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1. Introduction

The theory of manifolds is very important and branch in differential geometry since it has many important application in
physics and some other branches of sciences

The geometric study of dynamical systems is an important chapter of contemporary mathematics due to its applications in
Mechanics, Theoretical Physics. If M is a differential manifold that corresponds to the configuration space, a dynamical system
can be locally given by a system of ordinary differential equations of the formx = fi(t; x),of evolution. Globally, a dynamical
system is given by a vector field X on the manifold M x Rwhose integral curves, c(t) are given by the equations of
evolution, X o ¢(t) = ¢(t).The theory of dynamical systems deals with the integration of such systems .

One of the most important papers on the topic entitled Mechanical Equations with Two Almost Complex Structures on
Symplectic Geometry It has been used in this paper using two complex structures, examined mechanical systems on symplectic
geometry.

In this paper, we study dynamical systems with Three Almost Complex Structures . After Introduction in Section 1, we
consider Historical Background paper basic . Section 2 deals with the study Almost Complex Structures. Section 3 is devoted to
study Lagrangian Dynamics .Section 4 is devoted to study Hamiltonian Dynamics .

2. Preliminaries

In this section we introduce the concept of Para-complex structure and study its definitions and Theorems properties. We start
by the following definition
Definition 2.1 Almost Para-Complex

Let Mbe a Para-complex manifold of Para-complex dimension n and denote by (v, Ithe manifold considered as a real 2n-
dimensional manifold with the induced almost Para-complex structure 1.

Definition 2.2 [6]

A Para-complex Riemannian metric onMis a covariant symmetric 2-tensor field G : A(TM) x A(TM) — Cwhich is non-
degenerate at each point of M and satisfies
G(21,72) = G(24,2;) 71,22 € A(TM)

G(ZI’ZZ) = 0 ) Zl € A(TM) ) ZZ € A(TM)(]-)
the relation (1) is equivalent to
G(Izy,12;) = G(z4,2;) , 21,2, € A(TM)
Definition 2.3

1-Let mbe configuration manifold of real dimension 2m ,A tensor field Jon Tarls called almost Para -complex manifold
.such thaty? = 1.

2- She holomorphic structures on cotangent space for Hamilton equations,I*stands for the dual endomorphism of cotangent
spaceT*(TM)of manifold TMsatisfying*2 = 1* o 1* = 1
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Definition 2.4 [3]

An almost Para -complex structure onM Mramanifold is a differentiable mapl: TM — TM on the tangent bundle TMr of
Mrsuch that I preserves each fiber ,A manifold with affixed almost para -complex structure is called an almost para -complex

manifold

Definition 2.5
Let Para complex manifold. In local holomorphic coordinates{x,,x,, x3, x4, x5, xc}0ne can define the tangent

space T(TM)andT M ,and { 4 3 a4 3 8 a V}and cotangent spaceT*(TM)and TMand{dx,, dx,, dx3, dx,}.
ax1 ’ axz ’ aX3 ’ BX4, ’ aX5 ’ ax6
respectively .then | ,as denoted

(50:) = o (52:) = o
aX1 - axZ ’ 6x2 N a.X1
(55) = o (522) = o
o O ) e
() = o 1G) =0
And
I(dX1) = de , I(de) = dx1
I(dx3) = dx, , I(dx,) = dx;
I(de) = dx6 ) I(dx6) = de(S)
Theorem 2.6

Suppose that {x;, x,, X3, x4, X5, X },0€ @ real coordinate system on(M, J). Then we denote by
{ a 9 a4 o o o0 }

0x1 ’ 0x2 ’ 0x3 ’ aX4, ’ axS ’ ax6
{dxq,dx,,dxs, dx,, dxs, dxg}

() =551 - (ax) =95 =1 (53)
J ax,) ox, “'\ox,/’ J ax,/  ox, =J ax,
(o) =55 =1 Gw) (o) =3~ o)
J ax;3/)  oax, T \ox3/ '’ J ox,) o0x; J x,
S N Y ONY_ 90 _:(9\4
] axs) - 6x6 - (axs) ’ ] (axﬁ) - aX5 - ] (axe)
And the dual convector fields
I(dxq) = dx; = j(dx,) ) I(dx;) = dxy = j(dx,)
I(dx;3) = dx, = j(dx3) ) I(dx,) = dx3 = j(dx,)
I(dxs) = dx¢ = j(dxs) ) I(dxg) = dxs = j(dxe)

Definition 2.7
LetZ, = x; +ix,, Z, = x5+ ix4.Z3 = X5 + ix4,i2 = —1,be Para complex manifold .In local coordinates system on a

neighborhood V of TM .We define the vector fields by

I(B)_l(& _6) I<a>_1(a _6)
021 _2 axl laxZ ’ 0Z2 _2 0x3 laX4_
)2l ts) i) i)
0z,) ~2\ox, " 'ox, » \oz,) T 2\ox; " ox,
I(B)_l(& _6) I(&)_1(6+_6)
9Z;)  2\oxs laxe "\0Z;/ 2 \dxg laxﬁ
And the dual convector fields
1 1
I*(dzl) = E(dxl - idXZ) ) I*(dZZ) = E(dx:; - idX4)
_ 1 _ 1
I'ddz,) = E(dxl + idx,) , I'(dZ,) = E(dx3 + idx,)
1 _ 1
I*(dZ3) = E(dXs - idX6) ) I*(dZ:;) = E(dXs + idx6)

Theorem 2.8
the dual endomorphism of cotangent spaceT* (T M)of manifold TMrsatisfyingy+? — qandbases cotangent

spaceT* (TM){x1, X5, X3, X4, X5, X },and is defined by

I*Z(dx1) = de , I*Z(de) = dx1
I*Z(dx:g) = dx4_ ) I*Z(dx4) = dX3
I'*(dxs) = dxs I'*(dxg) =dxs (5

Proof
I'*(dx,) = I'(I"dx,) = I'(dx,) = dx,
I'*(dx,) = I"(I"dx,) = I'(dx,) = dx,
I'*(dx;) = I"(I"dx3) = I'(dx,) = dx3
I'*(dx,) = I'(I"dx,) = I'(dx;) = dx,
I'*(dxs) = I'(I"dxs) = I'(dxg) = dxs
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I'*(dxg) = I'(I"dxg) = I' (dxs) = dxg

3. Hamiltonian Dynamical Systems

In this section we introduce the concept of Hamiltonian Dynamical Systems. We start by the following definition.
Definition 3.1 [5]

A Hamiltonian function for a Hamiltonian vector field X onaris a smooth functionH : M — Rsuch that
iy, = dH (6)
Definition 3.2[4]

A Hamiltonian system is a triple(M; w; H),where(w; H)is a Symplectic manifold and H € €% (M)is a function, calledthe
Hamiltonian function.

Suppose that an almost real structure, a Liouville form and 1-form onT*Mare shown bygp*, A and wrespectively. Then we

have
= %(x1dx1 — X,dx, + x3dx3 — X,dx, + x5dxg — x6dx6)(7)
And
1
A= 2 (x1J" (dxq) + XoJ" (dx2) + X3]* (dx3) + x4J " (dxy) + X5 (dx5) + X6J" (dX6) + X7]* (dx7) + XgJ* (dxg)) (13)
We substitute equation (6) in equation (7) we get
A=0"(w) = 2 [—x1dx; + X,dx; — X3dx, + X,dX3 — X5dXg + XgdX5)
differential of A
¢=—-dr=
1
= —di [—x1dx; + X,dx; — X3dx, + X,dX3 — X5dXg + XgdX5)
Itis known that if ¢is a closed 2- form onT*Mthendpyis also a symplectic structure onT* M.
Xu = X 5 X2 o X 4 XA X o+ X )
Calculates a vaIueXH and <|)

;0 , 0 ; 0 v O 5 0 6 0
ix,® = ¢(Xy) = (dx; A dx4 + dx4 A dx3 + dXg A dXs) (]X —+jX +jX P %, +jX +ijX +jX )

a a X2 a X4 a 6X6
iXH¢ = _deXZ + dexl - Xst4 X4dX3 - XSdX6 X6dX5(9)
So we find that
X1=i x2=_i X3 = 9 Xt = _i X5=i X6=_i
aXZ ’ aXl 6X4 aX3 ’ aX6 ’ 6X5

Moreover, the differential of Hamiltonian energy is written as follows:

dH— _OH 9 oMo oMo  oHd oM, 0H (1))
aXZ ax1 ax1 axz aX4 aX3 aX3 aX4 aX6 6X5 6X5 aX6
Suppose that a curve
al c R >T'M=R™"
is an integral curve of the Hamiltonian vector fieldX,i.e.,
da(t
Xu(a ())— () , teL

In the local coordinates, if it is considered to be
a(t) = (x4(8), X2 (1), X2 (1), X4 (1), X5(1), X6 (1))
we obtain

da() _dxy 9, dxp 3, dx3 @ , dxg D dxs 0 dxs 9 (11)
dt dt 0xq dt 0xp dt 0x3 dt 0x4 dt 0xs dt 0xg
Taking the equation(9) = the equation (11)
OH 0 OH 0 O0H O 0H O _OH O _OH 0

Joaxz0x; Jox ox, T ox,0x; ) oxs0x, ) 0xg0x; ) Oxs 0xg
dx; 0 dx, 0 dxz3 0 dx, 0 dx; 0 dx4 O
=ttt ——
dt 0x; dt dx, dt dx; dt dx, dt dx; dt 9x,
By comparing the two sides of the equation we get the

"OH @ dx, 0 OH  dx,
j—— = — = jo—=—r
aXZ 0X1 dt 0X1 aXZ dt
OH 9 dx, O COH  dx,
== = —J—=—
0x, 0x, dt 0x, Jx; dt
OH @ dx; @ OH  dxs
j— —— = jo—=—"
0x, ax3 dt 0x3 ax, dt

[OH 0 _dx, 0 OH  dx,

e S — —_— —3 —]— = —
6X3 6X4 dt 6X4 aX3 dt
dH @ dxg @ OH _ dxg

Jax,0x;  dt oxs Yoxs ~ dt
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L OH 0  dxs 0 - . OH  dx,
Joxs ox,  dt axg Joxs  at
Thus Hamilton's equations are
_aH_dX1 _OH_dXZ _aH_dX3
laxz_ dt ' ]6x1_ dt ']ax4_ dt
_;OH _ dxq s OH _ dxs _ 3 OH _ dx6(12)
]6X3 Toa ]6x6 T odt ’ ]axs T

Hence the triple(M, ¢, Xg)is shown to be a Hamiltonian mechanical system which are deduced by means of Para complex

structurej*and using of basis{i.i =12345 6}on the distributionsT* M.
axl . ’ ) ) ) )

4. Conclusions
Thus, equations of Hamiltonian equations (12 ) with Three Para-Complex Structures.
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