra over U then the sets

U= XU TATF (0 = AT ) pndU e = {x U | A1 (x) = 2717 (0) f 2re subalgebra of U.

Proof.
Let x,yeU Af X’yEUAgj"F(O) then A;,I,F(X)ZA;,I,F(O):A;,I,F(y) . Hence

Al (e y) = mingAL (x),AL (V) 3= minAl T (0),AL T (0)}=Al T (0)and

2 (xx y) <maxfar 't (%), 45" (y) 3= max{a; " (0),4: 1 (0)3= 477 (0)
Combining this and Proposition 4.5, we have AeTi'I’F(X xy) = A;"'F(O) and /1;"'F(x *y)= ﬂ;,I,F(O) . This shows that

x*yeU

and xxyeU . Therefore U andU neutrosophic soft cubic subalgebras of U.
ATIF y ATIF ATIF JTIF

Corollary 4.8.

Given a parameter geM if a NSCS (P,M) over U is an e-NSCS subalgebra over U then the set UAT,I,F ﬂUWF is
subalgebra of U.
Proof.
The proof is straight forward.
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