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ABSTRACT

In this work, a class of new computational methods for solution of variable coefficients
partial differential equation was developed at step numbers j = 2; resulting into a
Trapezoidal rule spectral based computational scheme as reported in Lambert (1973).
The accuracy, consistency, stability and convergence properties of these methods were
determined. The methods were implemented on some sampled problems that involve
both constant and, variable coefficients parabolic partial differential equations; and
evaluated by comparing them with some existing difference methods. The results
obtained are found to be more rapidly converging as the step lengths h and k approaches
zeros. This work provides better alternative numerical solutions to a class of dynamical
problems having time dependent boundary conditions. Higher ordered parabolic partial
differential equations with defined theoretical solutions to given boundary conditions can

be solved directly using this method.

© 2019 Flixir All rinhts reserved

Introduction
1.0 Preambles

This study focus on the general second order linear non-homogenous partial differential equation of the form

a(x,)U,+2b(x,)U, + c(x,)U,, =d(x,t,u,U,U,,U,) (1.01)

[as reported in [Igor (2005), Aregbesola (2007)]] where a, b, ¢, d are constants, as either characteristics or canonical; especially
for a second order equation in which the derivatives of second order all occur linearly; with coefficients only depending on the
independent variables.
The characteristic equation of (1.01) is

dy b+ ,(bz—ac).

dt 2a ’
equation (1.01) is Parabolic; if b% — ac = 0; - one characteristic;
equation (1.01) is called Hyperbolic; if b*> — ac > 0; - two characteristic;;
equation (1.01) is called Elliptic ; if b?> — ac < 0; - two characteristic;
Equation (1.01) can be written in canonical form as follows;
U, — U, =0is Parabolic; (one dimensional heat equation)
U, — U, =0is Hyperbolic; (one dimensional wave equation)
U, + U, = 0is Elliptic; (two — dimensional Laplace equation)
[as reported in [Igor(2005)]]
2.0 Methodology
In this work, the spectral based theoretical solution
Uttmii tnsf) = aCoS(Xpyi tnyj) + BSIN(Xpys tayj), §j = 0,1,2,3. is partly differentiated at constant time t but varying on the
space (x), and substituted into a general partial differential equation of the form;
a(x,t)U+2b(x, t)U,; + c(x, t)U,, = d(x,t,u,U,U,, U,)leading to a general parabolic partial differential equation of the form
c(x,t)U,, =d(x,t,u,U,U,,U,) and; by adopting the spectral based theoretical solution Ui tas)) = aCos(Xpmyi tnyj) +
bSin(xpm4i tayj), i,j =0,1,2,3. to aforementioned general parabolic equation and further simplifications were performed
resulting into development of a class of spectral based computational methods for solution of partial differential equations at step
numbers j = 2, we obtained three distinct spectral based computational schemes as stated below;
Methods for step number j =2

, k
(D Umn+2) = Ummy + 5 [fmns2) + 2f mns1) + fmm] Scheme 1
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Equation (i) is a spectral Trapezoidal Rule to the method with step number two [Lambert, 1973].
2

h
(u)U(m+2,,n) = 2U(m+1,n) - U(m,n) + ﬁ (g(n+2,t) + 2g(n+1,t) + gn,t) Scheme 2

h?
(lll) v (mn+2) = Um,n + k[fx,(n+1) + fx,n] + 4 (g(n+2),t + 2g(n+1),t + gn,t) Scheme 3
Equate (i) and (iii) to obtain a generalized spectral based method for cases in step number two as

2
(a) fm,n+2 - fm,n = :_k (gm+2,t + ng+1,t + gm,t)
Equation (1.01) was re-defined based on the behavior of its constant coefficients as reiterated by (loannis P Stavroulakis et.al
(2004)) as follows; taking partial derivatives of equation (1.01) with respect to x at time t constantthen @ = b = 0,and ¢ #
0; then; b?> — ac = 0 will be satisfied.
Equation (1.01) becomes a general linear second order parabolic partial differential equation of the form
cx,)U,, =dx, t,u,U,U,,U,) 1.1)
where; U, = U, (x,t,u),U,, = U, (x,t,u),
witllinitialcondition0 < x<L; Vt=0
andboundaryconditions ,U(0,t) = U(L,t) =0
theregionxt — planeinwhichthesolutionissoughtisdescribedbyinequality
0<x<L; andt = 0 and, c = f(x)vxe(q,r),q,r,Laresetofintegers,
cisavariablecoefficient;
[Cheney et. al (2004), Ancona (2002), Jain (1992), William et. al (1992)]

Various authors like Akinfenwa et. al.(2011), Aregbesola (2007), Richard et. al.(2004), William et. al(1992), Jain(1992),
Cheney et. Al (2004), to mention but a few; reconsidered equation (1.1) at ¢ = f(x) = 1; as x = 1; to suit the development of their
schemes before generalizing the resulting difference methods. Thus, equation (1.1) can be written as a diffusion equation of the
form

U = Uy (1.2)
where; U, = U,(x,t,u),U,, = U, (x, t,u),
withnitialcondition 0 < x<L; Vt=0
andboundaryconditions,U(0,t) = U(L,t) = 0,
theregionxt — planeinwhichthesolutionissoughtisdescribedbyinequality
0<x<L; andt > 0 and, p = f(x)Vxe(q,r); q, 7, Laresetofintegers,

pisavariablecoefficient. The grid points (x,,, t,,) where x,,, = xo + mLl,t, = t, + nk, [] = %, r,qmmn € I;aset of
integers, k and h are constants step size; t is the time, and X is the distance coordinate. [Cheney et. al (2004), Ancona(2002),
Jain(1992), William et. al(1992)]
3.0 Properties of the Scheme in equation (1.33)
Definition 1

In the spirits of Lambert (1991), Jain et. al (1984) and Awoyemi (2001) as emphasized in Akinmoladun et. al. (2013) that a
linear multistep method of the type in equation (1.33) is said to be consistence if and only if it satisfies the following conditions
(i) theorderp = 1(ii) Z}‘:o a; = 0(iii) p(r) = p'(r) = 0(iv) p"(1) =n!a(1),
with the principal rootr < 1, |rg| : s =1,2,,,k V |rg| <|rq|, [Lambert 1991]

Consistency Test on Scheme in equation (1.33)
The order and error constant of the scheme in equation (1.33) are estimated as follows;

k
u (mn+2) = U(m,n) + E [f(m,n+2) + 2f(m,n+1) + f(m,n)

k
v (mn+2) — U(m,n) = 2 [f(m,n+2) + 2f(m,n+1) + f(m,n)]
2h)° 2h)! 2h)? 2h)3 2h)* 2h)5
( )y+( )y1+( )y2+( )y3+( )y4+( )’

N TR C R TR C R TR I TR RTINS I TS CA
Um,nz}In
1 1 (2h)° (2h)! (2h)? (2h)3 (2h)* (2h)%
fmnee =g yat— Yt YAt g Yt ] 5 Ynt o]
1 M, W, W, m , . ()
E(Z)fm,n+1,=[ 0! yn+ 1 yn+ 21 yn+ 31 Yn 4! yn+ 51 yn+"']

Efm,n+1,, = Eyrlz
By collecting the coefficients ( C;s) of equal powers of y, and simplifying; we obtain
1 1
Co=1-1=0C;=2-2-1-5=0(,=2-1-1=0

C3=3-1-1=2"=-0.66666667 =0  The order of the method is 2

3
Error constant of Scheme(1) = —0.66666667
The first and second characteristic polynomials of scheme (1) are p(r) and a(r) respectively

p(r)=m?*-1 and a(r) = %(r2 +2r+1)
forr=1, (1)% — 1 = p(1) = 0(zero stability)
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k k
. . 1
= =

p'(r)= 21",2 p'(r)=2,
o) =1(" T2 ) pry = 2=210(1)
Definition 2

A linear multistep method is convergent if and only if it is consistent and zero — stable. [Fatunla(1992)]
The Scheme in equation (1.33) is consistence, zero stable and convergent.
To affirm the stability criteria of the scheme equation (1.33); using Crank —Nicolson with matrix difference method (as reported in
Cheney et.al(2004)).

k
Um,n+2 - Um,n = E (fm,n+2, + 2fm,n+1, + fm,n)
Ulx,t+2k)—U(x,t) = E[U(x,t +2K) + 2U(x, t+ k) + U(x, t)]

%[U(x,t +2k)—U(x,t)] = [U(x, t + 2Kk) + 2U(x,t + K) + U(x, t)]
Let S = % ; then, S[U(x,t +2k) — U(x,t)] = [U(x,t + 2K) + 2U(x, t + k) + U(x, t)]

[SU(x,t +2k) —SU(x,t) = [U(x,t + 2k) + 2U(x,t + K) + U(x, 1)]

Ulx,t+2Kk) +2U, t+ k) + U(x, t) + SU(x, t) = SU(x,t + 2k)

U, t+2K) +2Ux t+Kk)+ (S+1)U(x, t) = SU(x, t + 2k),
assumingr = S + 1, therefore,

U(x,t+2K) + 20, t+K)+rU(x,t) = SU(x,t + 2k) (**)
On the t level, U is known but on t+2k, U is unknown. Therefore, the unknown parameter can be introduced as U; =
U(x, ik)and known quantity to be b; = SU(ih, t + 2k)
Equation (**) can be transform into tri - diagonal matrix difference of the form

1, 2 .. . T U, by
0 1 2 r—1 U, b,
v U, b, ,
0 0 o 2 1) \U,, b,_1

AU; = b;, A'is upper triangular matrix ~ therefore, A™'b;, = U, i

k=0.1; S=%=%=20r=$+1=20+1=21

These result into 21 x 21 upper triangular matrix A as shown below.

1 2|13]4|5]|6|7|8[9]10]11 (12|13 |14|15|16[17]18|19]20]21
0 112|3|4|5|6|7|8|9 [10|11]12|13]|14|15]|16 1718|1920
0 0123 |4|5|6|7[8 |9 |[10|11]12|13|14|15]|16 |17 (18|19
0 0j]0|1|2|3|4|5|6]|7 (8 |9 |10]11 12|13 |14 |15|16 |17 |18
0 0/[0|0]1]|2|3|4|5]6 |7 |8 |9 |10)11 1213141516 |17
0 0/0|/0]0O|1]|2|3|4]|5 |6 |7 |8 |9 |10)11)12|13|14|15]|16
0 0jojojojoj1)]2|3[|4 |5 |6 |7 [8 |9 |10]11]|12|13[14]15
0 0jojo0oj0j0j0OJ1|2]|3 |4 |5 |6 |7 |8 ]9 |[10]11]12]13 |14
0 0jojojojojojoj1j2 (3 |4 |5 |6 |7 |8 |9 |10]11]12]13
0 0/0/0]JO]|O]jO|OJO]1 |2 |3 |4 |5 |6 |7 |8 |9 |10]11] 12
=0/0)j0j]0O]0O]0O|JO]JO]|O]|0O |1 |2 |3 [4 |5 |6 [7 [8 ]9 10|11
0 0jojoj{ojojojojojo (o |1 |2 [3 |4 |5 |6 |7 |8 ]9 |10
0 0jojojojojojojojo (o0 0 |1 ]2 |3 |4 |5 |6 |7 1819
0 o|{ojo0|0|0O]|0O]0O]0O]O |O |O |O |1 |2 |3 |4]|5 |6 |7 |8
0 0(0/0jO0O|Oj0OfOJO]JO O JO JO JO |1 |2 |3 |4 |5 |6 |7
0 0/(0/0]JO]O]O|OJO]JO JO JO JO JO JO |1 |2 |3 |4 |5 |6
0 0jojoj{o0ojo0j0jo0ojo0j0o0 (0 |0 (O ]O O O |21 |2 |3 |45
0 0jojo0j{0ojo0j0j0j0Jj0 (O |0 (O ]O O |JO O |1 |2 |3 |4
0 0/0/0]j0|0O}j0Of0OJO]JO O JO |JO |JO |JO |JO O O |1 |2 |3
0 0/0/0]j0|0Oj0Of0OJO]JO O JO |JO |JO |JO |JO |O O |JO |1 |2
0 0(0/j0jojojof0j0jo jo jo jo jo jo jo jo jo jo Jjo |1
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$1]/0}0}(0|O|O|]O}|O|O|O|O]|]O|]O]O|O]|O]|O}|O}|O
2/1]0(0}0OJ|JO|O|O|]O|O]|O]|]O|O]|O]|]O|O0O|O]0O0]O
1(/-2(12)|0(0}|0OJ|JO|O}|O]JO|O|O]|]O|O]O]|O]|0O]O0O]O
ol121(]-2(12/0}|j0|0|0O|O0O|O]|O]|]O|O]|O]|]O]|O0O|O]0]O
o|(oj1,(-2j2)10(0|0|0|O0O}JO|]O|O]|O]|]O|O|O]0O0]O
o|(o|joyf12¢}-2j12/0|0|0|(0}jO0O|0O|O0O|O]|O|O0O|O]0O0]O
ojo|jo|fo0jf21]|-2(1 (0|0 (0|0 ]O0O |0 |O0O]|O0O]|0|0]0]|O
o/0]J]O}|OJO (|1 ]|-2]2]0]|0|0O]JO]|O]O|O0O]|0O]|]O]|O|O
o/o0jojojofo0o|121|-2j2(0(0J|j0j0jO0O|lO0O|0]|O0O}|O]|O
o/0|jojojofo|joj2}-2y2/0|0}|0jo0o|l0|0]|0O}|0O]|O
o/0]JO}|OJO|O]|JO]O]|2 |22 |0 |0 |O |0 |0 ]|]O]|O|O
ol/0J]JO0OjOjO|O]|O]O]|O |1 |-2]2 |0 |0 |0 |0 |0 |0 |O
ofjo|jo|jO|O]JO|O|O]|O|0O]|2]|]-2|2 |0 |0 |00 ]0]|O0
o|(ojoyfojojoyfojojoyfojojr1|-2j{2|0|04f01j0]o0
o|(o|joyfojojoyfojojoyfojojoy|14|-2{121014f01]07]o0
0O jojojofofofoJoJoJoJoJoJo |1 ]=2]1]0]0]o0
0Olojojofofofofofofofoo]o o1 |-2]1]0]0
ojojofojojo|fojojojfojojoj|o0ojo0oj|o0|1|-2|1]0
o/o0jojojofo|jojojojofojojojofo|0j1y|-2j1
0oloJo|ofo|o]o|o|O|O|O|O]O|O]O] OO |1]-2
o/0jojojofo|jojojojofojojojofo|o0ojo0ojo |1
Values of bis | Estimate of unknown Parameters
0 -1.14E-86
1.16E-85 -2.16E-86
2.21E-85 -2.97E-86
3.04E-85 -3.50E-86
3.57E-85 -3.68E-86
3.76E-85 -3.50E-86
3.57E-85 -2.97E-86
3.04E-85 -2.16E-86
2.21E-85 -1.14E-86
1.16E-85 -1.71E-100
4.60E-101 1.14E-86
-1.16E-85 2.16E-86
-2.21E-85 2.97E-86
-3.04E-85 3.50E-86
-3.57E-85 3.68E-86
-7.33E-85 3.50E-86
3.57E-85 2.97E-86
-3.04E-85 2.16E-86
-2.21E-85 1.14E-86
-1.16E-85 -1.16E-85
-9.20E-101 -9.20E-101
values of bis
----- E=timate of
unknown
Parameters
-BE-85

The graph of r against U; s and b;




53557
The points of interception of the two graphs indicate the point which satisfies the conditions for equilibrium and quasi —

equilibrium of the parameters of the method in scheme (1).

[rl=1+ i—;‘ > 1. This shows that the method is stable.
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The spectral based method in scheme 1a is tridiagonal and diagonal dominant because

4.0 Implementation of the scheme on some sampled problems
Numerical Example

Consider the equation of the form

With the boundary conditions
And initial conditions

Theoretical solution to this problem is

UCx, t); = U(x, ),

u(0,t) =u(1,t), 0<t

u(x,0) = sin(mx),

0<x<1
u(x, t) = et sin(mx)

[Richard et. al. (2004), Cheney et. al.(2004) and Akinfenwa et. al (2011)]
Table 1. Comparison of the Absolute Errors of Schemes 1,2 3 with that of Richard et al(2004) and the methods

0<x<1,

o<t

Symmetrically (CHMS) at h =0.1 and k =0.01

proposed by Akinfenwa, Jato & Yao(2011); evaluated at zero of Chebyshev polynomial (CHMC), & a Point Chosen

x; | Scheme 1 | Scheme Scheme 3 (Absolute | (Akinfenwa et al | Akinfenwa et al (Absolute | Richard et
(Absolute (Absolute Error) (Absolute Errors) | Errors) CHMS (2011) al (2004)
Error) Error) CHMC (2011) (Absolute

Error

0.1 | 8.62368E-06 | 1.36352E-06 1.36E-06 9.35042E-04 9.35942E-04 6.756E-03

0.2 | 1.64082E-05 | 3.08959E-06 3.09E-06 6.99825E-04 7.00501E-04 1.285E-03

0.3 | 2.25922E-05 | 4.50761E-06 4.51E-06 3.92835E-04 3.93216E-04 1.769E-03

0.4 | 2.65563E-05 | 5.49278E-06 5.49E-06 1.96012E-04 1.96203E-04 2.079E-03

0.5 | 2.7917E-05 5.94419E-06 5.94E-06 9.16911E-04 9.17807E-04 2.186E-03

0.6 | 2.65563E-05 | 5.80241E-06 5.83E-06 4.11761E-04 4.12166E-04 2.079E-03

0.7 | 2.25922E-05 | 5.09657E-06 5.14E-06 1.79776E-04 1.79953E-04 1.769E-03

0.8 | 1.64082E-05 | 3.90022E-06 3.91E-06 7.68894E-04 7.69654E-04 1.285E-03

0.9 | 8.62368E-06 | 2.31647E-06 2.32E-06 3.23715E-04 3.23812E-04 6.756E-04

1 0 - - 1.34607E-04 1.34647E-04 -

Discussion

Schemes 1, 2, and 3 absolute errors are of higher order as indicated in table 4 and, it implies that the results in the proposed
schemes are more rapidly converging compared to that of Richard et al (2004) and that of Akinfenwa et al (2011).
Table 2. The exact solution of Problem 1 at h = 0.01, k = 0.01 and collocated at some sample points of x and t.

x\t

0.92

0.93

0.94

0.95

0.96

0.97

0.98

0.99

1

0.01

3.58E-06

3.24E-06

2.94E-06

2.66E-06

2.41E-06

2.18E-06

1.98E-06

1.79E-06

1.62E-06

0.05

1.78E-05

1.61E-05

1.46E-05

1.33E-05

1.20E-05

1.09E-05

9.86E-06

8.93E-06

8.09E-06

0.1

3.52E-05

3.19E-05

2.89E-05

2.62E-05

2.37E-05

2.15E-05

1.95E-05

1.76E-05

1.60E-05

0.15

5.17E-05

4.69E-05

4.25E-05

3.85E-05

3.48E-05

3.16E-05

2.86E-05

2.59E-05

2.35E-05

0.2

6.70E-05

6.07E-05

5.50E-05

4.98E-05

4.51E-05

4.09E-05

3.70E-05

3.36E-05

3.04E-05

0.25

8.06E-05

7.30E-05

6.61E-05

5.99E-05

5.43E-05

4.92E-05

4.46E-05

4.04E-05

3.66E-05

0.3

9.22E-05

8.35E-05

7.57E-05

6.85E-05

6.21E-05

5.63E-05

5.10E-05

4.62E-05

4.18E-05

0.35

0.000102

9.20E-05

8.33E-05

7.55E-05

6.84E-05

6.20E-05

5.61E-05

5.09E-05

4.61E-05

0.4

0.000108

9.82E-05

8.89E-05

8.06E-05

7.30E-05

6.61E-05

5.99E-05

5.43E-05

4.92E-05

0.45

0.000113

0.000102

9.24E-05

8.37E-05

7.58E-05

6.87E-05

6.22E-05

5.64E-05

5.11E-05

0.5

0.000114

0.000103

9.35E-05

8.47E-05

7.68E-05

6.95E-05

6.30E-05

5.71E-05

5.17E-05

0.55

0.000113

0.000102

9.24E-05

8.37E-05

7.58E-05

6.87E-05

6.22E-05

5.64E-05

5.11E-05

0.6

0.000108

9.82E-05

8.89E-05

8.06E-05

7.30E-05

6.61E-05

5.99E-05

5.43E-05

4.92E-05

0.65

0.000102

9.20E-05

8.33E-05

7.55E-05

6.84E-05

6.20E-05

5.61E-05

5.09E-05

4.61E-05

0.7

9.22E-05

8.35E-05

7.57E-05

6.85E-05

6.21E-05

5.63E-05

5.10E-05

4.62E-05

4.18E-05

0.75

8.06E-05

7.30E-05

6.61E-05

5.99E-05

5.43E-05

4.92E-05

4.46E-05

4.04E-05

3.66E-05

0.8

6.70E-05

6.07E-05

5.50E-05

4.98E-05

4.51E-05

4.09E-05

3.70E-05

3.36E-05

3.04E-05

0.85

5.17E-05

4.69E-05

4.25E-05

3.85E-05

3.48E-05

3.16E-05

2.86E-05

2.59E-05

2.35E-05

0.9

3.52E-05

3.19E-05

2.89E-05

2.62E-05

2.37E-05

2.15E-05

1.95E-05

1.76E-05

1.60E-05

0.91

3.18E-05

2.88E-05

2.61E-05

2.36E-05

2.14E-05

1.94E-05

1.76E-05

1.59E-05

1.44E-05

0.95

1.78E-05

1.61E-05

1.46E-05

1.33E-05

1.20E-05

1.09E-05

9.86E-06

8.93E-06

8.09E-06

0.96

1.43E-05

1.29E-05

1.17E-05

1.06E-05

9.62E-06

8.72E-06

7.90E-06

7.16E-06

6.48E-06

0.97

1.07E-05

9.71E-06

8.80E-06

7.97E-06

7.22E-06

6.54E-06

5.93E-06

5.37E-06

4.87E-06

0.98

7.15E-06

6.48E-06

5.87E-06

5.32E-06

4.82E-06

4.37E-06

3.96E-06

3.58E-06

3.25E-06

0.99

3.58E-06

3.24E-06

2.94E-06

2.66E-06

2.41E-06

2.18E-06

1.98E-06

1.79E-06

1.62E-06
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Table 3.The numerical solutions of Scheme 1 on Problem 1 at h =0.01, k = 0.01 and collocated at some sample points of x
and t.

x\t | 0.92 0.93 0.94 0.95 0.96 0.97 0.98 0.99 1
0.01 | 3.56E-06 | 3.23E-06 | 2.93E-06 | 2.65E-06 | 2.40E-06 | 2.18E-06 | 1.97E-06 | 1.79E-06 | 1.62E-06
0.05 | 1.78E-05 | 1.61E-05 | 1.46E-05 | 1.32E-05 | 1.20E-05 | 1.08E-05 | 9.82E-06 | 8.90E-06 | 8.09E-06
0.1 | 3.51E-05 | 3.18E-05 | 2.88E-05 | 2.61E-05 | 2.36E-05 | 2.14E-05 | 1.94E-05 | 1.76E-05 | 1.60E-05
0.15 | 5.15E-05 | 4.67E-05 | 4.23E-05 | 3.83E-05 | 3.47E-05 | 3.15E-05 | 2.85E-05 | 2.58E-05 | 2.35E-05
0.2 | 6.67E-05 | 6.04E-05 | 5.48E-05 | 4.96E-05 | 4.49E-05 | 4.07E-05 | 3.69E-05 | 3.34E-05 | 3.04E-05
0.25 | 8.02E-05 | 7.27E-05 | 6.59E-05 | 5.97E-05 | 5.41E-05 | 4.90E-05 | 4.44E-05 | 4.02E-05 | 3.66E-05
0.3 | 9.18E-05 | 8.32E-05 | 7.54E-05 | 6.83E-05 | 6.19E-05 | 5.60E-05 | 5.08E-05 | 4.60E-05 | 4.18E-05
0.35 | 0.000101 | 9.16E-05 | 8.30E-05 | 7.52E-05 | 6.81E-05 | 6.17E-05 | 5.59E-05 | 5.07E-05 | 4.61E-05
0.4 | 0.000108 | 9.78E-05 | 8.86E-05 | 8.03E-05 | 7.27E-05 | 6.59E-05 | 5.97E-05 | 5.41E-05 | 4.92E-05
0.45 | 0.000112 | 0.000102 | 9.20E-05 | 8.34E-05 | 7.55E-05 | 6.84E-05 | 6.20E-05 | 5.62E-05 | 5.11E-05
0.5 | 0.000113 | 0.000103 | 9.31E-05 | 8.44E-05 | 7.65E-05 | 6.93E-05 | 6.28E-05 | 5.69E-05 | 5.17E-05
0.55 | 0.000112 | 0.000102 | 9.20E-05 | 8.34E-05 | 7.55E-05 | 6.84E-05 | 6.20E-05 | 5.62E-05 | 5.11E-05
0.6 | 0.000108 | 9.78E-05 | 8.86E-05 | 8.03E-05 | 7.27E-05 | 6.59E-05 | 5.97E-05 | 5.41E-05 | 4.92E-05
0.65 | 0.000101 | 9.16E-05 | 8.30E-05 | 7.52E-05 | 6.81E-05 | 6.17E-05 | 5.59E-05 | 5.07E-05 | 4.61E-05
0.7 | 9.18E-05 | 8.32E-05 | 7.54E-05 | 6.83E-05 | 6.19E-05 | 5.60E-05 | 5.08E-05 | 4.60E-05 | 4.18E-05
0.75 | 8.02E-05 | 7.27E-05 | 6.59E-05 | 5.97E-05 | 5.41E-05 | 4.90E-05 | 4.44E-05 | 4.02E-05 | 3.66E-05
0.8 | 6.67E-05 | 6.04E-05 | 5.48E-05 | 4.96E-05 | 4.49E-05 | 4.07E-05 | 3.69E-05 | 3.34E-05 | 3.04E-05
0.85 | 5.15E-05 | 4.67E-05 | 4.23E-05 | 3.83E-05 | 3.47E-05 | 3.15E-05 | 2.85E-05 | 2.58E-05 | 2.35E-05
0.9 | 3.51E-05 | 3.18E-05 | 2.88E-05 | 2.61E-05 | 2.36E-05 | 2.14E-05 | 1.94E-05 | 1.76E-05 | 1.60E-05
0.91 | 3.17E-05 | 2.87E-05 | 2.60E-05 | 2.35E-05 | 2.13E-05 | 1.93E-05 | 1.75E-05 | 1.59E-05 | 1.44E-05
0.95 | 1.78E-05 | 1.61E-05 | 1.46E-05 | 1.32E-05 | 1.20E-05 | 1.08E-05 | 9.82E-06 | 8.90E-06 | 8.09E-06
0.96 | 1.42E-05 | 1.29E-05 | 1.17E-05 | 1.06E-05 | 9.58E-06 | 8.68E-06 | 7.87E-06 | 7.13E-06 | 6.48E-06
0.97 | 1.07E-05 | 9.68E-06 | 8.77E-06 | 7.94E-06 | 7.20E-06 | 6.52E-06 | 5.91E-06 | 5.35E-06 | 4.87E-06
0.98 | 7.13E-06 | 6.46E-06 | 5.85E-06 | 5.30E-06 | 4.80E-06 | 4.35E-06 | 3.94E-06 | 3.57E-06 | 3.25E-06
0.99 | 3.56E-06 | 3.23E-06 | 2.93E-06 | 2.65E-06 | 2.40E-06 | 2.18E-06 | 1.97E-06 | 1.79E-06 | 1.62E-06
Table 4. The computed absolute errors of Scheme 1 on Problem 1 at h = 0.01, k = 0.01 and collocated at some sample points
of xandt.
x\t | 0.92 0.93 0.94 0.95 0.96 0.97 0.98 0.99 1
0.01 | 1.39E-08 | 1.26E-08 | 1.14E-08 | 1.03E-08 | 9.36E-09 | 8.48E-09 | 7.68E-09 | 6.96E-09 | 6.31E-09
0.05 | 6.92E-08 | 6.27E-08 | 5.68E-08 | 5.15E-08 | 4.66E-08 | 4.22E-08 | 3.83E-08 | 3.47E-08 | 3.14E-08
0.1 1.37E-07 | 1.24E-07 | 1.12E-07 | 1.02E-07 | 9.21E-08 | 8.34E-08 | 7.56E-08 | 6.85E-08 | 6.21E-08
0.15 | 2.01E-07 | 1.82E-07 | 1.65E-07 | 1.49E-07 | 1.35E-07 | 1.23E-07 | 1.11E-07 | 1.01E-07 | 9.12E-08
0.2 | 2.60E-07 | 2.36E-07 | 2.13E-07 | 1.93E-07 | 1.75E-07 | 1.59E-07 | 1.44E-07 | 1.30E-07 | 1.18E-07
0.25 | 3.13E-07 | 2.83E-07 | 2.57E-07 | 2.33E-07 | 2.11E-07 | 1.91E-07 | 1.73E-07 | 1.57E-07 | 1.42E-07
0.3 | 3.58E-07 | 3.24E-07 | 2.94E-07 | 2.66E-07 | 2.41E-07 | 2.18E-07 | 1.98E-07 | 1.79E-07 | 1.62E-07
0.35 | 3.94E-07 | 3.57E-07 | 3.23E-07 | 2.93E-07 | 2.66E-07 | 2.41E-07 | 2.18E-07 | 1.97E-07 | 1.79E-07
0.4 | 4.21E-07 | 3.81E-07 | 3.45E-07 | 3.13E-07 | 2.83E-07 | 2.57E-07 | 2.33E-07 | 2.11E-07 | 1.91E-07
0.45 | 4.37E-07 | 3.96E-07 | 3.59E-07 | 3.25E-07 | 2.94E-07 | 2.67E-07 | 2.42E-07 | 2.19E-07 | 1.98E-07
0.5 | 4.42E-07 | 4.01E-07 | 3.63E-07 | 3.29E-07 | 2.98E-07 | 2.70E-07 | 2.45E-07 | 2.22E-07 | 2.01E-07
0.55 | 4.37E-07 | 3.96E-07 | 3.59E-07 | 3.25E-07 | 2.94E-07 | 2.67E-07 | 2.42E-07 | 2.19E-07 | 1.98E-07
0.6 | 4.21E-07 | 3.81E-07 | 3.45E-07 | 3.13E-07 | 2.83E-07 | 2.57E-07 | 2.33E-07 | 2.11E-07 | 1.91E-07
0.65 | 3.94E-07 | 3.57E-07 | 3.23E-07 | 2.93E-07 | 2.66E-07 | 2.41E-07 | 2.18E-07 | 1.97E-07 | 1.79E-07
0.7 | 3.58E-07 | 3.24E-07 | 2.94E-07 | 2.66E-07 | 2.41E-07 | 2.18E-07 | 1.98E-07 | 1.79E-07 | 1.62E-07
0.75 | 3.13E-07 | 2.83E-07 | 2.57E-07 | 2.33E-07 | 2.11E-07 | 1.91E-07 | 1.73E-07 | 1.57E-07 | 1.42E-07
0.8 | 2.60E-07 | 2.36E-07 | 2.13E-07 | 1.93E-07 | 1.75E-07 | 1.59E-07 | 1.44E-07 | 1.30E-07 | 1.18E-07
0.85 | 2.01E-07 | 1.82E-07 | 1.65E-07 | 1.49E-07 | 1.35E-07 | 1.23E-07 | 1.11E-07 | 1.01E-07 | 9.12E-08
0.9 1.37E-07 | 1.24E-07 | 1.12E-07 | 1.02E-07 | 9.21E-08 | 8.34E-08 | 7.56E-08 | 6.85E-08 | 6.21E-08
0.91 | 1.23E-07 | 1.12E-07 | 1.01E-07 | 9.18E-08 | 8.31E-08 | 7.53E-08 | 6.82E-08 | 6.18E-08 | 5.60E-08
0.95 | 6.92E-08 | 6.27E-08 | 5.68E-08 | 5.15E-08 | 4.66E-08 | 4.22E-08 | 3.83E-08 | 3.47E-08 | 3.14E-08
0.96 | 5.54E-08 | 5.02E-08 | 4.55E-08 | 4.12E-08 | 3.73E-08 | 3.38E-08 | 3.07E-08 | 2.78E-08 | 2.52E-08
0.97 | 4.16E-08 | 3.77E-08 | 3.42E-08 | 3.10E-08 | 2.80E-08 | 2.54E-08 | 2.30E-08 | 2.09E-08 | 1.89E-08
0.98 | 2.78E-08 | 2.52E-08 | 2.28E-08 | 2.07E-08 | 1.87E-08 | 1.70E-08 | 1.54E-08 | 1.39E-08 | 1.26E-08
0.99 | 1.39E-08 | 1.26E-08 | 1.14E-08 | 1.03E-08 | 9.36E-09 | 8.48E-09 | 7.68E-09 | 6.96E-09 | 6.31E-09
5.0 Conclusion

The tables depicted above shows that the results obtained are found to be more rapidly converging as the step lengths h and k
approaches zeros.
6.0 Recommendation

This work will provide better numerical solutions to a class of dynamical problems having time dependent boundary
conditions.

Matlab Code

a=0; %% initial value
b=0.9; %% a<x<b
¢=0.05; %%a<t<c

h=0.1; %% interval along x
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m=10; %% number of points along x
k=0.01; %% interval long t
n=6; %% number of points along t
forj=2:n;
fori=2:m;

x()=a+ (i-1) * h;

tG)=a+ (-1) * k;

u(i,j) =((6/(factorial(7)))*(x(i))*7)*cos(t(j));

f(i,j) = -1*((6/(factorial(7)))*(x(i))7)*sin(t());

g(i,j)= ((6/(factorial(6)))*(x(i))"6)*cos(t(j));

g1(i,j)= ((6/(factorial (5)))*(x(i))"5)*cos(t(j));

g2(i,j)= ((6/(factorial(4)))*(x(i))"4)*cos(t());

93(i,j)= ((6/(factorial (3)))*(x(i))"*3)*cos(t(j));

g4(i,j)= ((6/(factorial (2)))*(x(i))*2)*cos(t(j));

f1(i,j) = -1*((6/(factorial(7)))*(x(i))7)*cos(t(j));

f2(i,j) = ((6/(factorial(7)))*(x(i))7)*sin(t(j));

f3(i,j) = ((6/(factorial(7)))*(x(i))7)*cos(t(j));

f3(i,j) = -1*((6/(factorial(7)))*(x(i))7)*sin(t(j));

ul(i,j) = u(ij) + (k2)*(2(i,j)+ 2*f1(0.j)+ £(i.)))))/1074;

error(i,j) = abs(u(i,j)-ul(i,j));
end
end
plot(x(2:m), u(2:m,2),'-", x(2:m), ul(2:m,2),""); xlabel('x’);
ylabel('U(x,t)"; title('Plot of ((6/71)*x"7)*cos(t) at t = 0.01")
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