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ABSTRACT

In 2019, Matiama presented a new integral transformation called Shehu transformation,
which used to solve many types of differential equations. In this article, we obtained the
derivation and integration of Shehu transformation with its applications.
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Introduction

In success for using Integral transformation was for quite much two centuries in finding several transformations in
mathematical, physics, and branch of knowledge. The origin of the Integral transformations is Laplace which return to celebrated
work of P.S. Laplace (1749 — 1827 ) on applied mathematical in the 1780[ 1,2,3,4].

Sumudu transform is similar to Laplace transform, but the first used to solve differential equations with variable coefficient.
We note that the result of solutions for initial value problems that used integral transform represent particular solutions[5,6,7].

The Shehu transform is a new transformation emerged in 2019 and used to solve some types of differential equations. Also, it
can be applied in some fields like physics, engineering[8,10] .

In this paper, [9] the Shehu transform is denoted by an operator s and defined as:

The Shehu transform of the function v(t) of exponential order is over the set of functions

t .
A={u(®):IN,n,,n; >0, ult) < Nexp(lrh—l),ift € (—1)' x [0,)}
By the following integral:
@ —bt
s[u(t)] = U(b,x) = f exp (T) u(t)dt
0
= limg_,, foa exp (_Tbt) u(t)dt; b>0,k>0 ()

It converges if the limit of the integral exists, and diverges if not.
The inverse Shehu transform is given by :

s~1[U(b,K)] = u(t), for t =0 (1.2)
u(t) = s U, 0] = 5= [ exp (%) U(b,¥) (1.3)

Where s and w are the Shehu transform variables, and « is a real constant and the integral in equation (1.3) is taken along
b = a inthe complex plane b = x + iy.

Theorem (1). Derivative of Shehu transform [9].
If the function 4™ (¢) is the n — th derivative of the function u(t) e A with respect to ¢ then its Shehu transform is defined by:

b (1.1)

sfu™ ()] = 2—: U(b,x) — X5 (;)n_(kﬂ) u*(0).

When n=1, 2, and 3 in equation (1.1) above, we obtain the following derivatives with respect to ¢
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sfu'(£)] = 2U (b, x) — u(0) (1.2)
s’ (0] =5 U - 24 (0). (13)
sfu”’(®)] =3 U (b,K) — —u(O) - —u’(o) u"(0) (1.4)

Proof. Now suppose equation (1.1) is true for n = k then using equation (1.2) and the induction hypothesis, we deduce

s[(u®®)'] = 2s[u*(®)] - uk(0).

ZE E_zﬂu(t)] ‘ki (E)LM u®(0)| - u(0).
o 1 - k N
(o) swo1-Y () wo
i=0

Which implies that equation (1.1) holds for n = k + 1, by induction hypothesis the proof is complete.

The following important properties are obtain using the Leibniz's rule

du(x,t) @ —bt\ du(x, t) a [~ —bt i _d
S P =J; exp( " ) o dt = af exp( )u(x t)dt = ax [U(x,b,K)] —E[U(x,b, K)].
u(x, t) °° —bty\ 3%u(x, t) a2 (> —bt 2 d?
S[T] zfo exp (S0) a4t = 5z ) exp ()0t = 5 G 0] = G UG b

a"u(x,t)]_ f"" (-bt>6"u(x't)dt_ (- <_bt> (6Dt = 2 [U(x b, )] =~ [U(x,b,K)]
T 17 0 Pk axn ~axm e e g (D01 = Gom U b )

Table 1. The following table showed the Shehu Transform for some functions such as.

S.No. u(t) s [u(®)]
1 1 K
b
2 t K?
b
3 K
exp(« (t)) b—x K
4 sin(« t) « K2
b2 +oc? g2
5 cos(x t) Kb
b2 +oc? g2
6 t exp (o t) K?
(b—x K)?
7 exp (B t)sin(x t) K
x (b — Bx)?% + 2 K2

In our research, we showed Shehu transform to solve for some functions with variable coefficients and theorems. In section 2,
we will find Shehu transform for some functions with examples. In section 3, we will give us the ability to find inverse of Shehu
transform by new methods for some functions [9] with examples. Finally, section 4, we will extend the idea that exists in [9] to
find the integration of Shehu transform with examples.

2. Theorems of Shehu transform for some functions.
Theorem (2.1). Let the function u (t) be in set A. Then its Shehu transform is given by
n

s[t"u(®] = (1" x" s[u(t)]
Proof. Using the Definition of Shehu transform, we get
Then s[t® u(t)] f exp ( ) t" u(t) dt
U(“)(s K) = -5 f exp( )u(t) dt
fo = (exp( u(t) dt)

o 9"~

= (e exp (=) u®)S) dt)

The derivation continues for n-times

dbn
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U™ (b,1) = [ exp (=) u®) G dt
- (l<+)n fooo exp (T) t" u(t) dt
= (_K%n s[t™ u(t)]
dIl
s[t* u(®] = (D" «" = s[u(®)]

Lemma (1). Derivative of Shehu transform. If the function u’(¢) is the derivative of the function u(t) € A with respect to
t where n is number positive integer, then its Shehu transform is defined by:

S w ()] = (-1 K [b o s[u(®)] +n o s[u(®)]]

Proof. Using the Definition of Shehu transform, we get

s[t"u'(t)] = fom exp <_Tbt) t"u'(t) dt

- UM(s,k) = (:)n fwexp (_Tbt) u'(t) dt
=y 2 (exp () w(e) db)
o gn-1

Iy 2 (exp () w (S db)

U™ (b, ) = fo ’ exp'( ) (—)" w'(b) dt
= (_Kt)nfo exp <_Tbt) t"u'(t) dt

n

d(:)" fow exp (_Tbt) u'(t) dt = (_K )" s[t™ u'(t)]

U™ (b, k) =
siE" W' (O=—yner L s[w' ()]
Since s[y/(t)] = EU(b K) — u(0)
s WO —1ym e [ 2y, K) - u(O)]
st ' (B)] = (=1 x* [bU™(b,x) + n U D(b,x)]

Lemma(2). Derivative of Shehu transform. If the function u’”’(t) is the derivative of the function u(t) € A with respect to
t where n is number positive integer, then its Shehu transform is defined by:

s[t" u”" ()] = (—x)" [ U(“)(b K) + 6—b U (o, + — b =U=2) (b, K)]

Proof. Using the Definition of Shehu transform, we get

(oo}

s[t"u”(t)] = fo exp <_Tbt) t"u’'(t) dt

n

d J"" <—bt> "o dt
b ), exp —Ju

Since U™ (b, k) =

~Jy s (exp () u(0) de)
o gn-1

~Jy e (exp (<) w () d)

[oe]

U® (b, ) = f

(1]

exp( ) (—)" u’'(t) dt

_ d" J‘” (—bt) "o dt
= qpn exp —)u

= C 1)nf exp( t) t"u”(t) dt
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1"

(b0 = 2 s

& sl u ()= 9" s u"(t)]

Since gy ()] = K—ZU(b, ) — 2 u(0) - u'(0)

n 2
Sl (©] = (- - [ U1 —E u(0) — u'(0)]

b? 6b ~ 4
asfttu’(®] = (" | U™ (b,x) + — UV (b,x) +FU(" 2(b,K)

Lemma (3). Derivative of Shehu transform. If the function uy® (t) is the nth derivative of the function u(t) € A.
n-1
s[Eu™(®)] = (=" (b7 U (6,1 + n b TUb, O]+ ) (- k= Durh g2 (o)
k=0

Proof. Using the Definition of Shehu transform, we get

et —bt
s[tu™(@®)] = fo exp (T) tu™(t) dt
Since i s[u®™(0)] = % ’ exp <_Tbt> u®™ (t)dt
Iy g(exp( ) u™(e) ar)
e () w00 (2)a
= _71 fow exp (_Tbt) u® () tdt
= _Tl s[tu®™(0)]

Therefore:

s[tu®™ ()] = —«x d% s[u®™ ()]
O s[u™@)] = RV CRSERD i (g)“_“‘“) uk(0)

s[eu™©] = —x [Py, 0 -z () uk© )
n—(k+1)

s[tu™(@)] = —x [—(b" U'(b,K) + nb™ 1U(b, K)) — Z( ) uk(0) (n — (k + 1)) b=+
s[tu™(@®)] = (—x)™™ Y [b" U'(b,x) + n b 1U(b,K)] + 242 (n k—1) k" %1 prk-Z (0 (0)

Theorem (2.2) Derivative of Shehu transform. If the function u®(t) is the nth derivative of the function u(t) € A with respect
to t, then its Shehu transform is defined by:

n n b n—(k+1)

b n-1
st u®©)] = "k G b -y (D) u®o)

Proof. By Lemma (1) and Lemma (3), we get

s[eru®™(e)] = J : exp <_Tbt) t" u™(t) dt
0

- fmexp( bt ) u™ (t)dt

Since U™ (b, k) = a0

o 9"

fo o (€XP ( )u(")(t) dt)

T2 (exp () u @) ) do)

‘f exp (=) " u™ () dt
‘(—)“f exp( )u(")(t) t" dt
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:(_Tl)“ s[e" u™ ()]
dl‘l
~s[etu™ (@] = (-1 k" Ty s[ u™ ()]
S[ u(n)(t)] = Z—:U(b, K) — Yyl (E)n_(kﬂ) uk(0)

d" [b" n-1 /p
s[e u™ (@] = (90" 35 [K_“ Utb, 1) = Zk=0 (E)

Since

n—(k+1)

u® (0)]

Example: To find s[¢" u( t)] when n =2 if
1— u(t) =sin(t)

2 — u(t) =cos(t)

3 — u(t) =sinh (1)

4 — u(t) = cosh (t)

5 — u(t) =exp (t) sin (1)

6 — u(t) =exp (t) cos (t)

Sol: Use theory (2.1), we get

1— s[t?’sin (t)] = (—1)% k2 % s[sin (t)]

=2 L —2x2(2b(0% +x*) 7 (2b) + (b? +x*)7?)]
db
= -2x* 8 x* b2 _[6K4b2—21<6]
(02+k2)2 | (b2+x2)3 T | (b+k2)3

2
2 — s[t?cos (t)] = (—1)%k? @ s[cos (1)]

db2
Ti? = [k (-2 02(b% + k2) 2+ (0% +k3) )]
= K b3 Kb Kb
K[ — X ]

0242 (02+2)’ (b2+12)
b b? — 3 k2
P 07 + k23
dZ
3 — s[t?!sinh ()] = (—1)%x? FTv s[sinh (t)]
=2 e[ e
@z 52—
- K ol K% (b% = k#)72 (2 b)]
= 6k*b2+2k0
e
2

N

— s[t? cosh (t)] = (—1)? k2 s[cosh (1)]

2 [ 8xb3 6xKb
[(bZ-KZf T (2—2)?

b% + 3 x*

5= S[g2 exp (t) sin ()] = (=1)2 &2
"¢ i [l

db2 L(b—k)2+x2

=Kk S [—2x2 (b—K)((b - K)? + K2) 7]
= 2 6 k2 (b—K)2—2K4

((b—1<)2+1<2)3

2x3 b

42

s s[exp (t) sin (t)]

2
6 — s[t? exp (t) cos (t)] = (—1)% x? dd? s[ exp (t) cos (t)]
i K dd? [(bK-S;KZ]
=12 L[k (=2 (- ((b—1%+K) 2+ ((b—K)?+x2)™)]

=x? [c:f( 8 b—x3((b-xZ2+x¥)3-4b-x)(b—xr)?+x*)2-20b-x)((b-—x)?+x%)2)]

= 2x3(b—x)[4 (b—K)%2—3(b—K)—3K?]
((b—Kr)2+x2%)3
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Theorem (2.3) Let (ao t" + a; A R a,) is polynomial of degree n, let u (t) be the function in set A. Then
sl@t"+a, t" T+ +a,)u(t)] =agk" (—1)" U™ (b,k) +a, k" (-1)" LU V(b,x) + -+ a, U(b,K)

Proof. By linearly property to Shehu transform. We get

sf@t'+a; t" 1+ +a)u®] =s[agt"u®)] + s[a; t" Tu®)]+ -+ s[a, u(t)]
=aps[ t"u®)]+a;s[t"Tu®)]+ -+ a,s[ u(®)]
From theorem (3.1.1), yields:-
Thens[ (ag t" +a; t" 1 + -+ a,) u ()] = ap k"

(—1)" U™ (b,K) + a; k" (1) LU D(b,K) + - + a, U(b,K) (3.6)
Example (1): Find s[(t? +3t—1)cost]
Sol:

s[(t?+3t—1)cost] =s[(t?cost+ 3t cost— cost)]
=s[t? cost] + 3 s[t cost] — s[cost]

=2 K3 b b2 —3x2 +3 KZ(bZ—KZ) _ Kb
(b2+l(2 )3 (b2+1(2 )2 b2 42
= —-7x5 b+3x% b*-3 k6 —k b°
(bZ+x2)3

Example (2): Find s[(t*> + 3 t + 2) sinh (t)]
Sol:
s[(t? + 3 t + 2) sinh (t)] = s[t?sinh (t)] + 3 s[t sinh (t)] + 2 s[sinh (t)]
6 x*b% + 2k 3 2x3 b 2 K?
(b% — k2)3 + (b% — k2)2 + (b% — x2)

= 6kt b2+2 K6 +6 K3 b (b2—K?) +2 k2 (b2 —x2)”
(b%—x2)3
= 2x* b2 +4 k8 +6 k3 b6 kOb +2 K?b*
(b2—x2)3

3. Inverse of Shehu Transform
Utilizing the previous theorem; we can obtained the inverse of Shehu transform for some terms, such as:

Example (1): Tofind _4 (xb+V2 K2 ) (K b— V2 k?)
S [3 b*-12 kK b3+24 k% b2-24 K3 b+12 k* ]
Sol:
Then _4 (kb+V2 K2 ) (k b— V2 K?)
[3 b4-12 k b3+24 k% b2-24 k3 b+12 k* ]

= 51 [ k% s2-2 g4 ]
30%-12kb3+24 k% b2-24 k3 b+12 x*

10 kZ b2-2 k*—2x3 s+2x3b ]

| b4—4 kb3+8 k% b2-8 k3 b+4 k*
[ (k% b%2-2k3 b)+(2K3 b—2 k%) ]
| b#-2 kK b3+2 k2 b2-2K b3+4 K2 b2—4 k3 b+2 K2 b2—4K3 b+4 *
[ (k% b2-2K3 b)+(2k3 b—2 K4)]
(b2-2kb+2K2) 2
[ k%2 b2-2K3b _ 2x3 -2 k*

2 22]+§1[ 2 22])

| ((b—K)%+ k?) ((b—Kr)%+ k%)
exp(t)(sin (t) + cos (t))

S

|
[

|
[uy

1
W R Wk Wk W= W=

~
ml
Jay

(g

Example (2): Find 51 61 b (k+b)+2 13 (k3 + b3)
(b3-x3 )(b3+x3 )+3( % b—k b2)( K2 b+K b2)

s‘l[ 6x*b(k+b)+2x3(x3 + bd)
(13 —x3)(B3+xk3)+3(xZb—kb2)( k¥ b+ Kb2)
_§_1[6K5b+6K4b2+2K6+2 K3 b3
b — k6 + 3 (k*b% — K2 b*)

(6 x*b% +2x%) + (2 K¥3b3 + 6 K5 b)
b6—2K2b4+K4b2—K2b4+2K4b2—K6]
1 (6 x*2+2x%) + (2 K¥3b3 + 6K b)

=S [ (b2 — k2)3 ]

-1

=s
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. [6x*b? +2K® [2k3p3+6x5D
=S = - + s - - @ -
(b2 — k2)3 (b2 — x2)3
= t? sinh (t) + t* cosh (t)

4. Integrations of Shehu Transform

Theorem (4.1): If s[ u(t)] = U(b,x), then s[fotu(.ﬁ) d§] =E U(b,x)

Proof: Letg (t) = fotu(g-) ds  then:

g'(t) = u(t) and g(O) = 0 by taking Shehu transform,we gets[ g'(t)] = s[ u(t)]
Since s[g'(®)] =2 S[g(t)] g(0) and s[ u(t)] = U(b,x) ,then

2 s[g®] - g(0) = UK

s[g(V)] = g U(b, k)

K
slfu(E)dE =5 U(b, k)
0

Theorem (4.2): If [ 4(¢)] = U(b, ), then S[“(t)] = _f U(3,x) d§
Proof: [ v u(ey ey = [7(f7 & ds)u(e) de >0
T fooers)u(t) dt

-Kfo""e%“ O gy

“Ks [

=[,7U(3,x) ds

then s[@]z%fU(i,K)di
b

—1[1 (o ~ ~ t
As aresult of the above theorem ¢ 1[; fb U(3,x) ds] _u®

Example (1): To solve u (t) = e** — e3¢ + sint
t
and K2

-3t
b M s[e] = X s[sint] = S

Sol: Since s[e*t] =

, then

v(t) 1 1 r ‘ K> -
[ _fs—41< _;f kBt ng"‘szs
=[InGE -4y - [In G +30]7 +[L tan-15 17

NG -49-tn3+39 ) + [ tan 1 5)7

=[Ini e ]p+ [— tan~1 31y

b

5,3k
5§ 5
— o 1 4 =™
=[N0+ [ gqn 1518
—3 K
1438
s
- 4 _ 1 _
In I_F = tan 1b
3K K
1+?
= - b—4x_ 1 —
Inb=tc- 1 4an-1b
b+3k K
= b+3 -1 -
Inb+3x - 1 4qpn-1b
b—4k K

Example (2): To find

2
s1 [ln(l + (0;';) )]
Sol: This take a little intuition from differentiation the expression we get:-

-d (xx)? -1 —2«22\ _ 2«%%  (by partion fractions)
bln(1+ )_ @ ( b3 )_b(bz «2k2)
b
A Bb+C 2 «? g?

(b2 + o K2) b (b2 + o K2)
222 =AMB*+x®2k®)+Bb%>+Ch
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A+B=0
C=0
2 «?x? =4 «?g?
A=2andB=-2andC=0

2 o2k 2 N -2b
b(b2+x2k2) b (b2 + x2 k2)
i 2 2b i i i 2 2 i 2 2b i
Look if (;_ (b2+o<2K2)) is a derivative of ln(1+(°;’;) , then ln(1+(°z;) is integral of G- (b2+<x2K2))' this
exactly what we are going to us: by put
1 r*yes §= ()2
o V33T m1+ 555
1 (oc)? _ «-1]2x 2xkb
S [K In(1+5 )] =S [b (b2+ «2k?2)
=2-2cos(xt)
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