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Introduction

Knot theory is a branch of topology. As an American mathematician, J.W. Alexander (1888-1971) has shown, Knot theory is
extremely important in studying 3 dimensional topology. It is a geometrical investigation of placements of one topological space
in a larger topological space. Here, the smaller space which represents the length of the rope is R1, the real line , and the bigger
space which represent the universe about us is R3, a real 3 dimensional space.

Definition 1 (Knot) [4]

A closed curve in R3 which has no self-intersections is called a Knot.
Definition 2 (Unknotting number) [3]

The unknotting number of a regular diagram D is defined as a the minimum of the minimal number of crossing changes that
are needed to transform the regular diagram D of the Knot K into the regular diagram of the trivial knot where minimum is taken
all over the regular diagrams D of K. The unknotting number of a regular diagram D is denoted by u (D).

Methodology
In our work, two theorems have been proved.
Definition 3 [3]
Let K be a knot and D be the set of regular diagrams of K. Then, the unknotting number of K is defined as follows,
u(K) = minpp{u(D); D is aregular diagram of K}
Theorem 1 [3]

The unknotting number of a given knot K is an invariant of K.

Proof.

Let Dy, K, and D, be the minimal regular diagram of the knot K, a knot which is equivalent to the knot K and the minimal
regular diagram of K, respectively.

By the definition of the unknotting number, it can be written as u(Dg) < u(D,).

Since D, is also a regular diagram of K, it can be written as w(D;) < u(D,).

Therefore, u(Dy) = u(D,).

Therefore, u(D,) is the minimal of number of unknotting operations that are needed to transform any regular diagram D of K
into the regular diagram of the trivial knot for all knots which are equivalent to K.

Theorem 2 (Transforming metric on knot types) [1] [2] [3] [5]

Let X be the set of all the knots in R3, Then, u: X x X — R is metric on the underlying set X is defined by

u(K,K') = minpeyp p,ep,{u(D, D") } = The minimal number of unknotting operations which are needed to transform the

knot K into the knot K’ where D, D’ are sets of regular diagrams of K, K’ respectively.

Proof.

It should be shown that the following four properties hold for w(K, K') in order to prove the above theorem. i.e.

1. u(K,K')=0,

2. u(K.K')=0ifandonly if K = K’ .

3. u(K, K= u(K'K).

4. u(K.K)<u(K.Ky) +u(KyK') forany K, K,K' € X.

Tele:
E-mail address:gunawardanerehan@gmail.com

© 2020 Elixir All rights reserved



54128 D.C. Gunawardhana and U.N.B. Dissanayake/ Elixir Appl. Math.143 (2020) 54127-54128
1. Using the following Murusugi’s generalized signature lower bound for transforming metric on knots. i.e. using u(K,.K,)>
1 _ [1]
~lo(Ky) — o(K)|
NOW. (K, K') > 7 |o(K) — (K|
Since,|o(K) — a(K")| = 0, we have u(K,K") > 0.
2. u(K,K)=0 < 0> oK) - o(K)| 20
e lo(K)—a(K)| =0
o oK)—o(K)=0
s o(K) =a(K")
o K=K
3. u(K, K" = minimum number of unknotting operations which are needed to transform K and K’ where the minimum is
taken over all diagrams.

= De%,‘éf‘ep,{uw'” )}

= De%,‘éf‘ep,{uw ,D) }

= minimum number of unknotting operations which are needed to transform K’and K where the
minimum is taken over all diagrams.
=u(K',K)
4. For any three knots K, K, K' € X,
u(KKo)> 2 |a(K) — o(Ko)| A4 uKoK)> 2 |o(K,) — o(K)|:
Then, u(K.K,) + u(Ko.K')= % lo(K) — a(Ko)| + % lo(Ko) — a(K")|

= {lo(K) — a(Ko)| + o(Ko) — (K]}
> |o(K) — 6(Ko) + 0(Ko) — a(K')|
= lo(K) — a(K")|
= u(K,K)
i.e. u(K.K")<u(K.Ky+ u(KyK') forany Ko, K,K' € X.
Therefore, the four properties of a metric are satisfied.
So, u is a metric on X and (u, X) is the metric space.
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