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Introduction
In 1976 Iseki [1] introduced some fixed point theorems in Banach space. In 1993, Khan introduced involutions with fixed

points in 2-Banach space. In the present paper | establish some common fixed point results for four mappings in 2-Banach space
which mainly generalize the results of Amalendu Choudhury and T. Som and V.H. Badsha , Rekha Jain and saurabh Jain.
Preliminary definitions and results:

Let X be a linear space and II.,. I be a real valued function defined on X satisfying the following conditions:
(M lx, y|l =0 if and only if x and y are linearly dependent.
(1L, yI| = Ily, x| for all xyex
(0 Jlx,y + zll < llx, yll + llx, zl| forallx,y, z € X
|I., . || is called a 2-norm and the pair X ... is called a linear 2-normed space.
Basic properties of the 2-norms are that they are non-negative and || x, y + ax|| = ||x, y||Vx,y € X and all real number a.
A sequence {X,} in a linear 2-normed space (X, Il.,. ||) is called a cauchy sequence if limm,n—)oo”xm _ xn,}’” =QyYyinX
A sequence {X,} is a linear 2-normed space (X, ||.,.||) is said to be convergent to a point x in X if lim,,_||x,, — x,y|l =
0 VyinX.
A linear 2-normed space (X, - 1D in which every Cauchy sequence is convergent is called a 2-Banach space.

Let X be a 2-Banach space and T be a self mapping of X. T is said to be continuous at x if for any sequence {X,} in X with
x, - xthenTx, — Tx.
Let X be a 2-Banach space. T and S are said to be weakly compatible if they commute at their coincidence points. i.e.,

Tx =Sxforsomexe X = TSx = STx.
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Main Results:

Let X be complete 2-normed linear space such that 2-norm satisfies the ¢z —property with ¢z >~ (. Let A,B,Sand T be self

mappings of X satisfying the following conditions:
() A(x) € T(X),B(X) € S(X)andT(X)orS(X) is aclosed subset of X.
(i) T hepairs (A,S) and (B, T) are weakly compatible.

YeX, Sx,By||+||Ax,T
Forallxve |lax, Byll < ks [(IISx, Tyl - 14, SxIl - 1By, TyID] + Ky | (lisx, Tyl - 221220
By, Tyll] where ki, k2> 0 and 0 < (k; + k) < 1 the AB,Sand T have a unique common fixed point in X.

Proof:
Let X, be an arbitrary point in X. By (i) we can define inductively a sequence (.} in X such that Von = AXop =

TX3n41 39 Y2ni1 = BXoni1 = SXgnyp orn=0.12...

We claim that the sequence {y, 1jsaCauchy sequence

l¥2n Yon+1ll = [[Ax25, BXoy il

< kq[([Sx20, Tx2p |l - [|AX20, SX20 1) - 1BX 2041, TX20411l]F

|Sx20, Bx2ni1ll + |Ax20, TX 2044l

k, <”Sx2nr Txzniall - > |[Bx2p41, Tx2n+1||>l

< kq[Ulyzn—1 Y1nll - 1¥20 Y2n-11D * [1¥2n+1, Y2all]

+ lyzn—1.¥2n+1ll+1¥2n.y2n-1ll
[ o e o )|

Let d, = ”yw yn+1”

dyp_1+ dzy
2n 12 2n 1)'d2n]

< akymax{dy,_1,dz,_1,d2n} + akymax{dy,_4,d;, 1, d2;,}
Suppose dy,, > dyy_q

d,, < ak,d,, + k,ad,, = (k; + k;)ad,,Which is a contradiction.

sy < kq[(dap-1 - dan-1) ~ dan] + k3 [(dZn—l .

Hence, dyy, 1 > dan = dap < dyn_q
Similarly, d,,.. ., < dy,,
~d, <d, 1forn=1,2,..
Using above, d, < at(k; + k;)d,,_1 = kd,,_;,wherea(k, + k;) =k <1
~d,<kd, <k kd, ,<--<k-k-.. kdy(ntimes)
wdy <kd, 4 <k*d,_, < < k',
That is,
Iy Yniall < k*[|y0, y1ll = 0 asn —

Ifm > n, ”yn:Ym” < ||}’n;)’n+1|| + ”yn+1'yn+2” + ..+ ”ym—l'ym”
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< KMlyo, y1ll + K Mlyo, yall + .+ K™ Hiyo, y1ll = (K" + k™1 + .+ K™ D) ||lyo, y4ll

n
T 1-k
It follows that {y.} is a Cauchy sequence and by the completeness of X, {y,} convergesto y € X,

||yo,y1|| - 0asm,n - x©

~limy, =limAx,, = limBx;,,1 =limSx,,,1 =1limTx;,,,.1 = y.
n—-oo n—oo n—oo n—oo

n—oo

Assume that T(X) is a closed subset of X.
Then there exists 1 ¢ X suchthat Ty = y,

It By +y, then by using (i), we obtain ||As,,, Bv|| < kq[(||Sx2n, TVIl - |A%2n, Sx2alD) - 1By, TII] *

Ky | (1220, Tl -

AsN oo, We get

ISx2n,BV||+|Ax25, TV|
2

)+ 1Bv,Tv)|

ly, Bvll + lly, Tvl|
ly, Bv|| < kq[lly, Tvll - lly, Il - |Bv, Tvll] + k2 || lly, Tvl| - 2 “||Bv, Tv||

< (k1 + kp)al||Bv,y||
It follows that Bv =y = Tv.

Since B and T are weakly compatible, we have BTv = TBv and so By = Ty.

Ify = By by (iii) we get

|A%2n, By || < Fe1 [(ISX2n, Tyl - 14220, Sx20l) - IIBy, TylI]*

Sx2n,B, Axyn, T
kez (11520, Ty|| - 2222202220 gy Ty
As limitn— 0,
lly, Byll + lly, Tyl|
|y, Byll < kq[lly, Tyll - lly, Il - IBy, Tyll] + k; Klly. Ty|| > “||By, Tyl|

lly, Byll + |y, Tyl|
2

< kyamax{||y,Ty|l, lly,yIl. |By, Tyll} + kzamax{lly. Tyll, ,|IBy, Tyll} < |y, Byl|

and so By = .
Since, B(X) C 5()()’ there exists yy e X such that Sw=y.
If Aw = y by (iii) we have,
lAw, By|| < k.[(lISw,Ty|| - [|Aw,Sw|) - || By, Tyll]

ISw, Byl + |[Aw, Ty||
t k; KIISW. Tyl - > + 1By, Tyll
ISw, yll + llAw, yl|
~NIAw, Il < ko [(lISw, y1I - [|Aw, SW(D) - |y, ¥ ll] + k KIISw,J’ll : > +lyyll

ISw,yll + [[Aw, yl|
2

< kiamax{||Sw, y||, |Aw, Swl|, ||y, yII} + kzdmax{IISw,yII, ,Ily.yll} < llAw, y||

This implies that Aw = y.
Hence, Aw = Sw =Y.

Since A and S are weakly compatible, ASw = SAw and so, if Ay =By they by (iii) we get
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4y, ¥l = |4y, Byl

<k [(lISy, Tyll - [|1Ay, Syll) - 1By, Tyll]

ISy, By|l + ||Ay, Tyl|
+ k, KIISy, Ty|l - 2 - |[By, Tyl|

ISy, yll + llAy, yl|
Ay yll

< kyamax{||Sy,y|, |[Ay, Syl [y, ¥} + kzamax{IISy,yII, >

< llAay, yll
Hence, || Ay, y|| < [|Ay, y|| andso Ay =.
Thus Ay=Sy=By=Ty=y.
That is, y is a common fixed point for A, B, Sand T.
The proof is similar when S(X) is assumed to be a closed subset of X.
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